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PREFACE 


Tbte  following  pages  contain  solutions  to  all,  or  nearly 
all  the  problems  and  exercises  given  in  the  Author's 
Elements  of  Algebra.  In  many  cases,  two  or  more  solutions 
of  the  same  problem  are  offered,  so  as  to  afford  the  student 
additional  illustrations  of  the  best  and  neatest  modes  of 
working ;  and  of  the  application  of  artifices  employed  by  the 
experienced  algebraist  in  order  to  obtain  a  required  result. 
On  this  account,  also  nearly  every  operation  has  been 
given  at  full  length. 

The  Author  hopes  that  the  Key  will  prove  serviceable 
to  the  many  who  are  privately  prosecuting  the  study  of 
Algebra,  or  endeavouring,  without  the  aid  of  a  living 
teacher,  to  prepare  themselves  for  entrance  into  our  Univer- 
bities ;  and  that  it  may  likewise  be  of  advantage  to  those 
teachers  whose  school  duties  are  so  many  and  varied  as  to 
render  them  unable  to  devote  to  the  subject  that  time  and 
study  which  long  and  intricate  algebraic  solutions  in 
general  require. 

Toronto,  October,  1864> 
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Miscellaneous  Exercisea. . . » 150 


KEY 


TO 


ELEMENTS  OF  ALGEBRA. 


Exercise  IV. 

1.  l»-  1  =  1  -  1  =-0 

2.  3'-3  X  3  =  2V  -9  =  18 

3.  1x2  +  3x4=^2  +  12  =  14 

4.  =  12  x22- (3-1)  =1x4-2  =  4-2-2 

5.  V2  +  3  +  4  =  V9  =  3 

6.  0  •.•  771  =  0 

1.   6  X  (I  -  3^)  =  6  X  (9  -  1)  =  6  X  8  =  48 

8.  (2^x42- 3x0)5  =  (4x16)^  =  (-^64)2=  4^=:  16 

9.  (1+  2)  X  (4  -  0)2  =  3  X  42  =  3  X  16  =  48 

10.  4  {I  -  (4  -  3)f'  =4(1-1)*^=  4  X  O'"  =  4  X  0  =  0 

11.  6c/i  =  2  X  3  X  4  =  24 

12.  (42  -  2  X  3)2  (33  -  2  X  3  X  4)3  =  (16  -  6)2  (27  -  24)« 
^  102  X  33^  2  700 

1+12  6+12+1         3  3        6 

13.  m  =  Y  =  1  ^  ^i  Hi  =  iTi  =  iZi ^ y  =  y -~  2  =  ^ 

&c. 

14.  14  X  1  -  (3  X  2  +  3)  =  14  -  9  ^  5 ;  42  -  2  (2  ^  3)  =  16  -  10 
=  6,  and  5  <  6 
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KEY   TO 


[Ex.  IV. 


15.  Each  =  0  •.•  m,  one  factor  of  each,  is  equal- 0 

16.  Vl  X  4x  27-4(2  +  4)  3  =  Vl08  -4x6x3  =  V36  =  6 
^(2  +  3)  X  (16  +  9;  =  -^5  X  25  =  ^125  =  5,  and  6  >  5 


17. 


1x4x27-2x4      108-8      100 


1+2+3+4     ~ 
=  2  X  5  =  10 

1  X  9  +  0  -  (4  -  3)- 


10 


10 


=  10,  and  2  x  (2  +  3)  +  0 


18. 


9-1^ 


/64 


=    2: 


^2  (16 +  9) +2  (3  +  4)     ^'2  X  25  +  2  X  7 
and  {4  x  3  -  (4  +  3  +  2  +  1))  =  12  -  10  =  2 

10.  (2  -2)(3 +8 -3) +  {2 +  (12 -6)} -4  (6 -6) -{18 -(9 +  1)1 
+  {8  -  (3  +  4)  x  1]  2  ;  =  0  x  8  +  (2  +  6)  -  4  X  0  -  (18  -  10)  +  (8  -  7)  X  2  ; 
=0+8-0-8+1x2=1x2=2 

20.  (9  -  1)(4  -  0)  +  0  +  3  {1  +  3  (4  -  3)}  =  8  X  4  +  0  +  3  (1  +  3) 
=  32  +  3  x  4  =  32  +  12  =  44. 

21.  {(l-2)  +  (3  +  4)f +  {(3+0)-(2--l)f-f(0  +  4)  +  (4-3)f 
=  (-  1  +  7)- 4- (3-  1)3- (4 +  1)2;  =62+2^-52=  36 +8 --25  =19 

.  1  3 

22.  V(l  +  3) X  4 +  ^9  X  (1  +  2) +  {2  (4 +  6)2+ (28 -12)]^ -(24+1)' 

-  V4x  4  +  -^9^  +  (2  X  102+  iQy  _  (25)2  =  ^16  +  -^jY  +  ^216 

-  (V'25)3  =  4  +  3  +  6  -  53  =  13  -  125  =  -  112 


23. 


7xV0  +  3V4-(8  +  12)      36  -  28  +  {64  X  (1  +  3)}^ 
+  {(2-l)  +  l}{4-(2  +  0)} 


0  +  6-20      36 
+  — 


^  X  6  +  0 
28  + 


■>^24-16 


V256        _        14      24 

r ^8  =  --  +  v-2  =  -V  +  6. 


^2+0  2x2  V  2        4 

2A.  H2(l  +  2)1  -  ^  {6(3  +  1)1  +  i  {(3  -  2)(2  +  3)]  +  ^  {(4  +  3) 
(1  +  6- 6  +  4)2}  =  1(2  x3)-i  (6x4)  +  Hlx5)  +  1  (•?  X  25) 
^  2  -  6  +  1  +  25  =  22 

3(l  +  2-3)Hll{(3  +  6)(2-2  +  2)}     {(l  +  12)2-(27+10)-(3  +  4)}^ 

-^-  ~{(9  +  2)-V4}(4  +  3  +  4-0)     ■*■  0+V36-1 

(4+ 12 -8)(4  +  3)  3x0^+11(9x2)  (169-37-7)^  8x7 
+  ru'+T)  "  (ll-2)(ll-0)  "^  6-1  ^  '7^8 


11x18      (^/r25)^ 
¥x  1 1   ■•"  "^^5 


56  52 

+  —  =  2  +  —  +  1  =  2 
^56         ^   5       * 


6-1 
5  +  1=8 


Ex.  IX,  XII.]  ALGEBRA.  7 

Exercise  IX. 

1.  a  +  ?/i -0  +  6  +  5- 7n-a-e  +  c  +  3- 5c -7M=  14-7?j-oc-c 

2.  a-b-c-b-hc  +  a-c-\-b  +  a-a-b-c=2a-2b-2c 

3.  3j-4:-6yi-x-5a  +  4:  +  6ij-3a+4-G  =  x-  5a-  2 

4.  6  +  (  -  {  -  (  -  [  -  (/n)  })})  =  6-{-(-{-  (;n)  }  )" } 
=  G  +  (  -  {  -  (/«)  }  )  =  6  -  {  -  (/«)  1  =  6+  (??ij  =  6  +  M 

5.  2a-3c+Ad-5d^-  (m  +  Sz)  +  5a  -  (  -  4  -  f/)  -  3a  +  (4  i  -  5  /  -  4) 
=  2«  -  3c  +  4''i  -  5g^  +  m  +  3a  +  5a  +  4  +  cJ  -  3a  +  4a  -  5//  -  4 
=  llrt  -  3f  -  5d  +  m 

6.  m}  ^c'^-¥  V?  +  77(2  _  2a^  +  2a2  -  vi^  -  5m2  ^-  c^  +  a^  -  c^  +  Sm^ 

=  2a2  -  77l2  _  c2 

Y.   1  +  1-1  +  1  +  1-1  =  2 

8.  a2  +  2x  -  a2  +  a2  +  2a;2  _  2//i2+  r/i2  +  a2+  2a;  +  7n2  +  3a2  +  3x  +  3-/n2 
=  5a2+  •7x  +  2x2+  3^/,2_ 

9.  a26c  +  3c2  +  3a%c  -  m  -  c  ^  ia'^bc  +  c  -  3c^  -  7?i  =  8a26c  -2in 

10.  3a-2a-l+a-2  +  a  +  l-a-2a  +  2  +  a+l  =  a+l 

11.  -a-6-c  +  a-c-c  +  a+ 2a -36 -2c- 36 -a-6-c-a 
=  a  -  86  -  6c 

12.  am  -c-1  +  5-  7aw +  c  + 3a+ 5cf77i- 4a?n  -  6  + c  -  9-3c-4a 
=  _  a  _  5(27/1.  -  2c  -  17. 


Exercise  XII. 
1.  3a7n  -  3x  +  3?y  +  5ax  +  15a?/  +  2a7;i  -  2/?jy  +  4aa:  +  4x 
=  51/71 -tx+  3y  +  9flx  + 1507/ -2/77  7/  =  5a77i  +  a:  +  9ax  +  3t/+  15ay-2my 

-  bam  +  (1  +  9a)x  +  (3  +  ]5a  -  2m)y 

2.  am  -  77ia;  +  my  +  3/77x  +  3ax  +  4a  -  4j/  +  Say  +  3xy  =  am  +  2/7;x 
+  my  +  3ax  +  4a  -  4?/  +  Saj/  +  3xii  =  4a  +  o/ti  +  277ix  +  3aa;  +  3xy 

-  47/  +  my  +  3ay  =  (4  +  7/i)  a  +  (277i  +  3a)  a;  +  (3x  -  4  +  tti  +  3a)  y 

3.  7a  +  76  -  7c  -  56  -  5x  +  56c  -  3m,  +  3a  +  3c 

-  10a  +  26  -  4c  -  5a:  -  56c  -  3m  =  10a  -  5x  -  56c  +  26  -  4c  -  3/7i 
;=  5  (2a  -  X  -  6c)  +  2  (6  -  2c)  -  3m 


8  KEY  TO  [Ex.  xn,  xTm. 

4.  nx  +  mx  -  Zamxy  -  3cxy  +  2at/-  2cmv^+ax  +  ay^  +  cxy  +  axy 

-by-'-fy' 

=  2'ix  -r  mx  -  Zamxy  -  2cxy  +  3ay^  -  2cmy'^  +  aiy  -  by^  -  fy^ 
=  2fix  +  mx  -  Znv.xy  -  2cxy  +  axy  +  3ay'^  -  2cmy^  -  by^  -fv^ 
=  (2a  -hm)  X  -  (3am  +  2c  -  a)  xy  i-  (3a  -  2cm  -  b  -/)  y^ 

5.  3ay  -  3by  +  3cy  -  2mx  +  ex  -  3amx  -  3amy  +  3amz  -  (3amx 
+  3:tmy  +  3(unz  +  2cx  +  2cz  +  acy  -  acz)  =  3ay  +  3by  +  3cy  -  2mx 
+  ex  -  3amx  -  3amy  -r  3amz  -  3amx  —  3amy  -  3amz  -  2cx  —  2cz 

-  acy  +  acz 

=  3'iy  -  3by  +  3cy  -  2mx  +  ex  -  Gamx  -  Gamy  -  2cz  -  acy  +  acz 
=  3ay  -  3by  +  3cy  -  Gamy  -  acy  -  2mx  +  ca:  -  Gamx  -  2cz  +  acz 
=  (3a  -  3b  +  3c  -  Gam  -  ac)  y  -  (2m  -  c  +  Ga/n)  x  -  (2  -  a)  cz 

6.  llamy  +  1  Ibmy  -  3axy  +  3bxy  -  3cxy  -  (2acp  +  2acxy  -  3cm 
-f  Gcxy  -  3cy'^  -  3ay  -  3ac) 

=  lla,7i7/+  Wbmy  -  3axy  4-  3bTy  -  3cxy  -  2acp  -  2acxy  +  3cm 

-  Gcxy  +  3c!/2  +  3ay  +  3ac 

=  llujny  +  llbmy  +  3cy^  +  3ay  -  3axy  +  3bxy  -  2acxy  -  9cxy 

-  2acp  +  3cm  +  3ac 

=  {11  (a  +  b)m  +  3   (ry  +  a)]  y  -  \3(a  -  b)  +  (2a  +  9)c}  xy 
■i-  3  (m  +  a)  c  -  2acp 


Exercise  XVIII. 

1.  {(a  -  6)  +  c}{(a  -b)-c\  =  (a  -  by  -  c^  =  &c. 
[a-(b-  c)}{a  +  (b-  c)}  =  a^-(b-  c)^  =  &c. 

[a  +  (b  +  c)}{a  -  (6  -}-  c)}  =  a^  -  (b  +  cY  =  &c. 

2.  {4  f  (3a  -  2c)}{4  -  (3a  -  2c)}  =  16  -  (3c  -  2c)2  =  &c. 
[2a  -  (X  -  3/,'i2)|[2a  +  (x  -  3/7i2}}  =  4a2  -  (x  -  3m'^y  =  &c. 
[2^7  +  (2a  -  3y)]\2xy  -  (2a  -  3y)}  =  4xV  _  (2a  -  3?/)2  =  &c. 

3    {(2a  -  3c)  +  (2x  -  3y)}  {(2a  -  3c)  -  (2x  -  3y)}  =  (2a  -  3c)' 
-(lx-3yy=  &c. 

\(a  +  3i)  +  (2.:  +  4'?i)}{(a  +  3i)  -  (2c  +  4/7i)}  =  (a  +  3i)2 -  (2c  +  4/n)» 
-  &c. 
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4.  {(3a  -  m2)  -  (2  -  xy)}  {(3a  -  m^)  +  (2  -  xy)]  =  (3a  -  my 

-  (2  -xyy=  &c. 

{(2a2  -  3x2)  ^  (1  +  y2)||^2a2  -  Sx^)  -  (1  +  y^^j  =  (2a2  -  Sx^)^ 

-  (1 +1/2)^=  &c. 

5.  (5a6  +  6d2  -  662)  _  ^4^3  _  ^q^Jj  4.  i^ft^)  -  4(9  -  a^)  -  4(4a2 

-  4a6  +  b^)  -  5a6  +  6a^  -  Qb^  -  Aa'^  +  16ai  -  166?-  36  +  4a2-  16a- 
+  16a6  -  46^  =  &c. 

6.  (2iaxy  -  lea^  -  Sx^)  +  3C4a2+  4axy  +  xh/)  -  1(xY-  9=^^) 
+  4(4a2  -  12axy  +  9xV)  =  24axy  -  lea^  -  9xV  +  12a2  +  Uaxy 
+  3xy  -  7xY  +  63a2  +  ig^^  -  ASaxy  +  36xV  =  &c. 

7.  (1  -  x2)(l  +  x2)(l  +  x4)  +  &c.  to  Y  terms  =  (1  -  x*)(l  +  x*) 
(1  +  x^')  +  &c.  to  6  terms  =  (1  -  x')(l  +  x^)(l  +  x^S)  4.  &c.  to  5 
terms  =  (1  -x^6)(i  +a:^6)(i  +  ^sz^  +  &c.  to  4  terms-  (1  -  x^-) 

(1  +X'2)(l+x6^)  =   (1  -  X'5*)(l+X6*)  ^   1-Xl28 

8.  Product  of  first  two  terms  =  a^  -  x'^ .  ^f  gj.gt  three  terms 
=  a'*  -  x*i/* ;  of  first  four  terms  =  a*  -  x^j/%  and  so  on. 

Now  the  index  of  each  term  in  the  product  of  the  first  two 
factors  =  2  =  21  =  2--1 

Index  of  each  term  in  the  product  of  the  first  three  factors 
^  4  =  22=  23-1 

Index  of  each  term  in  the  product  of  the  first  four  factors 
=  8  =  2'  =  2*"i,  and  so  on 

Therefore  the  index  of  each  term  in  the  product  of  71  such 
factors  -  2"  "  1  .-.  (a  -  xy)(a  +  xy)(a?  +  x'^y'^   ....    to  n  terms 

r>n  -  1  „n  -  1 

=  a2  -  (x2/)2 


Exercise  XIX. 

4.  (a'+  6')(a»-6»)  =  &c. 

5.  (a3)»  -  (x')'  =  (a'  -  x3)(a6  +  a'x'  +  x^)  =  <fcc, 
7.  ('i2  +  mV)(a2  -  7/i-x2)  =  &c. 
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KEY   TO 


[Ex.  XIX. 


8.  (2ay  +  a;5  =  (2a  +  a;){(2a)*  -  (2a)3x  +  {2ayx^  -  2ax^  +  z*] 
&c. 

9.  3*  -  (2c)*  =  {32  +  (2c)2}[32  -  (2c)2}  =  (9  +  4:C~)(3  +  20(3  -  2c) 

10.  (3my  -  (2c)5  =  (Bin—  2c){(3my  +  (3»i)3(2c)  +  (3/rO''^(2r)=' 
(3ffi)(2c)3  +  (2c)4]^  &c. 

11.  (a")3  +  (x7)3  -  (a7  +  a;7)(ai4  -  a'r^  +  a;")  =  &c. 

12.  (a4)5  +  (m'^y  =  (a4+  //i*)(ai6  -  ai2,;i4+  aHi^  -  a^ni^^+  m^  f=) 

13.  (c«)3+  (x8)3=  &c. 


14.  (x^oy+(m^'^y=(x^^  +  m^°)(x'' 


,10^^20)^  &c 


15.  (.124+  c24)(ai2+  ci2)(a6+  c6)(a3+  c3)(a3-c3) 

.f(a^)3  +  (c«)^}{(a4)3  ^  (c4)3j[(a2)3  +  (c''y}(a'  +  c3)(a3  -  c^)  =  &c. 

16.  (a32;3  4- („i32;3  =  ^c_ 

17.  (a54  4.  c5'i)(a27  +  c27)(a2T  _   c-')    =   {(ai'^)^  +    (c'-^y] 


l(a'^y+  (c^n\(a^y-  (c^n  =  (a' 


•^«)(a= 


+   C^S) 


(a«  +  c9)  (a^s  _  ^9^9  +  ci8)  (a9  _  ^9)  (a^^  +  o^c^  +  c^^) 
=  K«^)'+  (c6)'}{(a^)'  +  (c^f\{(a^y  -  (c3)3|(a36  _  a^s^is  ^  ^36) 
(a'«  -  a^c^  +  c^^)(a^^  +  a^s  +c'8)  =  (^^^  +  c6)(ai- -  a^c^  -j- fi-) 
(a^r  c3)(a6  _  aV  +  c^)(a3  -  c^)(a^  +  ah^  +  c^)(a'^^  -  u'^^c^^ 
+  c^'^X^^^  -  a9f9  +  ci^)(ai8  +  a^c!^  +  c'&)  =  {((r)^  +  (c^)'^] 
(o^  +  c^)  (a^  -  c3)  (a^e  _  ais^is  +  c-6)  (ais  _  39^9  +  ^is) 
((/'«+  r/^cS  +  c^^)(a?-^  -  a^c^  +  ci2)(a6  _  aV  +  c'5)(a6  4.  ^3^3 
4-^)  =  &c. 

18.  {m^^y    +    (C'l«)3    =     (//l48     +    ^48)     (,^96    _    ,,,48^48     +    ^SO^) 
=  [('/i^'^^)=*+  (Cl6)3|(„^9  6  _;;i4  8c4  8   +c9  6)   =  &c. 

19.  (a-)^  +  {my  =  &c. 

20.  {a'^'m-'f-{p"''f=  (a"^m^'  -p"^^)(a^'^m'^*  +  a"'^in"'p"^ 

+  p^^)  =  {(a9jn3)3-(p9)3}(a''4;M54+^27;^27_p27+p54)  =  (a9OT0_j3l) 

(a'«mi«  +  a'^m^p'^  +  p'^^)(a^'*m^-^  +  a^^m-~p'^^  +p'-^)  =  {(a^my 

-(;j3)3j(al^/;i^8+a977l9259+/)18)(a'*7;i54+a27^27^27+^34)=  &c. 
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Exercise  XX. 

1.  a-x  +  x-a-a-\-a-ha-x  +  a-x-a=a-2x 

2.  3(a2-x2)  -  2(a2-  ^ax  +  4a;^)  -  (12aa;  -  da^-  4a;2)  -  4(9x2 -  a2) 
=  3a--  3x2-  2a^-L  gax  -  8x2-  i2ax  +  9a2  +  4x2  _  33-^.2  ^  4^2 
=  14a2-43x2-4ax 

'     (4)  (5)     • 

c""'  +  xP  +  9  c/  +  x)a'''-x"(a'^'i-a"-2x  +  a"-3x2-&c. 

a'-x'^-P  a^'  +  a'^-'^x 

a'  +  ^  +  a'  x^  +  3  -a^'ix-x'* 

_Qm^m-p_-j,m  +  g  -a""lx-a"'2x2 


(7)  o»-2x2+a^ 


1-1)  1  (1+  1  +  1  +  1,  &c.  -a"-«x3-x",&c. 

1  -  1 
+  1 
1-  1 
1 
1  -  I 


1,  &c. 

8.  (a9  +  xO)  (ay  _  X?)  =  {(a3)3+  (x^^/j  {(a^)^  -  (x^}  =  (a^  ^  x') 
(u'*  -  x^)(a6  -  a^  x^  +  x6)(a6  +  a^  x^  +  x^)  =  &c. 

9.  x2  m"^  (a*  x2  -  4a2  xp  +  4^32)  =  7^2  ^2  ^^2  ^  _  3^3)2^ 

jQ    V4(6TJ)  ^  s/Q  _  K2{3  +  4|  -  1)2  +^M12(3  +  4)  +  1| 
12-0     ^  0+V4  (12  +  1)  -3  -  (2 +  3+  1) 

V36  _  {(14  -  1)2  +  6}  ~  (34+1)  _  ^  _  (169^1^6) -85 
"""12  V52  -  3  -  6  ~12~        V49-6 

1       175-85       1 


.--^--.--90  =  -89J^ 

(11) 
1  +  2+3  +  2  +  1  1  +  2  +  3  +  4. 

1-2+1  1-2-3 


1+2+3+2+1  1+2+3+4 

-2-4-6-4-2  -2-4-G 


12         *  KEY  TO  [Ex.  XX. 

1  +  2  +  3  +  2  +  1  -3-6-9-12 


1+0  +  0-2  +  0  +  0  +  1  1  +  0-4-8-17-12 

a;6  +  0x5  +0x4-  2x3  +  0a;2  +  Oj:+  1    a''  +  Oa%-Aa%^-  8a%^'l1ab^-  I2b^ 
=  x6  -  2x3  +  I  =  q5  _  4^a%^^-  Sa^^^^-  llab^-  I2b' 

(12) 
X*  +  Ox^  -  (a^  _  6  +  c)  x2  +  (a6  +  ac)  x  -  6c  t  x^  +  ax  -  c 
r  1  +  0  -  (a2  -  6  +  c)  +  (a6  +  ac)  -  6c 
-  a     -  a  +  a^  -  g6 

+  c  +  c  -  cc  +  6c 

1  -  a  +  6  =  x^  -  ax  +  6. 

13.  (a6  1  -  7n6*)  =   (a32  +  m32)(a32  _  „i32')  ^   ^^32  4.  ;;i32)(al  6+Jf^^6^ 

14.  (a2+  c^)  X  4th factor  =  a^-  +  c-^  •  (a  -  c)  x  S^b  factor  =  a" -  c^ 
and  (a  +  c)  X  last  factor  =  a^^  +  c^^.  Hence  required  value 
=  (c"  -  c^^X^'^  +  cii)(a22  +  c22)  =  (a22  _  c-'2)(a2''^  +  c22)  =  a44  -  c44 

15.  a  +  6  =  0  and  a=^.-.  6  =  -2;  a  +  6  +  c  =  0,  and  a  +  6  =  0 
.-.  c  =  0 ;  i  {i  -  (  -  01}  =  i  U  -  (  -  i)}  =  i  a  +  i)  =  i  X  1  =  I 

16.  a3-  6^-  3a26  +  3a62  +  3a26  +  3a62+  a^  +  6' -  2a3  +  606'' 
=  2a  (a2  +  36^) 

17.  3  (a  -  m)^  -  2  (4a2  -  9m^)  -  (IOot^  +  6am)  +  7  (a^  -  tw^) 
+  (lOa/n  -  47/1^)  =  3a2-  6am  +  Bm^  -  8a^  +  I8m- -  lOm^-  6flm 
+  1a^  -  1/n^  +  lOawi  -  47n'^  =  2a^  -  2am  -  2a  (a  -  m) 

18.  =7n{(wi-2a)(m-26)  +  (ffi-26)(7ft-  2c)  +  (?7i  -  2r)(77i  -  2a)} 
=  77i{(6-a  +  c)(a-6+c)+(a-6  +  c)(a  +  6-c)  +  (a  +  6-c)(6-a  +  c)} 
=  m{c'-  -  (6  -  a)2  +  a2  -  (6  -  c)^  +  62  _  (a  -  c)^} 

=  77i(c2  -  62  +  2a6  -  a3  +  a2  -  62  +  26c  _  c2  +  62  -  a2  +  2ac  -  c^) 

=  771(200  ^  2ac  +  26c  -  a.2  -  62  -  c2) 

=  77i(2a6  +  2ac  +  26c  -  a2  _  52  ^  ^z  _  4^^  ^  4^^) 

=  77i(  2rtc  -  2a6  +  26c  -  ^2  -  62  -  c2  +  4a6) 

=  77!{(c  -a-  b)(a  +  6  -  c)  +  4a6}  =  m\{c  -  a  - 6)(a  +  6  +  c  -  2c)  +  4a6| 

=  7/.{(c-a-6)(?>i-  2c)  +  4a6j  =  772{7;i(c- a -6)  -  2c(c-a-6)  +4u6| 

=  8a6c  +  77i2(c  -  a  -  6)  +  426771  -  2c77i(c  -  a  -  6)  -  8a6c 
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=  8abc  +  m'^(m  -  2c  -  26)  +  ^abm  -  2cm{m  -  2a  -  26)  -  8a6c 
=  8a6c  +  7n(w'  -  2aOT  -  26m  +  4a6)  -  2c(m2  -  2affi  -  26m  +  4aZ>) 
=  8a6c  +  {m  -  2c)(ni2  -  2am  -  26m  +  4a6) 
=  8a6c  +  (m  -  2c)  (m  -  26)  (m  -  2a) 


Exercise  XXI. 

1.  36  X  6a62m,  and  ^arn^  x  Bab^m. 

2.  3a^m^  x  70^,  Sa^.^  x  6am,  and  Sa^m^  x  5m^. 

3.  axy(Sax  +  Urn  -  Sam'^x),  and  xt/(5  +  3a  -  lia^x). 

4.  (x2  -  mx2)  +  (2x  -  2mx),  and  (x^  +  4r  +  4)  +  (ax  +  2o)  ; 
that  is  of  x\l  -  m)  +  2x(l  --  m)  ;  and  (x  +  2)=  +  a(x  +  2)  ;  that  ia 
of  (x2  +  2x)(l  -  m),  and  (x  +  2)(x  +  2  +  a)  ;  that  ia  of  x(x  +  2) 
(1  -  m),  and  (x  +  2)(x  +  2  +  a). 

5.  Tha'.  is  of  3a2(a  -  x)(a  +  x),  and  4a2x2(a  -  x)^ ; 

6.  That  isof3m3(a3-m3)(a  +  7n);  4:mXa--my,&ndAm\a^-vi^) 
(a  -  m)  ;  that  is  of  3m'  (a^  -  m^^a^  +  am  +  m^)  ;  4m'  (a^  -  7n^)^, 
and  4m"  (a"  -  m^)(a  -  m) 

7.  That  is  of  (x  -  7)(x  +  3)  ;  (x  -  7)(x  -  5),  and  (x  -  7)(x  +  12) 

8.  That  is  ofa2(x-  1)2,  and  a2(x  -  l)(x-2) 

9.  That  is  of  (x  +  4)(x  -  1)  ;  (x  -  1)2,  and  (x  -  l)(x  +  1) 


Exercise  XXII. 

(1)  (2) 

<r2-x  •  6)x2-  5x  - 14(1    2x3-  12x2+  21x  _  lo)^*-  8x3+  2 Ix^-  20x  +  4 
x^-x-6  2 


-4x-8 

-4(r  +  2) 

x  +  2)x2-x  -6(x-3 
x2+2x 


-3x-6 
-3x-6 


2x*  -  16x3  +  42x2  _  40a;  +  8(x  - 
2x*- 12x^+21x2-  lOx 

-2 

-  4x3+21x2-30x  +  8 

-  4x3  +  24x2  -  42x  +  20 

-    3x2+12x-12 
-3(x'-    4x  +  4) 

14  KEY  TO  [tx.  2X11. 

a;2- 4a; +  4)2x3-  12x2  + 21a;-  i0(2x-4 
2a;3  -  8x^  +  Sx 

-  4x'^  +  13a;  -  10 
-4a;^+  16a; -16 

-3a: +  6 
-  3(a;  -  2) 
X  -  2)x2  -  4x  +  4(a;  -  2 
a;2  -  2a; 


-2a;  +  4 
-2a;  +  4 


3.  (a^  -  ax)  -  (7a  -  1x),  and  (a^  -  «2x)  -  (3a  -  3a;) 
a(a  -  a;)  -  7(a  -  a;),  and  a\a  -  x)  -  3(a  -  x) 

(a  -  7)(a  -  a;),  and  (a^  -  3)(a  -  a;) 

4.  a;(a;2  +  a;  -  12),  and  x^\x  +  4)  +  5(a;  +  4) 

a;(x  +  4)(a;  -  3),  and  (x^  +  5)(x  +  4). 

5.  a^-ab-  2b'^')a^  -  Sab  +  26^(1 

a^-ab-  262 
-  2a6  +  46=* 
-26(a-26) 

a-26)a''^-a6-262(a  +  6 
c2  -  2a6 


^)a3. 
a8. 

a6  -  262 

ab  -  262 

-  a26  +  3a62  -  36S(a  4 

-  5a26  +  4a62 

4a26 
4a26 

-a62-36» 
-20a62+  166' 

a- 

■  b)a^  ■ 

'  19a6--  196* 
1962(a  -  6) 
-  5a6  +  46=^(a  - 
-ah 

-  4a6  +  46» 

-  4aA  +  462 

46 
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7.  Rejecting  the  factor  2  from  the  first  quantity         .^^2  _  28 
15x4-  9x3+47x2-  21a;  ^  28)60x6-  3Qx^+  iSx^  -  45x3+  42x2- 45x  ^  12 
60x6  _  36x5  +  i88x*  -  84x'  +  112x2 


140x*  +  39x3  _  70  x'^  -  45x  +  12 
3 


-  420x*  +  117x3  -  210x2  -  i2ox  +  36 

-  420x4  ^.  252x3  _  1316x2  ^  ^q^^  _  734 


-  135x3  +  1106x2  _  723x  +  820 
135x3- 1106x2+ 723x-820)15x4- 9x3 +  47x2- 21c +  28(x  +  205 
9 


135x4  _  81x3  ^  423x2  _  isgx  +  252 
135x4  _  1106x3  +  723x2  _  820x 

1025x3-  300x2 +  631X  ^  252 

27 

27675x3-  8100x2  ^  j  7037x  +  6804 
27675x3 -286730x2  + 14821 5x-  168IOO 
218630x2  _  131178X  +  I749u4 
43726(5x2 -3x  + 4) 
6x2-  3x  +  4)135x3  -  1106x2  ^  723^:  _  820(27x  -  205 
135x3-      81x2+108x 


-  1025x2 +  615X- 820 

-  1025x2 +  615X- 820 


8.  That  is  of  26(3a3  -  3a^y  -  y^  +  ay^),  and  36(4a2  +  y^  -  bay) 

That  is  of  26{(3a3-  3^2,^)  +  {ay^^f)]^  and  36{(4a2_  Aay)  -  (ay-T/2) 

26{3a2(a  -  ^)  +  y\a  -  y%  and  35{4a(a  -  y)  -  y{a  -  y)] 

2b(a  -  y)(3a^  +  /),  and  3b(a  -  y){^a  -  y)  ; 

Otherwise, 

4a2  -  hay  +  y-)  Zu?  -  3ahj  +  m/  -  y^ 

4 

12a3  _  12^2^  +  4ay2  _  4^8  ^3^  +  3^ 

12a»-15a2y+3at/2 

3a22/+    aj/2-4i^'» 

_4 

12a-?/  +  4t.'j,--  ICj/" 
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EEY  TO 

tl 

Sx.  xxn. 

Uahf  -  15av2  + 

3y» 

I9ay^  - 

19/ 

192/2  (a - 

-y) 

a  - 

y)  Aa^  -  5ay  +  y^  (4a  -  y 

'-^i^..:O.C.M.-.H<- 

-y) 

-ay  +  y^ 

i 

2+ 12a 

-28)a3  +  9a2  +  27a-98(a-3 

y 

a^ 

+  12a2  -  28a 
-  3a'  +  55a  -  98 
-3a2-.36a+    84 
91a -182 
91  (a -2) 

(7-2) 

a2+  12a 
fl*-2a 

-28(a+14 

14a 

-28 

14a. 

-28 

10.  862  (^(j3  _  30^5  a.  3a|,2  _  fca^^  ^nd  12a2  (a^  -  2a6  +  i^^ 
That  is  of  8^2  (a  -  bf,  and  120^  (a  -  by 

11.  Rejecting  the  factor  2  from  the  JBrst  quantity  and  mul- 
tiplying the  second  by  3  (a  +  2 
3a^+10a*-6a»-24a2+lla  +  6)3a6+12a^-9a*-48a3+33a2  +  36a-2T 

3a6  +  10a«  -  6a*  -  240^  +  Ua^  +  Qa 
2a5  -  3a4  -  240^  +  22a2  +  30a  -  27 
3 


6a^  -    9a*-72a3+    eSa^+gOa-Sl 
6a5 +20a4- 12a=*-    48a2+22a+12 


-  29a*- 60a*  +  114a^+  68rt  -  93 
29c4+G0a8_114a2-68a  +  93)3a5+10a*-6a3-24o2+lla  +  6(3a-M10 
29 


87a«  +  290a*-  174a»- 696a^+ 319a  +  174 
87a»  +  180a*  -  342a'  -  204a2  +  279a 

"^lOa*  +  168a«  -  4920^  +    4ba  +  174 


x29  = 
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31S0a4  +  4872a'-  U2Q8d' +  1160a  +    5046 
3190a^+  6C00a^-  12540a2  -  lASOa  +  10230 
-I728a^-    I728a^+ 8640a-    5184 
-  1728  (a3  +  a2-5a  +  3) 
a^  +  a^  -  5a  +  3)  29a*  +  GOa^  -  lUrr  -  68c  +  93  (29a  +  31 
29a* -f  29a3-  1 45a- +  8  7a 
"  31a^-r3Ta^-  i  J5a  +  93 

31a3  +  31a2-  155a  4- 93 

12.  Rejecting  the  factor  2  from  the  first,  and  3c  from  the  second 
-  d^b  -  Bab^  +  6^3)  a*  -  3a=*6  -  8a262  +  iSafe^  -  86*  (a  -  26 
g*-    a3Q-8a^6^+    6a6=^ 

^2"^^  +12a6^-    86* 

-  2a^6  +  2a26-  +  16a63  -  126* 
"  -2a-y''=-    4a63+    46* 

-  26'^  (a2  +  2a6  -  26^) 
a*  +  2a6  -  262)  ^s  _  ^25  _  ga^^  +  66^  (a  -  36 
C^  +  2a=*6  -  2a62 
-3a''^6-6a6^+66» 
-3a26-6a62+668 


Exercise  XXIII. 

1.  4  X  -  3  X  a^b^x^u^  =  -  Ua^b^xY 

2.  4  X  3  X  arxY-^  =  I2a^^y-z^ 

3.  (X  -  yf  (x^  -  yy  =  {{x  -  y)  (x^-  -  y)^  =  (x^  -  x'y  -  xy  +  ff 

4.  (X2  +    xy  +  7/2)    (X*  -    J/*)   =  X6  ^  _j..5  j^  ^  ^4y2  _  3.2,^4  _  j^yf>    _  y6 

5.  x'''(l  -x)2;  (X-  l)(x  +  1),  and  4x(l  4- x)  that  is  x'\l  -x)-; 
(1  -  x)(l  +  x),  and  4x(l  +  x)  =  4x^(1  -  x)^  (1  +  x)  =  4x5  _  4^.4 
-  4x^  X  4x"'' 

B 


lb  KEY   TO  [Ex.  xsii,  XXIV. 

6.  a^  -  b^  contains  a^  -  b^,  and  a^  +  b^  as  factors  ;  .-.  I.  c.  m 

=  36  (a  -  6)  (a'^  -  b^)  =  36  (a'  -  a^b  -  ab^  +  b').  ~  36a'  -  36a^6 
-36^<6'5  +  3u6' 

7.  X  (X  -  3) ;  (X  -  3)  (X  -  T)  ;  and  x  (x  -  7) 

.-.  /.  c.  m.  =  X  (x'^-  10.r  -f  21)  =  x^  -  lOx^  +  21x 
S.   (a^  -  x^),  and  (a-  -  «x)  -  (a  -  x) 

a^  -  x^,  and  a  (a  -  x)  -  (a  -  x)  > 

a*  -  x^,  and  (a  -  x)  (a  -  1) 

.-.  I.  c.  m  =  (a^  -  x^)  («-!)  =  a*  -  a^  -  ax^  +  x^ 
9    G.  C.  31.  of  two  given  quantities  is  a-  -  7a  +  12 
(i3-9c2-}-26a-24 

a^-7^+12  '^  ~  ^ 

(a=^  -  8a^  +  19a  -  12)  (a  -  2)  =  a*  -  lO.i^  +  35a2  -  50a  +  24 
10.  3(a  -  b)(a-  +  c5  +  62)  :  4  (a  -  6)=^;  5(a  -  b){a  +  b)(d^  +  b^} 
6(a  -  b)-,  and  {(a  -  6)(a  +  6)f 

Or  of3(a-b)(a--h'ib  +  b-);  4(a-6)3;  5(a  -  6)(a  + 6)(a2  + 62)  ; 
G(a  -  6)-,  and  (a  f  6)\a  -  6)^ 

.-.  Z.  c.  m.  ^  3  X  4  X  5  (a  -  6)^  (a  +  6)3  (a^  +  ab  +  b^)  (a^  -f  fc2) 
=  60(aio  +  an  -  a^^  -  2a'b^-  2a^b^+  2aH'^  -*•  2a36"  +  u26«  -  06^^ 
-6if') 


Exercise  XXIV. 

a(a  -  b)  vi(2a+  mx-m^ 

a(x  +  y)  '        OT(3a2  +  m) 

c(l+a)  a26(l  +  6  +  7«) 

^-  7?(l  +a)  ^'    x(l  +  6  +  m) 


abc^  axhj 


6. 


t. 


6(a  +  f)  '  x(ah:m-ray  +  x^y^z^) 

tx2;/2(3  -  5x)  a  -  m 

I'lxV  8-  (a-7n)(a  +  7ft) 


(a  +  b)(a^  -ab  +  b^)  (a  -  6)ra  -  6) 


(a  +  6)(a  -  6)  *''•  (a  -  6)(rt2  +  06  +  62) 
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(a  +  b)  (a2  -  ab  +  b^)  (a^  -  7n2)(a*  +  ahn^  +  m*) 

il-   ^a^b)'(Ji^Vab'+b^)  ^^-  a2  -  ia^  ^~ 

(a'  -  wt'O  (fl2  +  m'O  7(x2  -  3x  +  5) 

TO     ^^ :L1 :  14     — i 1 

aXa-  -  tir)  11  (a-  -  3x  +  5)' 

(x-1)(x-4)  (2x  +  3)(2x  +  3) 

^^-   (^-  7)(a;  +  3)  ^^-  (2x  +"3y(  a;  -  4) 

x-(x  +  2y  +  3i/)  (a^  -  ah  +  b'^)(a  -  b) 

^'-  x^(2x^'sxy  -  by^  ^^'  (a^-aT+  6^)(a^  +  a6  +  b^)' 

(a2  -  w^) (a^  +  m2)  (a^  -  ;M2)(a^  +  m^) 


19. 


20. 


(ac  +  be)  +  (ad  +  bd)  c(a  +  b)  -i-  d(a  +  b) 


(am  +  bin)  +  (2ap  +  2bp)       m(a  +  b)  +  2p(a  +  b) 


(c  +  d)(a  +  b)  (X  +  a)(x  +  b) 

~(ni  +  2p){a  +  b)  "   *   (x  +  c)(x  +  b) 

(X  -l)(2x'^-r  3x  ~  5)  (a  +  m) (d^  +  2am  +  m^  -  x^) 

^'--         (^-l)(7x  -  5)  ^^'  (x'^  -  (a-  m)2]{(a  +  m)'^  -  x^) 

(a  +  m)(a^  +  2am  +  m^  -  x"^) 


(d^  +  2am  +  m^  -  x^)  (x^  -  d^  +  2am  -r  w^) 


24. 


(a4  +  x4)  (aie-ai-x^  +  tt-^x*  -a^x'^+a;'^) 


3. 


Exercise  XXV. 

a^  +  a^  +  a-a^-  a-  I  +  2        a'  +  1 
a  -  1  ~     a  -  1 

3ax  +  9a -  i/x  -  3i/  -  (3a2-  30)      3ax  +  9a-xy~3y-  3a^+  30 

X  +  3  ~  x  +  3 

3ax  -  3ay  +  xy  -y^  -  2a-  xy       3ax  -  3ay  -  2a  -  y^ 


X  -  y  X  -  y 

3a^x  +  3ax'^  -  ay"^  -  xy^  +  am  +  mx  -  3ax^  -  xy^ 

5.   ■ ; 

a  +  x 
3a-x  -  ay-  -  2x7/^  +  «7n  4-  inx 
a  +  X 


20  KEY   TO  [Ex.  XXV,  xxvi. 

xyz  -r  2mxy  +  mz^  +  2m^z  +  xyz  -  z^m  -  Ivv^z      2xyz  +  2mxy 
^'  2^+  2m  ^        z-\-2m 

2xy(z-rm)  (a  +  bf-(a-b)^ 


z  +  2?n  '  a  +  b 

a  +  b  ~      a  +  b     ~       a  +  b 

a^  +  m^-a^+m-       2//t^  d^+x^-a^+2ax-x^       2ax 


~  n^A.-m'i 


a""  +  iir  a^i-?7r  a^  +  x*  u^^x' 


Exercise  XXVL, 
2x2 


2.  a-x)  d^  +  x-  (a  +  X  + 

n  CL—  X 

a-  -  ax  "* 


2x^ 
3.  z  +  2/)  x2  +  2j:y  +  2/2  +  0:3  -  1^*  (A-  +  2/  +  ar2  -xy  +  t/2  .  -^— - 


X2 

"rxy 

xy  + 

f 

xy^ 

x^ 
x^ 

-2/* 
+  x^y 

-  x'y  - 1/4 

-  a;2y  -  xy^ 

xy^-y* 
xy^  +  f 

2/* 

3 

4.  771  -  p)  5?7i'  -  5p3  +  3  (57/t2  +  57/IJ3  +  5p2  + — - 

bnC^p  -5^^3  +  3 
57n,2^  -  577ip2 

577lp2  «  5^8  4-  3 

3 


Ex,  XXVII,  XXVIII.]  ALGEBRA.  21 

a-1  1 

5.  ab  -  b)  a-b  -  ab  -  a  +  1  (a  -  t- — ~r\  ~  ^  "  "T" 


-0+  1 

6(4a  +  l) 

G.  m  +  6)  7n  -f-  o/)  +  bam  (1  ■^  5a  — — r~* 

m  +  6  ^  ^+^ 


Gaw  -T  ab  —  b 
bam  +  5a6 


^4ab-b 


Exercise  XXVII. 
2(x+y)3x     2(4x  +  y)     (x  -  y)  {2x  ~  Zy')  . 

a     4.T    x2+l  3x  +  2        3o(x2-l)    4a;(x2  -  1) 

T'  T'  ^^V  ^^"^  ^3"'  "  'Yix^-  1)'     3(x'^  -  1)' 

3(x^+  1)  (3x  +  2)  (.c^-  1) 

3(x=^-l)'^^^^  3(a:'^-l)         * 

6a''(a-5)  2a  a-h 


^'    ein2-(ni-  _  /.A)    ar,i(f,l  _  /,:i^.»   ^°^ 


6a^(a^  -  by  6a3(a^  -  6^;'  '^"^  6a»(a2  .  52^ 


EXEECISE  XXYIII. 
4am  +  3/71  -  26c  t/(r  -}-  3)  a:  +  2  (a  -  6) 


26. '/I  ^■^(X  +  3> 

(a- 6)2- (a +  6)2        -  4a6  4a6 

a'^  -  6^  ""  a2  -  62  "  b'-  -  a^ 

315r-  18x  +  35x  +  GSx^ 


63 
x^  +  t/  (x  +  yY  -  xy  (x  +  y)       x^-\-x^y-\-2xy^  +  y^-xhj~xy^ 


{X  +  yf  (X  +  y)» 

(a  - 1)  +  a  (6  -  c)  -  6  (a  -  c)         0 


6. -r ^ =  -7-  =  0, 

'ibc  abc 


22  KEY  TO  [Es.  xxrm. 


m  (m  -  p)  -  p  (m  +  p)     m^  -  mp  -  mp  -  p"^ 
Qn  +  p){jn-p)  {i>i+P)i'ii-p)   ' 

3  (2g  -  1)  -  4  (1  -  5a)  -  7  (2a  +  1)       12a- 14       14-I2fl 
^'  40^"-^^  ~   "4a2-l    "^     l-4a^ 

9,  Multiplying  both  num.  and  den.  of  Ist  fract.  by  -  I  in 
order  to  change  the  signs  of  the  den.  we  get 

x{x  -  16)  +  (x  +  2)(2x  +  3)  -  (2  -  3x)(2  -  x), 
-—-^  . 

X--  IGx  +  (2a;2  +  Tx  +  6)  -  (4  -  8:c  +  Sx^) 

-  ^ -.2 =   &C. 

4  —  x'= 

x  +  y     x  +  7/     x  +  y     x-y     x  +  y     x-y     x  +  y-x+y 

10. +     , +     ,  '  =  -  , 7 —  = 7 -  &c. 

a  b  a  b  b  b  b 

(?n  +p)(7n  -  p)  +  (p  +  x)(p  -  x)  +  (m  +  x)(x  -  7m) 
(/>  -  x)(x  -  7nXin-p) 
(in^  -  p^)  +  (p'^  -  x2)  +  (x2  -  m~)  0 


12 


(p  -  x)(x  -  w)(w  -  i^)  (p  -  x)(x  -  m)(m  -  p) 

(a  -  b)(b  +c)  +  (b  -  c)(a  +  b)  2ab  -  2ac 


(a  +  b)(b  +  c)  ab  +  be  +  ac  +  be  -  be  +  b'- 

2ab  -  2bc  -  2ab  +  2gc 


ab  +  ac  +  be  +  b'^           '^^* 

l+x-(l-x)       3(l  +  2x)-3(l- 
^"-            1-x-            ■                1-4x2 

.2x) 

2x             12x 
l-x2+  l-4x^ 

2x  -  8x3  +  i2x  -  12x3         14x  -  20x3 

(1  -  x^)(l  -  4xn       ""  1-5x2 .,.  4J.4 

14.  Multiplying  both  terms  of  each  of  the  last  two  frac.  bj 
1  we  get 

171  m  m 


a(a-b)(a-e)       b  (a  -  b)  (b  -  e)       c{a-c){e-b) 

bcm  (b  -  c)(c  -b)  -  acm  (a  -  c)(c  -  6)  -  abm  (b  -  c)(a-  b) 
abe  (a  -  i)(a  -  c) (6  -  c'j^c  -  b) 

m(2b'^c^-Pc-bc^-ah^+2a%c  +  ac^-abc^-a^b^+ab^~ab^c)      m 
'^  abcClbh-'-bh-bc^-ah''+2a'bc^uc^'-abc^^d'b^^-ab^-ab''c)  "  J^c 


Ex.  xxvin,  xsrs.]  ALGrlEBllA.  23 

OTnEunnsE  thus 
Multiplying  both  terms  of  2nd  fraction  once  by  -  1,  and  of  3rd 
fraction  twice  by  -  1,  we  get 

771  m  m 


a{a  -b)(a~  c)       b{a  -  b){b  -  c)       c{a-  c)(b  -  c) 
viience  we  have  /.  c.  m,  of  the  dan.  =  abc{a  -h)(b  -  c){a  -  c) 
bcm(b  -  c)  -  acm(a  -  c)  +  abm{a  -  b) 
...  the  given  fractions  =  abc{a  -  b)(a  -  c)(b  -  c) 

h'^cm  -  bc^m  -  arcm  +  achn  +  arbm  -  abhn 


abci^a  -  b){a  -  c)(b  -  c) 
ac^m  -  bc'^m  -  a^cm  +  b-cm  +  a^bm  -  ab^ 


abc{a  -  b){a.  -  c)(b  -  c) 
c^m(a  -  b)  -  cni{a?  -  b^)  +  abm(a  -  b)       c^m  -  cm(a  +  6)  +  abm 

abc{cL  -  b){a  -  c)(b  -  c)  ~       abc(a-  c)(^b  ^  c) 

m((^  -  ac  -  be  +  ab)       ml(ab  -  be)  -  (ac  -  c^)| 

abc(a  -  c)(b  -  c)      ~         abc{a  -  c)(b  -  c) 

77i{6(a  -  c)  -  c(fT  -  c)}       7n(6-c)(a-c)        m 

"      abc{a  -  c){b  -  c)      "  abc(a,  -  c){h  -  c)  ~  abc 


Exercise  XXIX. 

2x  X  3j:     Zx^  2mxx~xy^ 

1 = •  2    —  =  2 

'     5  X  2a        5a  '  xyx  my  x  x 

2(a  +  i)       x{a-b)       2a  -  2b 
^'        ^     ^  3 (a  +  b)  ~       Zy 

3a       ar+1       x-l       3(a:  +  l)(r  -  1)       Sa:^  -  3 
*•  T  ^     2a     ^  a+  6  ^  2(a  +  6)         ~  2a +  26 

(a-x)(a  +  x)       (a  +  6)(a— 6)  a  a(a  -  b) 

a  +  6  a  +  X  x{a  -  x)  ~         x 

c?  -  m^        a?  +  m^        (a  +  m){a'^  +  m-)        a'  +  ma^  +  m^a  + 
my     ^~  a  -  m  ~~  my  ~~  my 

(a  -  x)  (a  +  x)         Aax^  4x(a  -  x)       Aax  -  4^^ 

*^'  Yii  ^     a  +  x     ^  3  ~  3 


24  KEY    TO  [Ex.  -SIS,  x:cs. 

(x-T)(x-G)     (x-o)(x-4)     (x-7)(j:-4)     a--llr  +  23 
a'(x  -  5)  x(x  -Q)      ~  x^  ~  x'^ 

abcdm  am 

(a-2)(a  +  2)      cr -  \      a-  2      (a  -  2)(a  -  2)      (a-2)2 
^^'         (a--  1)        ^  ~27~ ^  ^m  ^  2a  ^       2a~ 

(x-o)ra;  +  «)  ^(x  4-6) +  c  (ar-!-6) 

I J     1 ^ . 

x{x  +  6)  -  (^(j;  4-  b)      x(x  -r  c)  -r  ^;(x  -h  c) 

(x-a)(x-{-a)        (x  +  b)(x-\-c)       x+a 

(x  +  b)(x-a)       \x  +  c)(x  +  d)  ~  x  +  d 

(xi-4)(x-?,)      (x-5)(x+1)      (x-3)(x  +  T)     z2^43._2i 

^^"  (J^~8)(x  -  5)  ^  (x+'4)U--ll)  ^  (x^8)(a;-ll)  ~  P^iax+SS 

l-a  +  (i^       a^  +  a  + 1  _  {(a2+  l)-a|[(a2+ 1) +a} 
i3.  ^  X  ^^^         =  ^, 

_    (a^+   1)2  --j2    ^    ,.4  +  n^  +  l 

(21  +  4'?i)(2a- 4/n)  5a  a  +  2wi 

a -2/71  ^  5(2a +4?7i)(2a  +  4;n)  '^       a 

2(a  -  2m)(a  +  2?rt)         1 
2(a- 2m)(a+ 2w)        \ 


ErEECiSB  XXX. 


1. 

X         y         X         X        x^ 

a4-a:       a  -  x       a  -^  x           a          a  +  x 

4-    =    X   ■    =    • 

a              a              a           a  —  x       a  —  x 

a+  b       (a -by       a-  b 
'  a-  b       (a  +  b)'^  ~  a  +  b 

(d'+x^)(a-^xXc-x)     (y  +  2)(y-2)        3a 
^-  V^2 ^       a~.x     -x^2TP  =  3a(a.hxXy-2) 

3^-3       (x-9)  (X-  8)       x-S 
■  X  -  9  ^  7t  -  8;  (1-7)   "  i  -  7 


Ex.  sxx,  XSSI.]  ALGEER.A.  25 

a^  +  62        q2  a.  J2        0^  +  62        a2  -  62         1     _ 

(«^  -  x^)  («^  +  a^)  1  a  -  X  1 

(or  -  x)'  '  a  +  X-       u^  +  ax  +  x^       a--ax  +  a- 

("a  -  x){a~  +  nx  +  x-)(a  +  a:) (a-  -  ax  ■{■  x'^)  1  a  -  a: 

(a-x)(a-x)  a. +  i'      a'  +  ux-fi** 

1  1 


a^  —  ax  -V  x^        1 


3(^;2_  1)        2r/(:a  +  6)  _  Za{n^ -  1)  _  3«^  -  3a 
^-  2(a   +6)   ^  Ic^-  1      "   ~^2_  1       -     ^.-'_  1 

(xi/  +  i/)  -f  r  +  X  (.r  +  7/)        (2t!/  4-  2v^)  +  a:  (x  -^  ?;)  -  xy 
■  xy  +  y"^  ~  xy  +  y'^ 

2y^  +  2xy  +  u^  xy -h  y^ 

xy  ~  y^  2y-  -r  2xy  +  x^ 

A'Pb^  4ab  4a^b^  a^  -  b^  ab 

^^-  a^^r^i  ^  a''^^^  ^  (a^-62)(a2+6-)  ^      4a6      ^  oM-^T^ 


20        _  3(21  -12x) 
Sx-l     ~  l0(3x-l) 


15  -  6x  +  6a 


10  3  (15 -6x  + 6a) 


10a  -(■  lOx  -  6         2(10a  +  lOx  -  6) 
Sa  -  2a 


1  -  4a"  _       4a  1  -  a^ 

2  +  8a^  ~   1  +4a»  2 

1  -  4a-  1  -  a=* 


26  KEY  TO  [Ex.  XXXI,  xxxn. 

a^  +  P-  ah 

^ b o2  _  jjz        a(a:'_  ^b  +  b'^)         (g  -  6)(g  +  6) 

a-b       "^  ~^^  +  b^    "^  T^         ^  (a  +  6)(a2-a6  +  62) 


6  +  -T-. 


c_  a 

1  a  ~T 


ff+e  cf  bdf+be  +  cf  a-df+ae 

b+  -r^-— 


10                /         _            df+e df+  e  _  bdf+be  +  cf 

adf-ac              a-df-ac              adf~ac  adf-ac 

bdf+be  +  cf      bdfi-be  +  cf       bdf-i-be  +  cf  bdf+be  +  cf 
adf+ae       a  (df+e) 


adf-  ac       a(df-  c) 
2  +  8m'^  1  +  4m^ 


=  &c. 


4in  -  8//i^        m  -  2m^  -  1  -  4m^  1  +  Airi^ 


Am  +  8;?i^          1  +  2/71         m(\  -  Am'^)       m(4m=*  -  1) 
8711  ^^T 


Exercise  XXXII. 

1.  12x  +  4x  =  84  -  2x,  or  19a:  =  84,  or  x  =  4-1*9 

2.  lOx  -  x  =  5x  +  20,  or  4x  =  20,  or  x  =  5 

3.  168a:  -  28a:  +  12x  =  63a:  -  231  +  84a:  +  756,  or  5x  =  525, 
or  X  =  105 


Ex.  xxxu.]  ALGEBRA.  27 

4.  30x  -  105  -f-  9a:  -  3  =  5ar  +  40  -  30x,  or  Six  =  148,  or  x  =  2-^^ 

5.  56  -  4x  +  20  =  84  ~  7j;  +  49,  or  3x  =  57,  or  x  =  19 

6.  sex  -  Sx  =  21x  +  7  +  14a;  +  84,  or  13x  =  91,  or  x  =  7 

7.  Sx  -  65  =  35  +  2a:,  or  Go;  =  100,  or  x  =  16| 

8.  15a:  +  45  -  12x  -  48  -  980  =  -  20a:  -  20,  or  23a:  =  943,  or  a:  =  41 

9.  80r  -  8x  -  76  =  300  -  35a:  -  55,  or  107a:  =  321,  or  a:  =  3 

10.  112a-  +  480  =  3024  -  39x  +  84,  or  151a-  =  2628,  ora-=  17  j^^'-^- 

11.  208a-  -  442  +  308r  +  374  =  858a:  -  4433  +  143a;,  or  -  485a; 
=  -  4365,  or  a;  =  9 

12.  4a-  +  4  -  3j:  =  6  +  14  -  3a;,  or  4a:  =  16,  or  a;  =  4 

13.  360.r  -  160a:  +  200  +  48a:  =  2040  +  60  -  180a:  +  45x  +  15, 

or  383a;  -  1915,  or  a;  =  5 

40.r  -  60       34a:  -  108 

14.  Multiplying  by  12  we  got  x  +  - — ~^ -  ^ 

39a:  +12       36  -  23a; 

-  ^^  4  2  ' 

160a: -240        136a: -432 
This  X  4  and  reduced  gives  ■ — — w — v~^ —  =  3a;  -  36, 

or  800a:- 1200 -952a: +  3024  =  105a:-  1260,  or  257a;  =  3084, 
or  a-  =  12. 

15.  60a-  +  30x  +  15a:  -  36a:  +  252  =  120a;  -  156,  or  51a:  =  408, 
or  X  =  8 

16.  336  -  lOx  +  10  -  776  +  56a-  =  16a;  -  3a;  +  11  -  144,  or  33a: 
:=  297,  or  X  -  9 

17.  30x  +  20x  +  J5x  +  12x  +  lOx  =  60x  +  25x  +  240,  or  2x 
t  240,  or  X  =  120 

18.  12x  -  20  +  X  +  60  -  9x,  or  4x  =  -  40,  or  x  -  -  10 

125x  +  500    125x  +  500 

19.  36  +  20x  -  20x  =  86  -  g^  _  ^g  ,  or  ^^  _  ^^   =  50,  or 

125x  +  500  =  450i:  -  800,  or  325x  =  1300,  or  a;  =  4 


28  KEY  TO  [Ex.  sxxri- 


120  +  IOx  ir)X-65       55x 


20.  331  -  30,r  - +  9  +  5x  = (i) 

-  tho  given  equat   x  10 

960  +  560ar 
2720  -  200x  - =  15a;  -  65  -  llOx  +  170  (li)  =  (l) 

reduced  and  x  8 

945j:  +  9G0  +  560a:  =  23535  (in)  =  ii  reduced  and  x  9 

1505a:  =  22575,  or  a:  =  15 

144x  -432 

21.  9a:  +  20  =      -^.  _  ^      4-  9x      (i)  =  given  equat.  x  36 

100.r  -  80  :-  14  Ix  -  432  (it)  =  i  reduced  and  x  (5x  -  4) 

44x-  -  352,  or  T  =  8 

22.  30a:  +  20i-  +  60  -  lax  +  60  =  12r  +  60  +  1900,  or  23a:  =  1840, 
or  x  =  80 

23.  90.r  -  35x  -  70  ^  75  +  20x  +10-51  +  9x,  or  26x  =   104, 

or  or  =  4 

12x2  + 36a: +27 

24.  15x  + lOc^-lOx^^  ig  ^  27+ ISx-  — -, (i) 

3  +  4x  ^  ^ 

=  given  equat,  x  (3  +  2x) 

12x-  +  36x  +  27 
3x  +  9  =  qll~i 00  =  (1)  transp.  and  collected 

9X  +  27  +  12r2  +  36x=  12x2  +  36x  +  27  (iii)  =  (ii)  x  (3  +  4x) 
.-.  9x  =  0,  or  X  =  0 

21x  —  39 

25.  6x  +  12  -  ^  ^  ^^  =  6x  +  7  (i)  =  given  equat.  x  9 

5  +  lOx  =  21x  -  39  (ii)  =  (i)  red.  and  x  (1  +  2x)j  Ux  =  44  .-.  x  =  4 

c-b 

26.  ax  =  c  -  6,  or  X  = 

2  7.  9ax  -  3b^=  36c  -  2ax,  or  llax  =  36c  +  36^,  or  x  =  — ^. • 

'  '        11a 

28.  86x  -  6x  =  a  -  62  +  3ax,  or  (86  -  6  -  3a)x  =  a  -  b^, 

a-b^ 

°^^  =  86-6-3a 
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29.  4a^bx  -  6a2+  2ax  =  2abx  -  a6x  +  i^a-  (i)  =  given  eqaa.  x  2ab 
(4a36  +  2a  -  a&  -  6^)x  =  Ga^  (ii)  =  (i)  transp.  and  bracketed 

•'•  ^  ~  40^6  +  2a  ^ab^ij^ 

30.  15a&c  -  lOcx  -  5ac  =  20ab  -  15&J:  -  abcx  +  b'^c  (i)  =  given 
equat.  x  56c 

(156  +  abc  -  I0c)x  =  20a6  +  b^c  ■}-  oac  -  loabc  (ii)  =  (i)  tranS' 

posed  and  bracketed 

20a6  +  b'^c  +  5ac  -  \5abc 

^  ~  156  +  abc  -  10c 

31.  bdx  +  adx  +  bcx  =  bdf,  or  (bd  +  ad  +  bc)x  =  bdf,  &'c. 

32.  ubx  +  4a2  -  4a2  4-  126x  -  4a6a:  =  40^62  -  lOa^  +  126t  +  Aa-x, 
bj  multiplying  the  given  equation  by  4a ;  and  this  reduced  and 
■r  b J  a  gives  3bx  +  4ax  =  10a  -  4a62,  or  (36  +  4a)x'  =  10a  -  Acib^ 

IQg  -  4a6^ 
''•  ^  =      36  +  4a 

33.  a6x  -  a^x  -  b^c  4-  a6c  =  b^x,  or  (a6  -  a^  -  b^)x  =  i^^,  _  c6c, 

6c(6  -  a) 

OV  X  =  -T ;; n 

ab  —  a-'  -  b^ 

34.  lla^  -  Sax  -  lla6  +  36x  -  (Ga^  4-  Zc^  -  5ax  -   56x) 

=  (a  +  6)2  +  2x  (i)  =  given  cquat.  x  (a^  -  6-) 

2ax  +  86x  -  2x  =  62  +  I9a6  -  4a2      (n)  =  (i)  reduced  and  transp. 

h-+\Oab-Ad^ 
(2a  +  86  -  2)x  =  62  +  19a6  -  4a2  or  x  =  —, — — -r — — - 

a 


35.  a2  +  2ax  +  x2  -  4a6x  =  x^,  or  (46  -  2)x  =  a,  or  x  = 


46-2 

3a6c      6x  2a6  +  62   \  0=62 

^^-  aT6  ~i:  ^^~  ^'2^ib+~by  "*"  (a  +  by  =  ^-^  ^^^ 
-  given  equa.  with  num.  and  den.  of  1st  term  x  3,  and  2nd  and 
5th  terms  factored 
3a6c      6x  r      a2      ^  026^ 

^T6  "  T  \(^T6)'2j  +  (^T67  =  3^^  (")  =  (^)  ^it^  2nd  term  red 
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3abc  abx  a^b^ 

— — r  -  z — — IT2  +  > — rTVa=  3cj:  (iii)  =  (ii)  with  2d  term  farther  red. 
a  +  b      (a  +  by     (a  +  by  «.    /    v  / 

ab  ab      ")  ab      "] 

^TTb  ^^'  +  i^rVbyj  =  -^l^c  +  ^-^:^,|   (IV)  =  (III)  with  1st  and 

3rd,  and  2nd  and  4th  terms  factored 

ab  ab       ) 

.-.  X  =  -— -r  (v)  =  (iv)  V  {3c  +  ; — rrv^i 

37.  3000  +  1720X  -  2210x  =  203a.-  (i)  =  given  equa.  x  1000 

603a;  =  3000,  or  a;  =  45^3^ 

3a:  23x 

38.  —  +  6x  -  ax  =  3a  -  --— ,  or  33a:  +  594a:  -  99ax  =  29la 

-   23x;  or  650a:  -  99«x-  =  297a,  or  (650  -  99a)x  =  297a, 

297a 
^^  ^  ^   650 -99a 

39.  42(a:  -  i)  -f  35(1  -  a:  -  |)  -  30(a:  -  1  _  -|- J  =  lOox  +  30x, 

by  multiplying  the  given  equation  by  105;  and  removing  the 
brackets  from  this  we  get  42x  -  14  +  35  -  35j:  -  14  -  30a:  +  30 


40.  72ax  -  96  -  756  =  180  -  456  -  35c ,  or  72aa;  =  180  -f  396  -  35c 
ISO  +  396  -  35c 


•  72a 

41.  0^6^  +  a^x  -  b-x  -  x^  -  Sab  +  Zabx  =  ex  -  ac  +  ax  -  x^ 
a^x  —  b^x  +  3abx  -  ex  -  ax  =  Sab  -  ac  -  a^b^ 
(a2  -  6=*  +  3a6  -  c  -  a)x  =  3a6  ~  ac -•  a^b^ 

Sab  -  ac  -  a^b"^ 


a^  +  3ab  -b^-c~a 
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Exercise  XXXIII. 

1.  Let  X  -  greater,  then  47  -  x  =  the  less,  and  x  -  (47  -  x) 
=  13,  or  2X-47  =  13 

2x  +  21 

2.  Let  X  =  the  less,  then  x  +  21  =  the  greater',  =  3, 

or  2x  +  21  =  3x 

Ix       Ix 

3.  Let  X   =  money;    "T  "*"  T"  ~  ^''^^^  ^^^^^   away;   then  x 
Ix       2x 

=  T  -^  T  +  ^2-50 

x  -  21 

4.  Let  X  =  the  number;  then  — —, —  =  5 

5.  Let  X  =  the  quotient,  then  2x  +  3.r  +  4x  =  54 

2x  3x 

6.  Let  X  =  debts  ;  then  —  =  Ist  payment,  and  —  =  remainder ; 

3         3x      9x  2x      9x 

.-.  -r-  of  —  =  ;^  =  2nd  payment ;  then  —  +  —  +  192  =  x 

7.  Let  X  =  the  number  of  cattle  in  the  drove, 

XXX 

then  —  +  —  +  —  +  9  =  x 

O  D  0 

8.  Let  X  =  the  number  of  sheep  in  each  flock  :  x  -  19  is  t"wice 
as  great  as  x  -  91,  that  is  x  -  19  =  2x  -  182 

X  X 

9.  Let  X  =  the  number ;  then  - —  ir  =  6 

4  i 

3         X  3x 

10.  Let  X  =  the  number  ;  then  2x  -  -=-  of  —  =  25,  or  2x  -  —  =  25 

X 

11.  Let  X  =  the  number;  then  x  +  —  =  39 

f  X  X\  XX 

12.  Letx  =  the  number;  thenx- (  —  + -- 1  =  17,  orx -  — -  — - 

=  17  ^ 

2x  -  15  3x 

13.  Let  X  =  the  number ;  then  — +  7  =  —  +  3 

J,  4 

5(x  +  ll) 

14.  Let  X  -  the  number ;  then =  85 
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X       2x      3z       11a: 

1 5.  Let  X  =  the  number ;  then  "  +  ^  +  'T  ~  ~s~  "^  ^^ 

36 

16.  Let  X  =  price  per  barrel;    then  —  =  number  of  barrels; 

36  /36 

and 5  =  number  of  barrels  sold  the  second  load  ;      —  -  5)x 

=  21,  or  36  -  5a;  =  21 

17.  Let  a;  =  distance  in  miles,  then  |:c  =  half  distance ;  ^x -r  I 

X  X 

-  —  =  times  in  hoars  J  travels ;  ^x  ^  4:  =  —  -  times  in  hours  B 

I  o 

travels;  then  Ix  ^  Ix  =  -"J'-  =  i^,  or  x  =  26} 

18.  Let  X  =  the  time  in  hours,  and  since  the  three  runs  of 
stones   severally  require    72,   84   and    90    hours    to   empty  the 


XX  X 

of  it.  and  in  x  hours  they  will  empty  ^,  —  and  q-;  similarly 

X  X 

the   teams  will  respectively  fill  in  x  hours  —    and   ^ ;  then 

X  X  X  X  X 

72"^8l'*'90"e0~78''-^ 

19.  Let  X  -  date  of  abolition  of  slavery  in  Canada;    then 

3(x  -  1780)  +  1620  =  year  of  massacre  of  Lachine.     Therefore 

a-  +  3(x-  1780)  +  1620 

^ —- +  116  =  1862 

20.  Let  X  -  A's  share,  then  a:  -  120  =  ^"s,  and  x  -  106  =  Cs. 

Therefore  x  +  x  -  120  +  x  -  106  =  7400 

24x  -  300 

21.  Let  X  -  price  in  cents  of  a  music  lesson,  then  ~ — 

/24x-300\ 
=  price  of  a  drawing  lessson ;  therefore  32x  =  24  (  ~ 1  +  1000 

22.  Let  X  =  the  number  of  volumes  on  science  ;  then  3x 
-  number  on  travels,  Zx  =  number  on  biography;  4lx  =  number 
on  history,  and  9x  -  number  on  general  literature.  Therefore 
X  +  3x  +  3x  +  oX  +  9x  =  1435;  whence  x  =  70 


/ 
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23.  Let  X  =  length  of  Niagara  river,  wherefore  4x  -  6  =  lenglh 
ofRideau  canal;  then  2(5x  -  6)  -  100  =  230 

24.  Let  X  =  davs  required  to  finish  the  work.  Then  since  ji 
does  ^,  B,  ^5",  and  C,  -iV  of  the  work  in  1  day,  j1  and  B  work- 
ing 1  day,  and  B  and  C  working  2  days  will  fjnish  -yh^  +  -^^  +  y^- 
=  iVo  of  it,  and  the  part  remaining  to  be  done  =  Y^-^- ;    in  x  days 

XX  X 

A  does  -TT^ths. ;  5,  T7^^s.  and  C,  t^^^s.    of  the  work,    therefore 

^  +  ^  +  ^  =  i^§,  or  lor  +  12a:  +  lOx  =  109 

25.  Let  X  =  greater  part  \  then  n  -  x  the  less  ;  and  ^  -  (/i  -  x) 
-■  a-  c 

26.  (i)  Let  a;  =  minute  divisions  the  hour  hand  passes  over; 
then  since  the  minute  hand  travels  12  times  as  fast  as  the  hour 
hand  it  will  pass  over  12x;  but  the  minute  hand  also  passes 
completely  round  the  circle  (60  minutes),  and  then  in  addition 
over  the  x  minutes.  Therefore  60  +  x  is  also  equal  to  the 
number  of  minute  divisions  passed  over  by  the  minute  hand  ; 
then  12x  =  60  +  x,  or  llx  -  60,  or  x  =  5i^,- ;  hence  the  hour 
=  5-,V>^  12  ^  1  h.  5tVm.    . 

(ii)  To  be  opposite  the  hands  must  be  30  minutes  apart ;  then 
letting  X  =  space  in  minutes  passed  over  by  hour  hand,  and 
remembering  that  the  minutQ  hand  travels  12  times  as  fast,  and 
also  goes  over  30  +  x  minutes,  we  have  12x  =  30  +  x,  or  llx 
=  30,  or  X  =  2-,8f  and  2  Rf  x  12  =  32-iV  past  12 

(ill)  By  similar  reasoning  to  the  above  12x  =  15  +  x,  or  llx 
«  15,  or  X  =  l-i,-,  and  l-,^i-  m.  x  12  =  16yV  m. 

27.  Let  X  =  price  in  dollars  of  first  field  ;  then  x  +  90  -  2j 
=  price  of  second  field,  wherefore  (x  +  90  -  25)  +  90  =  2x 

28.  Let  X  =  days-required  by  A  and  C  to  finish  the  remainder  ; 
then  2^  -  (/o  +  -gig)  =  jPjo  =  part  C  does  in  1  day,  .-.  in  11  days 
C  does  fj^^j,  and  B  and  C  together  in  5  days  do  /g'V  +  is  =  2V0 
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=  -^Q.     Hence   part  remaining  to  be  done  =  1  -  (-j^a^o^o  +  jTo) 
=  T3o~o  -  -iWj  =  hi  ;  then  in  x  aays  Jl  and  C  will  do  —  +  j^ 

•'■    50  ■*■  1300  ""  ^§5,  or  26x  +  19x  =  896,  or  a;  =  19i^  days 

3a 

29.  Let  a;  =  Cs  snare  in  cents  ,then  -y  -  2540  =  Ds   share; 

c)       X  4  c  3a^ 

^(-^  -  2540)  +  4000  =  Y  +  2984  =  Fs share, and  (x  +  y  -  2540 

4.r  3a;        4r 

+  Y  +  2984)  =  2a:  +  444  =  .^'s.  Then  a:  +  y  -  2540  +  Y  "^  ^^^"^ 

+  2a;  +  444  =  718900,  or  4x  +  838  =  718900,  or  4x  =  718012  .-.  x 

3x                   538509 
-  $1795-03  -  C's  share  ;  j-  -  2540  = ;^ 2540  =  $743-895, 

&c. 

30.  Let  X  =  the  number  of  days  required  ;    then  since  4  men 

can  do  it  in  9  days,  1  man  can  do  r^-^  of  it  in  1  day;  similarly  a 

woman  can  do  --q,  and  a  child  ygj  of  it  In   1  day.     Hence 

X        3m  X 

~  +  ^  +    -^    =  1,  or  35a;  +  54x  +  42a:  =  12G0,  or  131a;  =  1260 

31.  Let  X  =  right  hand  digit,  then  14  -  a;  =  tne  left  hand  digit 
and  10(14  -  x)  -h  x  =  the  number.     He&ce  -i^7(140  -  9a;)  =  ^x 

32.  Let  X  =  value  of  the  property;  then  8600  -  a;  =  gain  had 
the  note  been  good,  and  x  -  (8600  -  640)  =  a:  -  7960  =  loss 
when  note  proved  worthless.     Hence  x  -  7960  =  5(8600  -  x) 

33.  Let  X  =  weight  of  head:  then  a;  +  9  =  weight  of  body. 
Hence  a;  =  9  -f  5(a;  +  9)^  or  2a;  =  a;  +  27,  or  a;  =  27  =  weight  of 
head ;  and  body  =a;  +  9=27  +  9  =  36.  Hence  fish  weighs  9  +  27 
+  36  =  72  lbs. 

34.  Let  X  =  his  capital ;  x  +  Jx  -  1000  =  capital  at  end  of  1st 

year ;  p  -  1000  +  ^^x  -  1000)  -  1000  =  capital  at  end  of  2nd 

16a;  -  21000      16x  -  21000       1  /16a;  -  21000\ 
year  = ^ ;    ^ +  j[ ^ )  -  1000 
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64x  -  84000 
= ^ -  1000  =  capital  at  end  of  3rd  year.     Hence 

64x-  -  84000 

^^ 1000  ^  2x 

X 

35.  Let  X  =  the  distance  in  feet,  then  —  =  number  of  revol- 

X 

utions  of  the  fore-wheel,  and  -r  =  revolutions  of  the  hind-wheel. 

X  X 

Hence  —  =  -r  ■\-  n  .-.  ox  =  ex  +  abn^  whence  hx  -  ax  ~  ahn  .'. 
abii 


36.  Let  X  =  number  of  minute  divisions  the  hour  hand  passes 
over  before  the  minute  hand  overtakes  it;  then  the  minute  hand 
must  pass  from  XII  to  XII,  i.e.  60  minutes  plus  x  minutes  in  order 
to  overtake  the  hour  hand,  that  is  while  the  hour  hand  passes 
over  X  minute  divisions  the  minute  hand  passes  over  60  +  x 
minute  divisions,  but  the  minute  hand  moves  through  twelve 
times  the  space  the  hour  hand  travels  in  a  given  time.  Hence 
12x  =  the  space  travelled  over  by  the  minute  hand,  while  the 
hour  hand  goes  over  x  minutes.  Hence  12a;  =  60  +  x  .-.  lU-  =  60 
and  consequently  x  =  5-^^- ;  that  is  the  hands  will  be  together 
for  the  first  time  after  XII  when  the  hour  hand  has  passed  over 
5-1^1  of  the  minute  divisions^  i.  e.  in  5-i-\-  x  12  =  1  h.  5^j-  m.,  and 
similarly  they  will  be  together  again  1  h.  5-,^^-  m.  afterwards,  and 
so  on.  Hence  they  will  be  together  at  1  h.  5j5-  m.,  2  h.  lO',*;  m., 
3  h.  16-/i-  m.,  4  h.  21-^-  m.,  &c.,  and  they  will  be  together  a?, 
often  as  1  h.  5-,'\-  m.  is  contained  times  in  12  h.,  i.e.  11  times. 

37.  Let  X  =  the  greater  part,  then  96  -  x  =  the  less.     Hence 

X 

-z-  +  3(96  -  x)  =  30  ;  clearing  of  fractions  we  have  x+  2010  -  21.r 
=  210,  whence  x  -  90-,^j  =  the  greater,  and  96  -  x  =  96  -  gOy-j 


12a-         IGx        19/ 28a:  \  3 

Then +  ^  =  —  (  -_  )  .-.  — 

x-a       x-3        21\a.--u/        x- 
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3x  3x     9x 

38.  Let  X  =  B's  share,  then  —  =  ^'s  share,  |  of  —  =  —  =  C's 

3.1-     9x 
share,  consequently  a-  +  ~;r  +  "T"  =  25';0,  whence  by  clearing  of 

fractions  4x  -r  Gx  ^  9x  =  10240  ;  that  is  IQx  =  10240,  whence  x 
=  So38-94-;f  =  jB'3  share,  .-.  ^"s  share  =  .[:  of  ^'s  =  $808-42-,%,  and 
C's  share  =  3  of  ^'s  ^  $1212-63-j3y- 

39.  Let  X  =  rate  down  .-.  28a;  =  distance,  and  x  -  5  =  rate  up 
the  river,  and  .r  -  3  =  rate  up  the  lake  ;  length  of  river  =  f  of 
23a.-  =  12a:,  .-.  length  of  lake  =  16a.- 

3  4  19 

■5  "^  ^^  ^  37^5) 

(^  =  3(x'tF)  •••   12-r-G0  =  lOx-30,  ^-.15,  x^5=10, 

a-  -  3  =  12,  and  28x  =  420 

40.  Let  X  =  the  whole  property,  then  $1800  +  A(x-  1800) 

=  $1800  +  —  -  $300  =  —  +  $1500  =  share  of  the  eldest :    also 
o  0 

X  -  (--r  +  Sl500)=  —  -  $1500  =  part  remaining,  and  $3G0O 

5a;  5a;  5j; 

y   -  $1500  -  $3600)   =  $3G00  +  ^  -  $850  =  —  +  $2750 

==  share  of  the  second,  but  these  shares  are  equal.     Therefore 

He  Bx  X 

--  +  $1500  =  ;,-  +  $2750,  whence  x  =  $45000  and  —  +  $1500 

D  Ob  D 

=  $9000  =  share  of  each ;  also  $45000  t  $9000  =  5  =  number  of 
childreUi 

41.  Let  X  -  the  loft  hand  digit,  then  a;  +  7  =  the  right  hand 

digit;  also  lOo;  +  x  +  7  =   the  number,   and  a;  +  a;  +  7  =  2a.-  +  7 

10a;  +  a;+7  7 

=  sum  of  the  digits.     Then  — ..^     »      =  2  +  ^^  ^  ^  whence 

llx  +  7  =  4x  -!-  14  +  7,  and  •.  a;  =  2,  x  +  7  =  9,  consequently  the 
number  is  29. 


( 
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42.  Let  X  =  B's  share,  x  -  20  =  Cs,  and  f(2x  -  20)  +  80  =;  cf  s. 

2(2x-20) 
Then  .r  +  x  -  20  +  -^ +  80  =  2100  ;  whence  lOx  -  100 

+  4r  -  40  -f  400  =  10500  .-.  14x  =  10240,  and  x  =  $731-425  =  Bs 
share  ;  al30  $731-425-  _  §20  =  $7ll-42f-  =  C's  share,  and 
f ($731-42f  +  $711-42^0  +  $80  =  $657-14f  =  A's  share. 

43.  Let  X  =  the  number  of  rows,  then  x^  -f  75  =  number  of  trees 

also  X  +  6  rows  each  containing  x  t-  5  trees  =  z^+x-30  +  5  =  the 

number  of  trees.     Then  x-  +  x  -  30  +  5  -  x^  -f  75  ;  whence  x  =  100 

.-.  X-  +  75  =  10000  4-  75  =  10075  =  number  of  trees. 

n 

44.  Let  t  =  one  part,  then  n-x~  the  other  ;  and  x  =  — (a  -  x) 

na 
.-.  mx  =  na  -  nx.  or  mx  -{■  nx  =  na  .-.  x  =  — ; — :    also  a  -  x 

nu  ma  +  na-  na  ma 


m  +  n  m  +  n  m  -i-  n 

45.  Let  X  and  60  -  x  =  the  two  parts,  x  being  the  less  ;  then 
a(60  -  x)  =  Sx^  ,•.  eo  -  X  =  3x,  and  x  =  15  =  the  less  ;  whence 
60  -  X  =  45  =  the  greater. 

46.  Let  X  =  the  growth  in  acres  of  one  acre  of  grass  for  one 

week.     Then  the  growth  of  3^  acres  for  4  weeks  =  x  x  ^^  x  4: 

40x 
=  -TT- ;  and  the  growth  of  10  acres  for  9  weeks  =  x  x  10  x  9  =  90x. 

Therefore  the  whole  quantity  of  grass  eaten  in  the  first  case 

40x               40x  +  10 
=  --^-  +  3i  = :^ acres,  and  the  quantity  eaten  in   the 

second  case  =  90x  +  10 

Hence  in  the  first  case  the  quantity  of  grass  eaten  by  one  ox 

40x  +  10  20x  +  5 

= 1 X  I  X  yV  =  — Y2 — '  ^^^  ^^  ^^^  second  case  the  quan- 

90x  +  10 
tity  of  grass  eaten  by  one  ox  =  (90x  +  10)  x  J  x  -gV  =  — ^^ — 

But  by  the  question  an  ox  in  the  first  case  eats  as  much  as  an 
ox  in  the  second  case 


38  KEY   TO  [Ex.  xxxm. 

20X  +  5      90a:  +  10 
Therefore  — ^^ —  =  — rr^ —  ;  whence  x  =  y2  of  an  acre 

20j;  +  5     ti  +  5  80 

Hence  — ^—  =  —f^  =  iYy^2  =  '^^  ""  fractional  part  of  an 

acre  of  grass  eaten  by  one  ox  in  one  week,  .*.  one  ox  in  18  weeks 
will  eat  f'^  X  18  =  ^  acres. 

j!iow  since  each  acre  increases  at  the  rate  of -^^  of  an  acre  per 
week  24  acres  will  increase  2  acres  per  week,  and  in  18  weeks 
the  24  acres  increase  by  36  acres,  and  therefore  become  equiv- 
alent to  60  acres 


47.  Let  X  =  the  first,  then  nx  =  the  second,  and  mx  =  the  third. 

a 

Therefore  x  +  7ix  +  ,nx  =  a,  whence  x  =  ~ — - —  =  first;  second 

na  ma 

and  third  =  mx 


1  +  m  +  n'  1  +  m  +  n 

mx  px 

48.  Let  X  =  thfi  first,  then  — -  =  the  second,  and  —  =  the  third. 
'  n  9. 

vix      px 
Therefore  x  + +  —  =  a,  whence  nqx  +  mqx  +  npx  =  nqa^  and 


anq 


nq  +  mq  +  np 


=  the  first  part 


mx         VI  anq  amq 

Second  part  =  =  —  x  ; ; =  ; ; 

^  ti  n         7iq  +  mq  +  np         7iq  +  ynq  +  np 

px       p  anq  anp 

Third  part  =  —  =  —  x =  ; ; 

^  q         q         nq  +  mq  +  np         nq  +  mq  +  np 

49.  Let  X  =  the  number  thrown  by  the  first  after  the  second 

commences;  then  x  +  3Q  =  whole  number  thrown  by  the  first; 

7x- 
-  =  the  number  thrown  by  the  second.     But  every  4  charges 

o 

of  the  first  consume  as  much  powder  as  everj-  3  charges  of  the 

second,  and   they  are  to   consume  equal  amounts    of  powder, 

X  +  3Cj       1.V 
.'.  — ;. —  -  — : ;  whence  x  =  216  =  balls  thrown  by  tlie  fir^ 
4  24 
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after  the  second  commences.     Therefore  ^  of  216  =  189  =  balls 
thrown  by  second. 


Exercise  XXXIV. 


10 


.     4x  +  6)/  =  2a  I 
15x  -  6!/  =  36  j 


19x  =  2a  +  36 
2a +  36 


11 

.  12z4  4ay  = 
Ux  +  3by  : 

=  Am 

=  3n 

4ay  -  Zby  -- 

=  A/n  - 

■3n 

(4a  -  36)2/ 

=  4m 

-3/1 

4 

4;/i 

-3/2 

y 

-4a. 

-36 

3x  =  m-  ay 

=  7/1  - 

4am  ■ 

4a- 

-  San 

Aam  — 

36m- 

4a?/i  +  ^an 

4a- 

36 

San  -  36m 

3x  = 


4a -36 
an  -  bm 


4a-  36 


2a6x  -  4a6y  =26^  13 

2a6a:  -  uby  =  ac 


,  X  -y=  a^ 
Saby  =  ac-  2b'^  ^^^  _  j)  ^^  +  y)  =  b 


ac  -  262 
y^~3llb~ 

2ac  -  462 
ax  -  6  +  2ay  =  6  + ^r 

362  +  2ac  -  462 
'^^  = 36 

2ar  -  62 
"■'  =  "3.6- 

2ac  -  b^ 
•^"      3a6 


a(x  +  y)  ri  6 
ax  +  ay  =  b 


} 


ax  - 

■  ay 

=  a2 

2ax  : 

=  a2 

+  6 

X 

a2 

=  — 

+  6 

2a 

2ay  ■■ 

=  6. 

-a2 

y 

6 

=  — 

-a2 
9fl 
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14.  ex  -  ay  =  acm  "j 

(7n  -  c)x  +  (m  +  c)y  =  acmj 

c(m  -  c)x  -  a(m  -  c)y  =  acm{m  -  c) 
c(m  -  c)x  +  c{m  +  c)y  =  ac^m 


mcy  +  c^y  +  amy 

-  acy  -  ac^m  -  acm^  +  ac^i/i 

acm(2c  -  m) 
^     mc  +  c'^  +  am-  ac 

2a2 

c'^m  -  ahm^ 

7nc  +  c  +  am  —  ac 

am  (mc  +  c^  +  am.  -  ac) 

+  2a^cm  -  a^m^ 

mc  +  c^  +  am 

-  ac 

am-c  +  amc^  +  a^m^  -  a^cm  +  2a\m  -  ahn^ 

mc  +  c^  +  a//i  -  ac 

am^c  +  amc^  +  a^cm 

mc  +  c^  +  am  -  ac 

15. 

6wi        bn 

X      +    y    ="* 

i//i          mg 

16.  (a:-y)(a;  +  2/)  =  55'» 
a:  +  y=ll     J 

ll(x-y)  =  55 
x-y  =  5 

6n         m^ 

y  +  --  =  a6  -  6m 

x  +  y=  11 
2x=  16 

(a6  -  bm)y  =  bn  +  mq 

x  =  8 

bn  +  mq 
"  ~  ab  -  bm 

2y  =  6 
y  =  3 

m 
x 

n                   n 

=  a  —  —  =  a  —  -•«"'  'I I'll"! 
y             'bn  +  mq 

17.  459x  -  463?/ =  -  495'1 

ab  -  bm 
abn  —  bmn 

-  5x+    19j/=  131    J 

m 

2295X  -  2315?/ =  - 2475 

x 

bn  +  mq 

-  2295a: +  8721y  =  60129 

7/1 

abn  -f  amq  -  abn  +  bmn 

6406!/  =  57654 

X 

bn  +  mq 

y  =  9 

1 
X 

aq  +  bn 
mq  +  bn 

5x=  19y-  131  =  171  -  131 
5x^40 

X 

mq  +  bn 
~  aq  +  bn 

x  =  8 
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18.  ex  -  ay  =  acp 

ax  -  cy  -  a^  +  c^ 

acx  -  d^y  =  ci^cp 

acx  -  c^y  =  a^c  +  c^ 

c^y  -  d^y  =  d^cp  -  o^c  —  <? 

d?cp  -  d^c  -  <? 
y  -        ~i  _  ^^2 

d^(Pp  —  a?(^  _  c* 
IX  =  a?  ■\-  c^  +  cy  =  0^  +  c^  + :^ a 


c  -  a' 

ac-p  -  a"  -  ac' 


i3 rt/'Z 


X 


:6| 


+  2666J 


(19) 
35a:  -  126  +  28x2/  +  49y  =  2Sxy  +  ISy 
72x2-  QQj^y  _  11^1 3.  +  422/  -  fd  =  "^2x2-  90xy +  930?/-  1002X 
35x  -      27(/=    126 
3293X  -  2960J/  =  891 
115255X-    88911(/  =  414918 
115255X  -  103600i/ =  312095 

U689y  =  102823  ''-y'^ 
35x  ^  126  +  2ly  =  126  -i-  189  =  315  .•.  X  =  9 

(20) 

3(a2  -  b'^)x  +  5(a2  -  b-)y  =  8a=6  -  2a6^ 

Sub  c 
3(a2  -  62)x  +  3(a  +  5  +  r.)by  =  3d^b  +  606^  +  -— y 

5^'a^  -  6OI/  -  3(a6  +  P+  6c)j/  =  8d-b  -  2a6^  -  3a'b  -  6ab^ -  -^^  ^ 

5a36  -  3a262  _  806^  -  Sab'^c 
(5d^-8b^'~3ab-3bc)y= ^^ 

(5a2  -  86'-^  -  3ab  -  3bc)ab 
(5d^-Sb^-  3ab  -  3bc)y  =  '—^ ^^^^^ 


3ab^c 


ao 
a 
8a2^-2a62    •  8a%-2ab^      5ab      8d^b - 2ab'^ ^ 5a^b  +  5ab^ 

d" 


y  =  '^rn 


3-^' -      n2_i2     -5y-      ^2_62         a+6"  a2-6=^ 


Sa'^t  +  3u62       3a6(a  +  6)  _    3ab  _     ab 
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KEY   TO 


[Ex.  xxxv. 


Exercise  XXXV. 


1.1         5 

X    ^   y    ~    6 

X  +     y  =    xy 
X  +     z  =  2xz 

. 

11         3 

115         3          1 

Y  ~  T  ~  ~G  ~  4  ^n 

1         1                       7 

y  ^  z               -  12 

2          8 
y  =  r2iS^=24;y-3 

2y  +  2z  =  3yz. 
1         1 

1            1 

■7  +  r  =  2 

1     1 

2          2 

1         1         7 
3    "^    c    ~   12 
17          11 

T  =  12  -  T  ^  T  •■•  ^  =  ^ 

---  =  2 
2          2 

1         1         5 

a;    "^    3    ~    6 
15        11 

—  =  5  .-.  z  = 
4 

7  •  ■  .  ■ .  ■ 

T 

4 

4 

) 

r  equatious  to- 

(8) 

x  +  3y  +  2z  =  b 

1                  1 

(10 
Add  all  fou 

3x  +  5y  -  2z  =  VI 

gether  and  then  v  3 

8x-2y  +  2z  =  2n. 

r  +  x-fy  +  r=23 

4:X  +  8y  =  b    +  m' 

V  +  X  +  ?/        =13 

llx  +  3y  =  m 


12x  +  24y  =  36  +  3/;i 

88j:  +  24y  =  S/n  +  16^ 


76a; 


=  57/1  4-  I6n-3b 
5m  +  16n-36 


=  =10 

v  +  x 

+  =  =17 

y       =    6 

V  +  y 

+  =  =  18 

X 

^    5 

76 


5;/i  +  16/1  -  36 


+  //  +  c  =  21 


19 


+  8y  =  0+  m 


Ex. 
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ALGEBRA. 

5m  +  16/1  -  36 
6  +  ;n-            ^g 

4B 

8y  = 

226  +  14/71-16/1           116  + 

19       '  y~ 

1m- 

76 

8n 

z  = 

5/n  +  16/1  ■ 
Ji-ix  +  y-  z-n-             jg 

-  36 
+ 

116 

+  7 //I 
76 

-  8/1 

z  = 

z  = 

l6n  -  20m  -  64/i  +  126  +  116  +  V/;i  -  8 

n 

76 
236  +  4/i-13/;i 

76 

(9) 

abx 

+  b-y  = 

be 

abx 

+  acz  = 

■a" 

=  bc-a^ 

b^y- 

acz 

c^y  +  acz 

=  be                    26c  -  0? 

(^b'  +  c')y 

=  26c-  a2'  y-   62  +  c2 

az 

^      2bc'-a'e 
-b.cy=b-    ^3^^    ;  az 

63  -  6c2  +  a^c 

63  + 

6c2- 

■26c2 

+  a2c- 

62 

+  C2 

z 
ax  = 

a6-+flc'* 

262c  -  6a2 
c-6^=.c-     ^,^^,    J  ax 

c'-Pc  +  a^b 

c62  +  c3- 

26^c 

+  (/-6 

62 

+  C2 

(H) 
ax  +  ay  +  as  =  a^  +  a6  +  ac 
hx  +  cy  +  a2  =  a^  ^-  6^  +  c^ 
(a  -  b)x  +  (a~  c)y  =  ab  +  ac  -b'-C^ 
bx  +  by  +  bz  =  aT)  +  b^  +  be 
ex  +  ay  +  bz  =  a^  +  b^  +  e'^ 
(6  -  c)x  +  (6  -  a)y  =  ab  +  be  -  a^  -  c^ 
(a  -  6)x  +  (a  -'e)y  =  ab  +  ac  -  b^  -  c^') 
(6  -  c)x  +  (6  -  a)?/  =  a6  +  6c  -  a^  -  c^J 

C  2a6  -  62  -  a2)x  +  (a  -  c)  (6  -  a)y  =  2</62  +  «6c  -  6^  -  6c2  -  0^6  -  a^f  +  ac^ 
(ab  -  ac  -  be  +  c2)r  +  C«  -  c)(6  -  a)*/  =  (j?h  -  a^  -  ac"^  -  bc"^  -^  a'^e  +  c^ 
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KEY   TO 
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(b'^ -r  a- +  c^  -  ab  -  ac  -  bc)x  =  b^  +  c^ 


2ab^  -  abc  +  2arb  +  2a^c  -  2ac^ 


b^  +  c^' 


2ab"  -  2ac^  +  2drb  +  2ah  -  abc 


b^  +  d^  + 


ab 


be 


=  b  +  c  -  a 


(a  -  c)y  =  ab  +  ac 


(a^b){b  +  c-a) 


(a-c)y 


ab  -  c^  +  be  .• .  y  -  a  +  c  -  b 


x  +  2/  +  c  =  a  +  &  +  c.-.  c  =  a  +  64-c-(6+c-a)-(a  +  c-6) 
c  =  a  +  6  +  c -  6  - c  +  a  -  a  - c  +  6  ;   z  =  a  +  6-c 

(12) 
ax  4-  a'^y  +  a^z  =  am 
ax  -V    y  +  az  =  n 
ctx  -f  ay  +    z  -  p 
a-y  -  y  +  a'^z  -  az  =  am  - 
ay  -y  +     z  -  az  =  p 
(a^  -  l)y  +  (c^  -  a)z  -  am  -  n 
(a  -l)y-( 

(fl.'^  -  1)1/  +  (a^  -  a)z  =  am 
(a^  -  a)y  -  (a^  -  a)z  =  ap 


::} 

c^  -  a)z  =  am  -  n"] 
a  -  l)z  =  p     -n) 

"I 

an  J 


{2d' 


am-n  +  ap-  an 


1)2/  =  am  -n  +  ap-an  .-.  y  -~ 2a^-a-'l 


(a-  \)z  =  (a-  l)j/-p  +  7i 
am  -  n  +  ap  -  an 


(a  -  l)c  = 


(a  -  l)c  = 


(a-l)c  = 


p  +  n 


2a  +  1 

11  +  ap  -  an  -  2ap  +  2an  -p  +  n 

2a +  1  ^  ~ 

-  ap  +  an  -  p 


2a  +  I 


am  -  ap  +  an  -  p 
2a2  -  a  -  1 


a-  =  7/1  -  a(y  +  z)  ^  m  -  a 


(am  -  n  +  ap  -  an  +  am  -  ap  +  an  -  p' 


2am  -  n  -  p 
2a2  _  a  -  1 


2a2  -  a  -  1 
2a^m  -  an-  ap 


2a"m  -  am  -m  -  2a^m  +  an  +  ap 
^  ^  2aa  _  a  -  1  •'•  ^ 


2a^  -  a  -  1 

ap  -  am  +  an 


2a^-a-l 
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EXEECISE   XXXVI. 

1.  7(x  +  y)  +  4?/  =  50,  and  2(x  -  ij)  +  3x  =  IG 

2.  X  ■\-y  -  a,  and  bx  -  cy  =  0 

3.  Let  X  =  price  in  cents  of  hav  per  ton,  and  y  =  price  of 

41/      • 
oats  per  busliel :   2x  +  35y  =  4400,  also  —  =  reduced  price  of 

4x  Bx 

oats  and  —  =  increased  price  of  hay  ;    then  —  +  28y  -  5120. 

8:r 
Hence  the  equations  are  2x  i-  3jy  -  4400,  and  —  -f  28y  -  5120 

4.  Let  X  =  length,  and  y  =  breadth ;  then  xy  =  area.  Then 
(X  +  20)(y  +  24)  =  xy  +  4180,  and  (x  +  24)(y  +  20)  =  xy  ^  38G0, 
which  two  equations  when  reduced  give  Qx  -r  5y  =  925,  and  5x 
+  6y  -  845 

5.  ^x  +  ij/=  11;  Jar-  1  =  ij/ 

G.  X  +  y  =  144,  and  fx  -  ^y  =  U 

X        4x 

7.  X  +  ?/  =  48,  and  —  =  — ,  or  xy  =  IGx,  or  dividing  by  x  we 

get  y  =  16 

8.  X  =  5(y  +  c)  ;  y  =  l(x  +  z)  +  Q  ;  c  =  K-^  "^  ?/)  -  3  ;  whence 
by  reduction  we  get  4x  -  5j/  -  5r  =  0  ;  -  x  +  2y  -  z  -  12,  and 
-x-y  +  3c:  =  -9 

9.  Let  X  =  sulphur,  y  -  saltpetre,  and  z  =  charcoal 
x  +  r/  +  c  =  4000;  y  +  z-x  =  3240;  x  +  j/ -  c  =  2760 

10.  X  +  y  +  c  =  72  ;  |x  =  fy  ;   Jx  =  ^z 

11.  Let  r  ::  5pace  occupied  by  one  shilling,  and  y  -  space 
filled  by  a  ten  cent  piece;  then  16x  +  2ly  -  1,  and  llx  +  13y 
=  -,5(5,  whence  x  =  jl^^^,  and  y  =  -/y-;  wherefore  the  purse  would 
hold  i^^^  =  40i^}  shillings,  or  ^i-  -  44J  ten  cent  pieces. 
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12.  Let  X  =  number  of  lines,  and  y  -  number  of  letters  in  a 
line;  then  x2/  =  number  of  letters  on  a  page.  Then  (x -f  3)(j/  +  4) 
~  xy^  224,  and  {x  -  2){y  -  3)  =  xy  -  145  ;  or  4x  +  By  =  212,  and 
3x  +  2?/  =  151 

13.  Let  X  =  left  hand  digit,  and  y  =  right  hand  one  ;  then  the 

lOx  -f  y 

number  will  be  represented  by  lOx  +  y.     Whence  ^ —    ^        - 

lOx  +  y 
=  3,  and         .^^  =  13  ;  or  4x  -  Sy  =  -  12,  and  23x  -  Uy  =  65 

14.  Let  X  =  number  of  ten  cent  pieces,  and  y  =  number  of 

5// 

y  =  8160,  and 

=  4 ;  or  5y  -  12x  =  8,  and  5y  +  2x  =  1632 

X  X { CI    ^    \^ 

15.  Let  X  =  rate  before  the  accident  .*.  x =  

a  a 

=  rate  after  the  accident 

Let  71  =  the  number  of  miles  from  Kingston  at  which  the  ac- 
cident occurred. 


twenty-five  cent  pieces;    then  lOx  +  25y  =  8160,  and  y  -  6x 


n  n  an  n 

+  ^  •••  ZTr. — r:  =  —  +  6  (i) 


^(g  -  1)         X  •  •  x(a  -  1)  ~    X 

a 

And  ^,         ,.    =  +  d  .-.  — ^ TT  = +  d  (II) 

x(a  -  1)  X  x(a  -  1)  X  ^  ^ 

a 

an  n  n 

From  (i)  — r^  -  —  =  — —  =  b  (m) 

^  ^  x(a  -  1)        X       x(a  -  1)  ^    ^ 

a(n  -  c)        n-c  n  ~  c 

•••  ^^°°^  (^^>  ^(^^  -  li^)  =  ^'    ^"t  ("^)  x(a  -  1)  =  ^ 

•••^-^0^^)  =d;   ovbx-^^  =  dx 

c  ,.c 

whence  x(b  ~  d)  =  - — -r  .-.  x  - -z—r — -jr 

^         ^     a-*\  (a  -  !)(&  -  d) 
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4f 


16.  Let  X  -  the  number  of  inside  passengers,  and  y  =  the  fare 
in  dollars  of  each 

Then  x  +  4  =  number  of  outside  passengers,  and  i(4j/  -  O 
=  fare  of  each 

Then  xy  +  (x  i- 4)  x  l(iy  -  i)  =  45  ;  or  22xy  +  32y  -  x  =  634 
Also  I  y  =  fare  of  inside  passengers  for  half  way,  and  yxi^y  ~  I) 

-  fare  of  outside  passengers  for  do.,  and  the  whole  fare  was  in- 
creased by  -f-  of  $45  =  6 

Then  ^y  +  -,3^-(4j/  -i)  =  Q',  or  38y  =  I1l  ]  ov  y  =  SH,  and  this 
substituted  in  the  first  equation  for  y  gives  us  22  x  |x  +  32  x  | 

-  a;  =  634,  or  QSx  =  490  ;  whence  x  =  5  =  inside  passengers 

17.  Let  X  and  y  =  the  digits  ;  then  the  number  will  be  lOx  +  y 
Then  lOx  +  y  =  2xy  (i)  and  lOx  +  y  =  4x  +  4?/ ;  or  6x  -  3y  =  0  ] 

or  2x  -  y  =  0  (ii) 

Adding  equations  (i)  and  (ii)  we  have  12x  -  2xy  =  0,  and 
dividing  this  by  2x,  and  transposing,  we  have  y  =  6;  whence 
X  =  3,  and  the  number  =  36 

18.  Let  X,  y  and  z  be  the  digits,  then  the  number  will  be 

lOOx  +  lGy  +  z 

lOOx  +  lOy  +  z.     Then  y  ^  l(x  +  z)  ; — -— —  =  48,  and 

x  +  y  +  z 

lOOx  +  lOy  +  I  -  198  =  100c  +  lOy  +  x.  These  reduced  give  the 

equations  -  x  i-  2y  -  z  =  0,  52x  -  38y  -  475  -  0,  and  x  -  2  =  2,  &c. 

19.  Let  X  =  the  oz.  of  A,  and  y  ~  oz.  of  B ;   then  x  +  y  =  p  (i) 

6 

^ince  p  oz.  of  j1  lose  b  oz.  in  water,  1  oz.  will  lose  — ,  and  .-.  x 
f  '  p^ 

bx  cy                             bx      cy 

oz.  lose  — ;  similarly  y  oz,  of  B  lose  —  oz.  in  water  .•.  —  +  — 

i>  '  P  P  P 
=  a(u) 

From  (11)  bx  +  cy  =  ojj  (hi)  and  multiplying  (i)  by  b  we  get 

bx-\-bi^  =  bp  (iv);  then  (in) -(iv)  gives  U3cy- by  =  ap-bp 

(a-b)p       .  (c  -  a)P 

.-.  y  =  -7^-^  ;  similarly  x  =  -^v^^ 
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EXBRCISB  XXXVIII. 

I.  (2a  +  3)»  =(2a)3+6(2a)^3  +  15(2a)^3H20(2a)333+15(2a)234 
+  6(2a)35  +  36 

8.  (3  -  2my  =  35  -  5  X  3^(2mi)  +  10  x  3\2my  -  10  x  3\2my 
4-  5  X  3(27/0*  -  (2»0' 

9.  (3a  -  2yy  =  (3ay  -  5(3a)4(2i/)  +  I0(3ay(2yy-  I0(3ay(2yy 
+  5{3aX2yy  -  (2yy 

•  10.  (25  -  5cy  =  (2by  -  3(26)^(5c)  +  3(2&)(5c)2  _  ^^5^)3 

II.  (3x  -  4i/)*  =  (3j)*  -  4(3x)\4!/)  +  6(3xy(4yy-  4(3x0(41/^ 
-f  (4i/)^ 

12.  (ab  +  3cy  =  (aby  +  o(aby(3c)  -f  10(a5)3(3c)-  4-  10(a6)-(3c)3 
+  5(a6)(3c)*  +  (3c)^ 

13.  (2ac  -  a:?/c)3  =  (2acy  -  3(2acy(xyz)  +  3(2ac){xyzy  -  (xyzy 

14.  {(a  +  6)  -  cf  ^  (a  +  6)3  -  3(a  +  6)-c  +  3(a  +  by-  -  c^  =  a^ 
■id'b  +  3a62  +  63  _  3j.^a2  +  2a6  +  6^)  +  Zc^(a  +  6)  -  c^ 

15.  {2a  -  (6  +  c)}*  =    (2a)*  -   4(2a)3(6  +  c)  +  6(2a)-(6  +  c)^ 

-  4(2a)(6  +  cy  +  (6  -f  c)*  =  16a*  -  32a3(6  +  c)  +  24a2(62  +  26c  +  c^) 

-  8a(63  +  362c  +  360^  +  c^)  +  6*  +  463c  +  66V  +  460^  +  c* 

16.  {2(a  +  6)  -  3c}^  =  2'  x  (a  +  6)5  -  5  x  2*(a  +  6)4(3c)  +  10 
X  2\a  +  6)3(30'  -  10  x  2-'(a  +  6)2(3c)3  +  5  x  2(a  +  6)(3c)4  -  (3cy 
=  32(a5  X  5a46  +  I0a362  +  10a^63  +  5a6*  +  6'^)  -  240c(a*  +  4a36  +  60^62 
+  4u63  +  ^4)  +  720c-(a3  +  3a26  +  3a62  -f  6')  -  1080c3(a2  +  2a6  +  6^) 
+  810c*(a  +  6)  -  2430^ 

17.  {(1  +  x)  -  xY  =  (I  +  ^y  -  4(1  +  x)3(x2)  +  6(1  +  xy{x-y 
-4(l  +  x)(x2)3  +  (x2)4=l+4z  +  6x2  +  4x3  +  a:*-4x2(l  +  3x+3z2  +  x3) 
+  Gx*(l  +  2x  +  X-)  -  4x^(1  4-  x)  +  x8 

18.  {(a  -b)  +  2c}-5  =  (a  -  6)^  +  5(a  -  6)*(2c)  +  10(a  -  6)3(2c)^ 
+  10(a  -  6)2(2c)3+  5(a  -  6)(2c)*  +  (2c)5  =  a^  -  5a*6  +  lOa^b^--  lOa^b^ 
+  5a6*  -  6^  +  I0c(a*  -  40^6  +  6aH^  -  4ab^  +  6*)  +  40c-(a3  -  Sa'-^^ 
+  3a62  -  P)  +  8(ic\a'^  -  2ab  +  b^)  +  80c*(a  -  6)  +  32rJ 


50  KEY   TO  [Ex.  xxsix. 

Exercise  XXXIX. 

(1)  (2) 

4  + 2a; -12x2  x^  +  2x^  -  2x^ 

\x^  -  3x3  J.4  _  2x5 

+  9x* +x6 

(3)  (4) 

4x^  --  12x3  _  2x*  1  -  a  +  4a2  _  2^3 

Qx*  +  3x5  ^<i2  _  2a3  +  a* 

+  ix6  4a*  -  4a'' 

4-    /T»> 


(5) 
1  +  2x  -  x2  -  x^  +  2x* 

x2-x3-    a:* +  2x5 

ix*+  ^x'  -x^ 

^x6  -  a;7 

+  x8 

(6)  (7) 

4fl-  -  4a2u;  +  Sa^x^  1  +  26x  -  2fx2 

a-x2  -  4a2x3  i'-^x^  -  Ihcx^ 

+  4a2jr4  +  c^x* 

(8) 
a^  -  2a&x  -  2rtcx-  +  ladx^ 

62x2  +  26cx3  .  26c/x* 

c^x*  -  2c'rfx5 

+tJ2x6 

(9) 

1  -  2a  +  26^x2  -  2c3x3  +  2(i*x* 

d^  -  2ab^x^  +  2ac^x''^  -  2ad*x^ 

b^x^  -  2b''c^x^  +  262(V4x6 

(,6^6  _  2f3t/4x^ 
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(10) 
{(a  +  bff  =  (a^  +  Sd'b  +  3ab^  +  b^f  = 
a^r^  Qa^b  +  'oa%'-  +    la'b"^ 

9a%^  +  ISa^i^  +  6a-6* 

9a26*  +  Qab^ 
+66 

(11) 

|(a  _  cyf  =  (a^  -  2ac  +  c-)* 
^  {(a-^  -  2ac  +  c^)"-]^  =  (li*  _  4(^3^  +  Ga^t^  -  iac^  +  c*)^  = 
ftS  -  8a' c  +  12tt«^c^-    8a'^c^+    2a^c'^ 

.  16a^c^  -  iSa^c^  +  32a*c*  -    Sa^c^ 

36aM  -  48a3c5  +  12a=^c6 

IGa^c^  -  Sac'' 
+_c^ 

(12) 
(a2x2  -  4ax  +  4)^  =  a*x*  -  8aV  +  Sa^x^ 

IGa^x^  -■  32ax 

+  16 


(13) 

4 

-  12r  +  16x2- 

-  2x3 

4-lJx* 

9x^- 

-24x3 

+  3x4  _  2x^ 
16x4  -  4x5 

+  ^x6 
ix6 

+  ;\X8 

(14) 

1  -  4x  -  2x^  +  4x3  _ 

-2x4 

4x2  +  4^3  . 

-  8x4  +  4a;6 

■ 

x*  -  4x5  4 

2x6 
4x0  _ 

4x7 
+  x« 

52  KEY  TO  .  [Ex.  XLi. 

Exercise  XLI. 

(3) 
4x*  +  12.r3  +  5x2  -  6x  +  1  (2x2  +  3x  -  1 
4x* 


4x2  4.  3a;\  12x3+  5^2 
12x3+  9  J.  2 


4x2  +  6x-l\      -  4x2  -  6x  +  1 
-  4x2  _  6x  +  1 


(4) 
This  may  be  •worked  by  the  rule  or  it  may  be  bracketed  so  a^ 
to  shovr  the  sq.  root :  thus  x*  -  2x2(y2  +  1)  +  (^2  ^  1)2 

(6) 
9a*  +  12a^  +  34a2  +  20a  +  25(3a2  +  2a  +  5 

da^ 

Gu2  +  2a\     12a3  +  34a2 
12a3+    4(z2 


Qa-  +  4a  +  5\  30a-  +  20a  +  25 

SOa^  +  20a  +  25 


(12) 

(x  _  y)4:  _  2(x"  +  y2)(a:  -  yy  +  2(x^  +  y^)  =  x^  -  4:X^y  +  6x2^3- 
-  4x(/3  +  i/4  -  (2X-*  -  4x3?/  +  4j;2)/2  _  4^y3  ^  o?/*)  +  2x*  +  2J/4 
=  X*  +  2x2j/3  +  y^  ;  and  V-^*  +  -^'V^  +  y"^  =  x-  +  y^ 

(13)  (a2  -  b'  +  c2  -  ^2) 

a*-  2a^Z/2  +  6*  +  2a2c2  -2i'c2  +c*-  2a2(i2  +  2b^d^  -  2c^-d'  +(i* 


2;t2_i2\  _2a262  +  6* 
-2a2  62  +  54 


2a2-262  +  c2\  2a2c2-262ci+c* 
2a2c2-262c2  +  c* 


2a2  -2^2  +  2c2  -rf2\_  20-1^2 +  262(Z^-2c2rf2+(i4 

-2a2d2  +  262d2-2c2d2+d4 


Ex.   XLI,  XLII.] 


ALGEBRA. 


(14) 

l-ix+  >3a;2  -  Ix^  +  73.4  _  1-1.5  +  -ij:c«(l  -  ^x  +  x' 


ix- 


2  -  \x 


)     -tx  +  ^^x' 


lx  +  x-^\   2x-^  -  lx'-^+  Ix^ 


n 


2x^  -  -^x^  +  x^ 


2  -  Ix  +  2.r2  _  ix^\  _  xy3,  +  ia;4  _  1 


X^+fsX 


Ja;3  +  ia;4  _  ia;5  +  .u^^f 


(15) 


x^     X-  v  X       y 


^      2/- 


ix^ 


,       ar\            x-^      a-' 
.r-  +  —  1             —  +  — 

y/         y     y 

1 

y 

a;2 

'-1)-— !^ 

y1 

Exercise  XLII. 

(2) 

a6  +  Qa'i  „  40^3  +  OGa  -  04(^2 

+  2a  -  4 

a6 

6a'^  -  40a^ 

Ga^  +  1 2a-^  +  8a^ 

3rt*  +  6a5  +  4a'^ 

3<i^  +  12a3  +  12a-^ 

-  Ua^  -48a^  +  9C« 

-64 

-  12a2  _  24a 

+  16 

-12a4  -48a3  +  96a 

Za^  +  12a« 

-  24a  +  IG 

-64 

54 


KEY  TO 


[Ex.  XLII. 


(4) 
flS  _  Ga'  +  15a*  -  20a^  +  loa^  -  6a  +  l(a2  -  2a  +  1 


30* 


Ga3 


Qa'>  +  iDu*-  20a^ 


4a2 


3a*-6a^  +  4a^j     -  Ga^  +  12a*  -    Sa' 

3a^-  r2a^+  12a2 

3a*-  12a3+  isa"^  _  6a  +  1 

3a2  -  6a 

+  1 

3.?^-  12a^+  15a2-6a  +  l 

3a*  -  12a3  +  I5a2  _  6a  +  1 

(G) 


I2x2-3ax  +  4a2 


8x6-36ax'  -^  102a-j;*-  lTla3x-3  4-204a*r"-144a'5x  +  64a6 
8x6 


12x* 

-  36ax  ^  +  1 0  2'Z-x*  -  1 7 1  a^x^ 

-I8ax^ 

+  9a*-^x2 

12x*-18ax^+9a2x2 

-36ax''  +  54a2x*-27aV 

12x*-3Gax3+27a2x^ 

48a2x*-144flV+204a*x^-144a''x 

24a2x2-3Ga'x 

+  G4a6 

+  16a* 

12x*-36ax"''  +  51a'^x^-36a»x+16a* 

48a-x4-144c^x'-204a*x2-144a'x 

-f-  64^6 

(8)  (a-hb-hc-i-di-e 

a^  +  3a^b  +  SaJ^  -!-  b'^  +  3(a  +  by-c  +  3(a  +  Z')c--  +  &c. 


3a^ 


+  3a6 


+  b' 


3a'  +  3ab  +  b^ 


3a^b  +  3ao-  +  b^ 
3a^b  +  3^55  +  in 


3(a  + 

i)-^ 

+  3(a  + 

JX^,, 

3(a  + 

i)i 

+  3(a  + 

6)c  +  c' 

3(«  +  6)-c  +  3(a  +  6)c2  +  ^3 
3(a  +  bye  +  3(a  +  &)c^  +  c^ 


3(a  -  i  -f  c)^  +  3(^  +  i  .  e)d  ^  ^ 

3(«  -T-  6  -  r)-^  4-  3(a  +  6  -f  r>i  +  rf'''  i  3(a  +  i  +  cYd  +  &c. 


3(a  +  6  +  cyd  +  «fec. 
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ExEKCIaE    XLIII. 

p.)    }    =(pr)    ;or=(^)     -[-) 

(,«'  X  a  ~  '  X  o'  )     "a  =  ^'  "  '  +  '  )  ~  a  =  a  ~  36 
(a-x«Jx«Jxai)-«=  («-+*  + J  +  5)A-=:(a-Mi)"" 

7.(.^(v(a-c-^)I))•^({(«-c-0v!')" 

=  (a     V     'ac)    ={a     'c     '•')    =  (a     '  c^ )   =  «  "  2c'= -7 
jO«"0''«.'r'={(«')^x«^)"=!«*xa'}"%(a5)-==.-5 

-   Va  'i*  a"'  •'i^  c*  rf»Z.3c3  a462c3  «  - 1  ^,  -  2^-  4- )  -j- 
\y'  X  y^  X  7j    '  W*       ^        ^ 

/     nKt  +  mrt+prsyst 

\  ^  rst  J  ti^srq  ^nst  +  mrt  +  prs 


t 


_   ^mtrd  -  7)  *■  (nt  +  prjSy^rs(q  -  1;  -  g-4n  +  7»; 

(10)  ^        (11) 

(7^  -  3'.'5^  +  3ah  -  6'^  (a^  +  .r^)  -  (ax)^ 

-    a'^6^  +  3,iZ»  -  3ah^'  +  i^  =  a^  +  2a^x*  +  x^  -  a^x^ 

a«  -  4a^6»  +  Gx'-  -  -!^-i^  +  b'  =  J  +    Jx"^  +  x^ 
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(12) 

4x^  ■■  ^  -  2x^  J/  -1  +  2x^ y  "  ^c^  - 1/ "  s  4-  y  - 1^^ 


,^5    I    o~2  „  "~  2«3         Ot,2^5 


5    1    „-l~J        „~*  2^i 


8x'^  ^  4a:^y  "  -^  +  6x^y  "^z^ +  2y-'^z^ -y~  ^  -  2x^z^  -y'^z^ 

(13) 
-3x-4y-2x-^\9x-^y-  4x-'^y-i(  -  Sx"  ^  -}-  2x -■*?/- 1 
9x-9y  +  6x-8 

-  6x~*  -  4x"^y^ 
-6x-8  _4x-'v-i 


(14) 

3113  /5II11  3 


-i. 
-i. 

■1. 
■t. 

a  _ 

ah- 
ah- 

5. 

-6-1 

■1 

a§6- 

f 

-6-1 

a^6~«+a8j-t  +  ^tj-t^.a86-»+a«6~«+a^6~8 


-a«6     '-a^6     »-a«6     «-a*6     «-a«6     »-6-i 
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(15) 

1 


-x' 

-§ 

- 1  + 

J^. 

-z' 

-s 

-  x~ 

'■-I 

X 

in-xi+x 

x~ 

i  +  l  + 

.i 

1  +0; 


-1 

-J 

-x5 

J 

+  .5 

+  X 

J 

+  x> 

+  x 

.     (16) 

{a'^  -a  +  a^+l^a     ^-a'^  +  a     ^) 

=  o^  -  2a^  +  2a2  +  2  J'  -  2a  -  2a^  +  2 

flZ  _  2a2' -  2a  +  2a^  +  2  -2a"^ 

a  +  2a^-2-2a'"^  +  2a*» 

i_2a~^-2a-i+2a"^ 

a -1+ 2a  "2- 2a-' 

a-2_2a~' 
a  -  ■ 

=  a3_2a^+3a2-3a+2a^  +3-6a"^  +a*i  +  4a"' * -a"* -2a~^ 
+-a-» 

(17) 

f  2a^  -  1  -  2a  "  ^  + 


a^  f  2a^-  1  -2a"^  +  a~^(a^  +  l-«~^ 


a-" 


!a^  +  l)         2a* -1 


2a*  +  1 


2a*  +  2-a~*)-2-2a     *  +  a"^ 
-2  -  2a"*  +  a"^ 
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KEY  TO 


[Ex.  XLIII. 


(18) 


+  3  -  2x     ^  +  x' 


x'^  -4x  +  10ar'-  lGx^+ 19- 16x"^+ lOx" '-4^-1+a:""^" 


9 

-  4a;  -r    4x' 


.r^   -  Ax' 


Us) 


6z=  -  IGx^  +  19 
6x-*-12a;^+    9 


2.1-  -Ax^  +  6  -  2x     ^  )  -  4i-^  +  10  -  IGz"  -  +  lOz  ~  ^ 
-4x^^    8-12:c~^+    4a; "^ 


2x^-4x-*+G-4x~-4-a-     ^      2-    4a;     ^ -f  6x     5_42.-i  +  ^     J_/ 

2-    4x      ^+6a;      ''-4a;-i  +  a;     ^    -   , 


(19) 


I  -^j^  3JrX^y-^\x-'^y^-3x     -"jj  ■i-3x"y-'^  -xy^(^x~^y  -  x 


;~^i;  -  x*u  '  1 


X    ^i/-' 


3x     •'y 


xy~* 


3a;     'y  +  3a;^y"i  -  xy 


(20) 


|x^  -  2x'y°  +  3y^ 


1  2       0  IS 

.2  I  nQ-p3i.5_K/i-_3„6. 


3x"5 


Gxy^ 


+  4x'j/^ 


-  6x-5^6  +  21x-^y^  -  AAxy^ 


^  4,   Si  Al  4i  1 

3x '  -  Gxy"  +  4x'i/^  I  -  6x3i/«>  +  Ux^y"  -   Sxy^ 


Sx-f-Uxy^  +  Ux^y" 


h      ..    i   i 


9x'y"  -ISx-'y^ 
+  9y 


3x^-12x2/5  +  21x^2/-  -  18x^y 

+  92/ 


9x3  j/^-  36x7/2+63x^2/^-54x^/'^+27y 


9x^^!/^-3Cx2/H63ar2/*-54x'i/''+2'ri/ 
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Exercise  XLIV. 
1.  2^  =  (22)^=  4^;  T^  =  (7^^  =  343' ;  2*  =  (2*)5  =  16^  ;  OJ^ 


2.  a  =  a^  r.  (a^y  ;  3^  =  9^    (|)?  =  (^)^  ;    (2a)^  =  (4a2)=  ; 


2,A2  ^    i'1Rr4j/6\5 


64x^yy 

a  =  a^=(aO'j  3^  =  (81)^  ;  (#  =  (^|^)' ^(2^)^  =(16a*)^        / 
3.  a-a-^=(a-r^.(^l)"^3^  =  (3-ir^=Or-, 

=(v/^f)"^  3-2  =  ^  =  {(^)-2f  ^  =  81-^;  a)-^=a)^  =  3^v 


{4)'-(S)'={i.S)'  =  ©' 

2  /3a6\i  a  /  Q\l      a,. 

lay  =  3(\*)^  =  §  X  iVH  =  W'n  ;  Kh)^  =  KlV^)*  =  M20- 
3afh\-\      3a/2\i      3a/4\i      3a/46\i      3a  _ 
t(,TJ        ^TI^tJ     =t(,6^J     =t(pJ     =i6^^^ 


60  KEY  TO  [Ex.  SLiv. 

I  /9a*\-^  /25\^  25  \^ 

200  \^  /  9a  \-^ 

-9ir)  '  °^  (^-200-; 

2/37«\|        2  /9m2\i        /  32        977i2>^i      /ISni^^t 


/200Y 
^  l^~9a"J 

y     "^3125^ 

2      /am  -  pq\  ^  am  - pq\  i, 

(am  ■^  vq)'^  x     — -       =  Uam-^  pq)(am  +  po)  x ; —  ^ 

^  ^  ^^       Kam+pqJ        *^      ^  t"iJK    <■  ^  t^j     am+pqf 

•7.  (135)^  =  (27x5)^  =  3^5 ;  aJ1Q2  =  V81  x2  =  9V2  ; 
V80  =  Vl6x5  =  2^5 ;    7^324  =  7  -^27x12  =  7  x  3^12  =  21-^^12  ; 

W?  =  W!i  =  -i^V2T; 

r      a62      -]!      Cb''  X  6a(a  +  a;)^  i     f        6*  1  1 

S-|6(^+^j    =1    36(a  +  a)^     f"   =1  36(a  +  x)-^^^^(^+:^)  |>* 

6        

a     /  /c"m2       1  \       ff      cm    f  I        cm    J  n      cm 

^{f  +  «x)  =  a^a^x  ;  ^< -^ k  =  (a^  -  a^^a  ^^ 

3V2  and  3^3,  or  18^-and  81^,  or  18&  and  81^;   or  (5832^6 
and  (6561)^ 

o^C^o'^Y]  (44)^  and  (5103)^;  or  (^/s-^a)^, (85184)^  and  (5103)^ 
or  (3528^)6",  (85184)6"  and  (5103)6 


Ex.  XLIV.] 


ALGEBRA. 
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10.  I2V2  +  I2V2  -  V2  -  8V2  +  35/2  =  59V2  -  9v^  =  50V2 ; 
8V(|)  +  4aAB  -  W15  +  Vif  =  4V3  +  4V15  -  VVT5  +  W^ 
=  4V3  +  4VT5  -  2Vl5  =  4V3  +  2VT5 

11.  2VT  +  6V7  +  3^3  -  4-^3  =  B^/1  -  -^3  ; 


3ab\fac  +  2a'-yac  -  -7-V"^ 


3a62  +  2 


c4\ 


Vac 


=  2ai'6'*  J(;^^5  +  Zc?  •  "6  J^^5  _  c2  «^^  =  (2a^Z»~  +  2a?  "  "6  -  c")  J^o^P" 
13.  6V200*=  6VIOO  X  2  =  60V2  ;    35V60  =  35V4  x  15  =  ^0Vl5  ; 


32  i  1 

(3  X  6^)  X  (4  X  60^)  =  (3  x  4)  X  (216^  x  3600"" 


12^64  x  12150  =  24^12150 


14.  16^  X  86  =  -^16  x  16  X  8  x  8  x  8  =  ^4"^  X  32  =  4^32  ; 
28a6"  X  a6  =  28a6  =  280^0  ;  2  x  3^  x  I'l^'  =  2  x  (27  x  72)^ 
^  2Vi944;  7^  x  \^o  =  14-^3  x  ^^5  =  7-^15 


15. 


ax     by      c~d 


-7  X  —  X  {(axy  X  (byy  X  (czy 


--  xy{(axy^x  (JyV^x  (czy''^\  =  xy(a^h^(^x^yH^y^ 

, —  33 

(X  -  ^xy  +  y)(V^  +  Vi/)  =  a:^  +  J/-     [See^H^lg.  Art.  179.] 

16.  (2V3  +  !VD(3V2l  -  4V3)  =  (2V3  +  -h'f^)(A'{^  -  4V3) 
=  3V30  +  iVl50  -  8V9  -  -1^5  v'45  =  3V30  +  ^6  -  24  -  f  V5 


17.   iVt 


2     _     n/fi\2 


•li^i 


2(5  -  i)^  =  2V^9-  =  SVIO 

!(126  -f  7^) 

'27  X  7*\i 


1 


3      ^a  /I728\i  /64x27 

18.  2(12^  -f  7^)  =  2  X  (  -7^  1  "^  =  2  X 


7«     y 


^  49 
4V6482  7 


49 


=  4x  f 
3/^'4\       3/VT6\       3/16\^      3/16xl25\4-  ^ 

sU^/''^   3lvij^-   3U>)     ~3V243y     -3U29;-9V96 
4/^\       4  /V»^x^x       A^(a^^\l     l/^\i     Ac/-T-7 
3 AV^^  ~  3  \«/a^xV  "  3  VaW    "  3  Wx^J    "  3axV«  "^ 


62  KEY   TO  [Ex.  xLiv. 

4v'3     5^4     6^7  _  4^9     5'^256      6^9 

2p-2V3-*-2V3=2V3"  2-^27    "^  2'^27 

1  1  5      - 

=  2^3  -  £(¥7-)'^'  +  3G?y^"- =  2^3  -  ~i^o03884St  1^964467; 


20.  Multiplying  by  V"^  -  6  we  have  (V7)-'  -  6^  =  7  -  36  =  -  29 

Multiplying  by  V3  +  V^  we  have  (VS)^  -  (V-)"  =  3-2  =  1 

Multiplying  by  4V3  +  GV^Jwe  have  (4V3)--  (6V^)'=  48  -  90  =  -  42 

Multiplying  by  l^\  -  ^2  we  have  (^Vl)'"  0^^^=  tf -M=-  25I 0 
MultiplyingbysVi  +  W^wehave(?VD2_(.^i)3^^_^  =  __^ 

2(V3  -  2V5) 2V3-4V5        2V3-4v5     4V5-2V3 

^^'  (V3  +  2V5)(V3  -  2V5)  ~  (V3)--(2V5)^ ""  ~~3  -  20     ~         TT 

(V2    +   V3)(2V5    +    3V6)      _  2VIO    +    2^/15    +    3Vl2    +    3>/T8 
(2V5   -    3V6)(2V5   +    3V6)   ^  20  -  54  ~ 

_  2VT0  +  2'/l5  +  6V3  +  9V2 
=  -34 

(2.V3   +  Vn)(7V8  +   8V7)   _   14V24  +    7V88   +   IGV2I  +   8/<7 
(7V8  -  8v^7)(7V8  +  8V7)  ~  392  -  448 

28V6  +  14^22  +  I6V2T  +  8^77 

= :r^Q =  &c. 

3('\/3  +  V^)  3V3  +  S^x     (a'^m-in^Ja){a\Jnh-m^a) 

(V3-V^)(V3  +  V^)  ~      3  -  a;      '  (a'^m-7n^a)(a*Jin+m^a) 
(w^/m  -  m.'^ay      cfim  -  'lam^Jma  +  m^a       a  -  2\lma  +  in 
a^m  -  m^a      "  d^m  —  m^a  ~  a  -  m 

(2  +  3V§)(.Wj  +  §Vg)    ^  §Vi  +  y,  +  V^  +  2Vg- 

(W^  -  yUi^h  +l\/D  i  X  i  -  t  X  I 

iV2+-.Wl5  +  W3  +  iVT0 


i? 


-    &G 
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Nx^  ^  X  +  I  -  'Jx^  -  X  -  l)('^X^  +  X  +  I  -  V-c^  -  X  -  I) 

3.  = - 

(V^^  +  x-^l  +  ^x^-x-  1)  (V-r^  +  X  +  1  -  ^X^  -  X  -  I) 

(■\jx^  +  x  +  1  -  ^jx'^ -X -\y 


(Vx^  +  :c+  \y-Q^x'-x-  1)2 


x^  +  X  +  1  -  2(Vj^  +  X  +  iXVx'^  -3;-l)+3:^-a;-l 

(x2  +  X  +  1)  -  (a;2  -  a;  -  1) 
2x^  -  2^1  x^  -  x2  -  2x  -  1       x2  -  ^x*  -  X-  -  2x  -  1 
2x4-'2  ^  x+1 

V3-V2- V5 


24, 


(V3  -  V2  +  V5)(V3  -  V2  -  V5) 

V3  -  V2  -  V5  V3  -  V2  -  V5 


"  {(V3  -  V2)  +  V5]KV3  -  a/2)  -  V5l       (V3  -  V2)^  -  5 

V3  -  V2  -  V5         yg- V2  -  V5  _  (V3  -  V2  -  V^)  x  V6 
^  3  -  2^6  +  2-5  ^  ^276  ~  -  2V6  x  V6 

>V^  -  VT2  -  VSO       2V3  +  V30  -  3V2 
=  -'Yi  ""  ■  12      """ 

(1  -3V2)(1  +  3V2  + V3)       _  ys  -  3V6  -  17  _  V3  -  3V<3  -  17 
(r+~3V2  -  V3)(  1  +  3V2  +  V3)  ~  (1  +  3V2)--3  ~        16  +  Q^J2 

(V3  -  3V6  -  17)(16  -  6V2)       26V3  -  27V6  +  5lV2  -  136 
"  "(16  +  6V2J(16-6V2)       ^  92 

•      (2 +  3V3)(1 +  2V3  +  V2)  20  +  7V3  +  2V2  +  3^6 


(1  +  2V3- V2)(l +  2V3  + V2)  11  +  4V3 

(20  +  7V3  +  2V2  +  3V6)(11  -  4V3)       136  -  3V3  -  14V2  +  25V6 
i\\  +  4V3)(11  -  4V3)  ""  73 


Exercise  XLV. 


6.  Let  V42  +  3V174|  =  V^  +  V 
Then  V42  -  Z'^Vl^  =^/x-^/y 
Or  V1764  -  1568  =  Vl96  =  14  =  x  -  y 
Also  42  +  syml  =  X  +  2Vxy  +  y  or  42  =  x  +  y 
.-.  2x  =  56  or  X  =  28  J  2y  ="28  or  y=  14 

;.  V42  +  3VT74|  :=  ^J 28  +  ^jTl  =  2^/1  +  Vl4 


64  KEY   TO  tEx.  XLV. 


9.  Let  Va  -  2Va  -  1  =  V-^  -  V^  (0 
then  V«  +  2Va  -  1  =  ^/x  +  ^Jy  (ii) 


or  Va~  -4a  +  4  =  a;-?/ 
ora-2  =  a;-?/ 
Squaring-  (i)  we  get  a  =  a;  +  y  .*.  2a  -  2  =  2a;,  &o. 


10.  Let  V2a  +  2^/a^  -  b^  =  ^x  +  V^/ 
V2a  -  2Va^  -  h'^  =  ^x-'^y 

And  2a  =  a;  +  ?/ 


2a; -26  4- 2a;    or  x  -  a  +  6 
2y  =  2a  -  26  ;    ory^  a-b 


11.  Let  Vs  4-  V39  =  ^Jx  +  Vy 
Then  Vs  -  V39  =  V-^  -  V*/ 


Or  V64  -  39  =  V25  =  5  =  a;  -  y 
Also  8  =  x^+  y 
.'.  2a;  =  13  or  a;  =  ^^,  and  2y  =  3  .\y~^ 


12.  Let  ^'—  +  i6Va2  -  6^  ^  ^x  -h  ^y 


^-^  -  ih^a?  _  62  =  v^  -  Vy 


i62(a2. 

-62): 

Vl6 

a262 
4 

^4 

"4^ 

62 

■"2  ' 

=  a;-»/ 

Then 

2a:  = 
2^ 

a2     62 
62 

T5 

;  or  a; : 
01  y: 

a2 
62 

'  4 

And 

'J^ 

=  x  +  2/ 

Ex.  Si VI,  2:lvii.] 


ALGEBRA. 
Exercise  XLVI, 


-  ^JTs  -  V2  

2.  3V5  +  V^=  V5(3  +  2V2)  .-.  V3V5  +  V^O  =  VV^73~+  2-/2) 

-  V5V3 +"272  =  V5(V2  -M)  =  V5('V-i  +  1)  =  V^  -^  V5 

3.  3V6  +  2V12'  =  V6(3  +  2^2)  .'.  Vs  ^6  +  2Vr2  =  VVC(3  +  2V2) 
=  Vt!V3V2V2  =  V6(V2  -1-  1)  =  V*^(V-i  +  1)  -  V2^+  V^ 

4.  VI8    -    4    =   ^TS    -   Vl^  =   V2(V9   -  V^)   =   V2(3  -  V^) 
/.  VvTs  -  4  -  VV2(3^V8)  =  V^(3  -  ^S)  =  V-(V2  -  1"^ 


Exercise  XLVII. 
1.  4V'=T7  -  2V"-T2  =  12V~^  -  4V"^  =  8V'^ 


3.  Vt  +  6V^  =  V-^  +  Vi/ ;  V?  -  6V  ^  =  Vx  -  v.v 

V49TT2  =  11  =  a:-?/ 

And  7  =  a;  +  y 

.'.  a:  -  9,  and  y  =  -  2 

4.  (4V'^  +  V'^)(4/^  -  V^^^O  =  (W"^)'  -  (TV^2)^ 

=  (10  X  -  3)  -  (49  X  -  2)  =  -  43  -  (  -  98)  =  -  43  +  98  =  50 

5.  (V^=^  -  3V^^)^  =  -  2  -  6V6(V^^)^+  (9  X  -  3)  =  -29  J-  dV6 

V2- V"^ V2- V^^       V2  -  V"^ 

■  (V2+V^)(V2-V"^)   ~    2 -(-5)    ~         "7 

7.  fli-^  X  -V"^  =  -  ai23^^n[ ;  +  1 ;  V"^  ;  -  1    [See  Algebra 
Art.  193  (III)] 

8.  (a  -  V^^)^  =  a^  -  2flV"^  +  (  -  o)  =  a^  -  20/^  -  ^ 

E 


66  KEY   TO  [Ex.  XLvn. 

9.  (V2  -  V'^/=  (V2)' -  3(V2)-(V"^)  +  3V2(V"^)'  "  (V"^)' 
=  V8  -  6V4V"=n[  +  3V2(  -  4)  -  (V4V"^)'  =  2V2  -  12V"^-  12V2 
+  8V^n  =  -  4V"^  -  10V2 

10.  Let  V  -  2  -  2V  -"15  =  V-^"  "  V^/l  then  V-  2  +  2V  -  15 
=  'sl^  -r  Vy  •••  V-i-  4(  -  15)  =  V^  =  8  =  X  -  ?/,  and  x  +  y  =  -  2 

.-.  2x  =  6  ;   X  =  3 ;    2?/  =  —  10  ;    and  i/  =  -  5.     Hence  V-'^  -  Vl/ 
=  V3  —  V  ~  5 

11.  We  are  to  find  the  square  root  of  0  ±'</  -  I 

Let   Vo  i  V~  =  V-^  ±  Vy 

then  Vo  +  V  -  1  =  V^  +  Vy 

or  V^  -  (  •^>  =  Vl  =  1  =  ^  "•  a')  ^^  ^  -r  ^  =  0. 

.-.  X  =  ^,  and  ?/  =  -i 


Hence  Vo  +  V  -  1 ;  that  is  of  iV  -  1  =  V2  iV  -  2 
-iV2  +  i\r^;  oriV2- 


12.  LetV31  +  42V-2  =  V-^-i- Vv;  then  V31-42V-2  =  V-^^  "  v'y 


.  .  V9t>l  -  1764(  -  2)  =  V9t>l  +  3528  =  V4489  =  61  =  x  -  y 

and  31  =  X  +  7/  .-.  2x  =  98,  and  x  =  49  ;  2?/  =  -  36,  or  y  =  -  18 

Hence  ^Jx  +  y!/  =  V-^^  +  ^f^TS  =  7  -r  3^/~^ 

4  + V^=^  _  (4  +  V^^)(2  +  V"^)  _  8  +  4/^4- 2 V^^- 2 

"■  2-V'^2~(2-V"^)(2+V^^)  '  ^  -  (  "  2) 

G-^6V^^2■  , 

-  , =   1  W  -  2 

14.  7  ~  V"^  \  14  -  VT5  -  7V"^  -  2V^"5/ 2  -  ^^"^ 

34-  2V^rg 

-  7V^^  -  Vl5 

-  7V"^  -  Vl5* 

15,  (a  T  5/^)(a-i'V^^)  =  «^  "  (b^f^y-^a-  -  (t^  X--  1) 
^  a2  -  (  -  62)  =  ^2  ^  52 

•Thus  -  V  -^  X  -  V^  =  -  V^V^  X  -  V3V^  =  V15(V^)' 
=  -/Is  X  -  1  =  -  ^13 
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Exercise  XL VIII. 

1.  12-f-a:-4+  ^x  +  x  ;  or  ^x-=  8  ;  or  V-«  =  2  >  or  ar  =  4 

2.  3x-  G  =  2a:;  or  a;  =  6 

3.  X  -  24  -  a;  -  4^^  +  4 ;  or  4Vx  =  28  ^  or  V^  =  "^  I  or  x  =  49 

4.  X  -  2'^xy  -  -f  ao: '  ^  =  a'  +  X ,    or  -  2yti  +  ax  "  ^  =  a; 


2 


X       ^'        X       ^  '       yaYa+2'  2  ■{■  *Ja 


'-y/^^T^^^^'''"'^'^''"' 


VvVv^:Kr23^4^5^G=-3;or7Vy^^:T^^4^5^^.9; 
or  vV^^^+4^^  =  ^  5  or  W^+m  +  'i  +  5  =  9  j  or 


Vyx  +  123  +  'i  =  4;   or  V-f4-123-i-4  -  16  ;   or  V-c  + 123  =  12  ^    or 

x+  123  =  144;  or  x  =  21 

V^ 

6.  Va^;  -^x  =  ^a]  or  V^^CV^  -  1)  =  V^  J  Of  V^  ^T^^Ti  5 


(V«-l)' 


7.  2x+Vx*-x"^  =  x2+2a:  +  i;  or  V>c*  -  x^s  x^^  1;    0TX*-2^ 
=  X*  +  2x2  +  1 ;  or  3x2  =  -  1 ;  ^j.  ^2  =  _  ^  .  op  ^^  =  4  ^^T  =  +  lyTs 

8.  x  +  34Vx  +  1G8  ^  152  +  42Vx  +  x;  or-8Vx=  16;  orV-i^  =  2j 
or  X  =  4 

9.  V^-'  +  V^  +  2  =  -=  ;  or 'Jx^x  +  2  +  x  +  2  =  4 ;  or ^Xi/x  +  2 

Vx  +  2 

=  2  -  X ;   or  x(r  +  2)  =  4  -  4x  +  x^  ;    or  x^  +  2x  =  4  -  4x  +  j:-  ^   or 
6x  =  4  ;  or  X  =  § 


10.  a  +  X  +  2Vti-  -  x^  +  a  -  X  =-ax  ;  or  2\/d^  -  x^  =  ox  -  2a ;  01 
4a-  -  4x2  _  ^2j,2  _  4^2j-  ^  4^,2 .    Qj.  ^2^2  +  4c2  _  4^23. .    ^^  ^2^,  ^  ^ 

4a2 
=  4a-^ ;  or  x<a2  +  4)  =■  4a2 ;  or  a?  -  ^T"! 
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11.  a'^+  2ax-\'x'^=  «2  +  x^i^  +  x'^ ;    or  2aar  +  a:^  =  x\jWn^ ] 
or  2a  4-  a:  =  ^6^  +  a;^-,  or  4a-  +  4ax  -^  x^  -  ¥' ■>r  3c^  ]  or  4aar  =  6^  _  4a2 . 

62  -  4a2 

or  X  =   ;; 

4a 

12.  V^^  +  aa:  +  a;^  =  a  -  &  - x*  or  6^ r  ax  +  s^  =  o^ -  2a&  -  2ax 
+  6^+  26a;  +  x^ ;  or  3ax-  -  26x  =  cfi"  lab]   or  xC3a-  26)  =  c^-  2a6 ; 

a^-  2ab 
°^  ^  =  §^r^ 

13.  a:  +   2ayjx  +  36V-^   +  Gab  =   4^6  -r  6:/a;  -f  4i7V.E  -r  ^; 

a6  a%^ 

or  26V^  -  2flV-^  =^  -  2a6  I   or  V-^  -  ^^^  i  or  a-  =  ^^— ^ 

U  — . 

14.  V-^'  +  V'i^  +  X  =  — -  ;  or  V-^  +  ^^  +  V4«  +  4aa;  +  x  +  x^ 

^/l  +  x 

~  2a ;  or  V4a  +  4aa;  +  x  +  a;^  =  2a  -  V-^'  +  ^"^ ;  or  4a  -f  4ax  +  x  +  .r^ 

-  4a2  -  4a  ^x  +  x^  +  a-  +  x^.;  or  4a  +  4ax  -  Aa"^  =  -  4a  -^/x  +  x^  ; 

or  1  +  X  -  a  =  —  '\/x'^  +  X  ;  or  1  +  2x  -  2a  +  x'-^  -  2ax  +  if^  =;  ar  +  x" ; 

2a  -  a2  -  1 
or  X  -  2ax  =  2a  -  a'-^  -  1  ;  or  x  =  — i_2a 

15.  X  -  32  =  256  -  32  V^  +  ^ ;  or  32  ^x  :^  2S8  ;  or  V^  =  9 ; 
orx  =  81. 

b  f    be     \i         c         /    Abe    \l  b  c 

^^'  TVx  "^  ^  [oT^-')   "^^^ "^  \^^;^T^j   '  °^ ^■Ti'^^^ 

=   0  ;   or  ab  "  bx  +  ac-  +  ex  =  0 ;   or  6x  -  ex  =  a6  +  ac ;    or 
_  a  (6  +  c) 

^  ^     b  -  c 

3Va; 

17.  X  +  yx  —  yx^  -  X  =  -y-   =   given  equation  multiplied  by 

^/x  +  ^x  ;  or  V-*-"  +  1  -  V-^'  -  1  =  2  (dividing  by  V-^')  ;  or  2Va:  +  2 
=  2^x  -  1  +  3  :  or  2Va-  -1  =  2  V-^  -  1  i  or  4x  -  4Va-  +  1  =  4x  -  4  ; 
or  4  V-^  -  5 ;  or  16x  =  25  ;  or  x  =  \l. 

18.  X  +  a  =  c^  -  2c  *JxVb  +  x  +  6;or-2cV^  +  6=.a-6-c2; 
4^-  (X  +  6)  =  (a  -  b  -  c~f\    or  4c=^x  =  (a  -  c- -  b)-  -  4^^"? ; 

(a-c2-6)2-4c26  ^   /g  -  c^  -  6y 

n       2e       ;    -__ 


or 


ora;=  ., 
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1        2        1        1         I    4  9  1        2         |4       9 

,14        4        4       9  14        9 

-^7  +  —  +  -5-  =  -^  +  -^:  or  —  +  —  =  —  ;    or  a  -■  4^  =   9a  :    or 

x"      ax     a^      a-      x~  ^         X       a       X   ^ 

Ax  =  8a  ;  or  a:  =  2a 

Jx  ■¥  a  +  *Jx  -  a     m        2  \/x-i-a     m  +  1 

20.  ^^ ^ =.  =  -  or     ^ = u  ; 

^/x  +  a-^x  -  a      1         2^x-a     ^-^ 

V^-'  T  f     7/1  +  1  X  +  a     w^  +  2m  4- 1 

^^  VaTT^  ""  wi-  1  '  ^"^  x-a  ~  m^  -  2?7i  +  1  ' 

2x     2  (m^  +1)  X      m^  +  1  a  (m^  +  1) 

°'2~^=     -Am        5  or-  =  -2^;  orx^        2;/i 


EXEBCISB  XLIX, 

1.  x-=  9;  orx  =  +  3 

2.  18 -18r+ 18 +  18^  =  100-  lOOx^;  or  lOOx^'^oi;  OX-x^~  y^-^] 
or  X  -  i  i 

3.  4x2  _-  3J.2  ^  9  .  or  x-  =  9  ;  or  x  =  +  3 

4.  4x2  -  8  :-  1  ;  or  4x2  =  9  ;  or  x^  =  9  ;  or  x  -  +  | 

5.  x2  -  6/  +  9  =  13  -  6x  ;  or  x^  =  4  ;  or  x  =  ±  2 

6.  3  (x2+  lOx  +  25)  -  7x  =  23x:  or  3x2=  _  -^5  .  orx2  =  -25;  or 

a-  =  4  5  V"^l 

216x2  ^  32  216x2  +  3,5 

7.  10x2  +  17  _  10^.2  +  8  =  — ^j^^.2_3    ;  or  25  '-     ^i^2_g     ;    or 

275x2  _  200  =  216x2  4-  36  ;  or  59x2  =  236  ;  or  x2  =  4  ;  or  x  =  +  2 


8.  V9  +  2^'  =  ^  i  or  9  +  2x2  =  81 ;  q^  2x^  =  72  ;  or  x2  =  36  ;  or 
X  =  +  6 


9.  V(-c  -  2)(x  +  3)  =  3a  ;  or  x2  -  9  =  9a2 ;    or  x2  =  9a2  +  9  j   or 

X  =  1 3  vt?n 
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10.  'Ja^  -  x^         X  a  or  -  x- 


b  X  '•  °^      X-       ~  b'^       6  "^  X- 


a- 


'^^  .72  ~  -^  "  62  ""6"  ^  ^2 ;  or  ^  =  y  -  1  ;    or  x- ^  2ab  -  b- ■   or 


x^  ±  ^J2ab  -  62 
11.  — +  62_2    '      _6i  +52  =  52.  or-^r-i2=2V-r"64 

40-1      ^a?b-  Aa*  Aa-b^ 

or  — r  -  — ~  +  6*  =  -^  -  46^  :  or  — .-  =  56*  ; 
x-*         x-  x*  '  X-  ' 

4tt2  4a2  2a  2a 

or  — TT  =  56- ;   or  x^  =  ——  or  x  =  +  -r'Jk  =  +  7ta/5 
X-  56-  6  ^  "^      -  56^ 

12.  3ax^  -  ex-  =  d-  I  -b;    or  x'*-'(3a  -  c)  =  d  -  1  -  6 ;    or  «^ 

d-1-6 


3a-  c 


or 


^^^vc-i^) 


13.  V^^  -  J;2  =  aVl  -  a:^  -  a:Va-  -  1  5 
a?  -  x2  =  a*  -  a^x^  -  2a-X'J{l  -  x2)(a2  -  1)  +  a^x^  -  x^ ; 


or  2xV(l  -  x^){d^  -  1)  =  d^  -  d^x^  -  1  +  x^ ;  or  2xV(l  -  x'-Xd^  -  1) 


(a2-  1)(1  -  x2):  or  2x  =  ^Jid?--  1)(1  -x^);  or  4x2=  ^^^s.  y){\  _  x^) 

a2-l 
3  + 


=  a2  -  ^x2  -f  x2  -  1 ;    or  3x2  +  ^2^.2  _  ^2  _  2  j    or  x2  =  :;-; — ^  J    or 


X 


-V 

-^V3  +  a2y 


14.  xV62+x2+62  +  x2=c62;  xV62+x2  =  <:62~62-x2;  or  6^x2 4- X* 
=  c26*-  2c64-  2r62x2  4-  6*+  262x2 -f  x*:  or  2c62x2-  62x2=  c26*-  2c6* 
+  6*  :  or  2cx2  _  ^.2  ^  ^252  _  2^52  +  fcz  =  ^^  _  2c  +  1)62 .  ^j,  ^oq  _  i)^^ 

.  •     .^2.o  ,      {Cj^}W  ^  (c  -  l)b 

=  (c  -  lyb- ;  or  x^  =  —:^ — —  ;  or  x  =  +  — ■ 

-^  ~  ^  V2c-  1 

15.  3  +  ix  -  2  Y  ^V3  +  ix  +  5X  =  ix  -  3 ;  or-2\/^V3  +  |x 


2x 


V^^ 


6--^;   or  Y  — V3  +  ix  =3+  —  ;  or  — (3+ |x)  =  9-f2x  + 


3  '  V    3  '  •*  •    3  '         3 

x^  x2  x2 

T=^'    T5  or- 
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5  1  1  -2 

16.  a  +  x  +  3(a  +  xy(a  -  x)^  +  3(a  +  xy(a  -  x)^  +  a  ~  x  =  b^; 

or  2a  +  3(a^  -  x^)^(^a+x  +  ^a-x)  =  6^;  and  by  given  equation 

^a  +  X  +  ^a  -  X  =  b  •   substituting"  this  in  the  last  equation  we 

nave  2a  +  3b^a}^  -  x'^  =  b^  ]  or  3b^d^  -  x-  =  6^  -  2a ;  or  ^d^  -  x^ 

b^  -  2a  (b^  -  2a\  ^  /b^  -  2a\  » 


36 


/b^-2ay  /b^-2a\' 


V/6^-  2ay 
"'  -  (-IT-) 


EXEECISE   L 

1.  2x2  ^  g^  ._,  90 .  or  x2  +  4x  =  45  ;  or  x^  +  4x  +  4  -  49  ;  or 
r  +  2=±7;  x  =  5;  or -9. 

2.  x2  -  19  =  8x  -  10  ;  or  x^  -  8x  =  9  ;  or  x^  -  8x  +  16  =  25  ;  or 
orx-4  =  +  5;  x  =  9;  or~l 

3.  X"  -  8x  =  20  ;  or  x^  -  8x  +  16  =  36  ;  or  x  -  4  =  +  6  ;  x  =  10  ; 
T)r-  2 

4.  x2  +  12x  =  45  ;  or  x^  +  12x  +  36  =  81  ;  or  x  +  6  =  +  9 ; 
X  =  3;  or  -  15 

5.  3x2+2x  =  85;  orx"  +  5x=?/  .  or  x'^+ jX  +  ^  = -f5  +  ^  =  iA(i  ; 
or  X  +  ^  -  i  Y  ;  ^  =  5  ;  or  -  5f 

6.  3x2-  14^.  =  _  i5j  or  x2-  Y^  =  -  5;  or  x^  -  ^x  +  ^ 
=  -  5  +  AgS-  =  ^  ;  or  X  -  ^  =  +  §  ;  or  x  =  3  ;  or  1  j 

•7.  5x2-236x  =  -47;  ov  x^^-^^^s^  =  -  ii  -  or  x'^  -  H'^  x  +  ^\%"  < 
=  - V  +"^W*  =  -^W^;  orx-Ui^  +  i^i;  orx^spori;  that 
is  X  =  47  or  ^ 

8.  4x2  -  8x  =  320  ;  or  x2  -  2x  =  80  ;  x^  -  2x  +  1  =  81 ;  x  -  1 
=^  ±  9  :  X  =  10  or  -  8 

9.  X-  -  2x  =  -  o,2 .  or  x2  -  2x  +  1  =  1  -  a2  ;  or  x  -  1  =  Vl  -  ^"^ i 
or  X  =  I  i  ^l  -  d^ 
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10.  ox-  -r  4a.-  ^  2  73  ;    x- ^  ^x  =  i- 3  .    j;2  ^  ij.  ^  .^4^  _  j.3£.a  +  .^4.. 
=  ^2^^j  a:-M  =  i  v;  x=7or-74 

11.  7x2  _  20x  =  32  ;  ^2  _  2.0^;  ^^  3.2  .  3.2  _  3.0 3.  ^  mo  _  s^y,  a.  i ua 

=  ¥i,'  ;  ^-  -  --  =  i  -7-  ;  r  =  4  or  -  U 

12.  x=-7a:=:Jl2:  z^-7x-f-^  =  -^  +  <^=i;    x--  =iI;- 
x  =  4  or  3 

13.  3.C-  -  ilx  =  -  6  ;    or  x^  -  J^^x  =  -  2  ;    or  x-  -  V^  +  W 
=  -  2  ^  W  =  ^^  ;  X  -  V  =  i  6  ;  ^  =  3  or  § 

ic  -  cd         bd 


14.  OCX-  r  bcx  -  cdx  =  bd  ;  or  x- 
^     bc-ai         fbc-adX"^    bd       (be  -  ad)"^ 

^      be -ad      /he  -  ad\ 2    4a6ci  +  fc^cZ  _  2a6c<f  +  a?d^- 
or  X-  -f  — — —  + 


ac  \      2ac    J  4cfc'-^ 

b-c-   -f    2abcd   -f   a-d^      /be -h  ad\-  be  -  ad      ^  be  ~  ad 

""  4^c2  ""  [^    2ac    J  ;  °^  ^  +      2ac     ^  -      lac     ' 

6c  ■'r  ad     be  -  ad  2ad      d  2bc  b 

'''''^^~2^r-^jr'  ^^  =  2^=7''  ^^^'^^^  2^  = -T 

1  x  -  ^jx 

15.  -, —  =  —    ,          br   dividinfj    the    fjiven    equation    by 

X  —  Y-c  4  '  001  J 

X  T  v'-^  j    or  4  =  x^  -  2x^x  -f  x  ;    or   4  =   x(x   -    2Vx   +    1)  ; 

4  2 

or  —  -  (v'r  -  1)' ;    or  —   =  i  (V-r  -  1)   (I)  ;  or  2  -  X  -  v'x  ; 

or  X  -  V^;  +  t  =  f  +  4  -  I ;    or  v''-!^  -  i  =  ±  i  ;    or  V-^  =  2  or  -  ] 

.-.  X  =  4or  1 

2 
Taking   the  minus   sign   in   (i)  we    have   -7-  =  -  V-^  -r  1 

or  2  =  -  X  -i-  V-^  ;  or  X  -  V^^  =  -  2  ;  ot  x  -  ^jx  ■^\-  -  \^  %-  -\ 
cr   V-   -   ^  =  +  V^';    or  V-i--  =  t  i  ^  V^^  =  Kl  i  V^^) 
or  X  =  i  (1  ±  2  'f^l  -  7)  =  i  (-  6  i  2  V^^7)  =  ?  ("  3  i  V"^; 
The  rejected  factor  x  -f  V^  =  0  gi'^'es  us  x  =  0  or  1 

16.  x2  -  X  =  210  ;   x2  -  X  -r  i  =  -H^  +  i  =  - 1-  i    ^  -  i    --  i  V 
X  =  15  or  -  14. 
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17. 

4x2 

+ 

36 

=    3x2 

+    48 

-    llx; 

or 

x2   4-     llx.  = 

12; 

01 

X- 

+  11 

X 

+  :|t^i-^l|l  = 

^-F;^  + 

¥  = 

i  V ;  ^  =  1  or 

-  12 

\%. 

X  - 

X  + 

2 
2 

X  + 

-r     ^ 
X  - 

2     X  - 

-3     X 

f  4  x2- 
-4' 

4x  +  4  +  x2  4-  4x  4- 
x^-4 

4 

2     X  i 

3'  X- 

X- 

-7x 

+ 

12  4- 

x2  4-7x 

4-  12 

2x2  + 

8 

2x2  +  24 

X2-X-12   ' 

X-' 

-  X  - 

-  12 

or   ^2_ 

4 

or 

X- 

+  4 

X 

X2  + 

12 

2x2 
or    g- 

2x2-x 
~   X  4-24 

;  01 

X      2x  -  1 

x^ 

-4' 

-  -  X 

-  12' 

4      X  4-  24   ' 

or  x2  4-  24  X  =  8x  -  4  ;    or  x^  4-  16x  =  -  4  ;    or  x2  4-  I6x  +  ^4  =  60  ; 
or  X  4-  8  =  V60  =  i  2  V^;  or  X  =  4  2  Vl5  -  8 
The  rejected  factor  x=  0  giTCS  us  the  other  value. 

19.  49x2  +  42x  4-  9  =  10(2x2  4-  4x  -  6  -  2x2  +  3x  4-  9) 
=  10(7x  4-  3)  ;  or  49x2  4-  42x  4-  9  =  70x  4-  30  ;  or  7x2  -  4x  =  3  ; 
x2-4;  x=  1x2-4x4-:^=  ?^4-;iV  =  lf;  ^-r  =  i!;   ^=  lor- 3 

20.  ax2  -/x2  -hx  -  ex  -  -h  -  c\  oxfx-  -  «x2  4-  6x  -f  ex  =  6  4-  c 

h  -r  c\         b  i-  c 


(/- a)x2  4- (64- c)x  =  6  +  c;  x2  4-  (7r^l'^=/_a  = 


b  +  c\         /b  +  cy_b  +  c      /  64-c  Y 


x  =  j: 

y  f-a 

f" 

"'^ 

W- 

2«j 

21. 

1 

1 

1 

a  -  m  4-  X 

a 

m 

amx 

=  3awx  - 

I'^x  4- 

a^m  • 

64- 

c 

2/- 

2a 

1 

ax  4-  «m, 


r  -  am-  -f-  77?x-  -  ax" ;    ax-  -  7?ix' 

+  a^x  -   2amx  +  irrx  -   a^m  -  am^  =   a/n(a  -  7/1)  ;    (a  -  7/i)x2 

4-    (a2  -    2am   +  m,'^)x    =    a7M(a  -   m)  ;    x2  4-    (a   -   7W.)x    =    a/n ; 

(a  -  77i)2                  (a  -  m)2       4am  4-  (a  -  7/2)2 
X-  4-  (a  -  ?7i)x  4- -. =  a;7i  4- =   — 

a-  4-    2a;/i   4-   7n2         (a   4-   m)'^  a   -    m, 

= -4- =    -^-  i    ^  -  -T--  =  i 

cr.  4-   7M        a  -  m 
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_  2(a  +  b)         (a -by 

22.  abx^-'  2x(a  +  b)^/ab  =  (a-b^;   x^  -        —      a;  =  ^ — ~ 

^ab  ^" 

2(a  +  b)        (a  +  by       (a  -  by       (a  +  by       2(a^  +  6^) 


v«& 


ab  ab  ab        ~  ab 


ai-b        ^2(0^ +  b^)  c-}-6  i  V2(a^+  6-) 

X  -  ■ — =Z  =  +  -^^z J   X  =  ^=: 

^/ab,  A/ab  *Jab 


Exercise  Li. 

1.  3x2  4,  2jr  =  85  ;    36>r2  ■r  24x  =  1020  ;   36.r"  +  24x  4-  4  ^  1024  ; 
6x  +  2  =^  ±  32  ;  6x-  =  30  or  -  34  ;  a;  =  5  or  -  5| 

2.  4x2  _  43;  :^  840  ;  4x''-  4>r  +  1  =  841 ;  2x  -  1  =  +  29  ;  2x  =  30 
or-  28;  x  =  15  or  -  14 

3.  64x2  _  48j;  =  1360  ;    64x2  _  48x  +  9  =  1369  ;    8x  -  3  =  +  37  ; 
X  -  5  or  -  4^ 

4.  x2  -  26x  =  -  25 ;   4x2  _  io4x  +  676  =  -  100  +  676  =  576  ; 
2x  -  26  ==  ±  24 ;  2x  =  50  or  2 ;  x  =  25  or  1 

5.  5x2+4x  =  273;   100x2+ 80x  =  5460  ;   I00x2+ 80x  +  16  =  5476  ; 
\\)x  4-  4  =  i  74 ;   lOx  =  70  or  -  78  ;  X  =  7  or  -  7| 

6.  4x2  +  8x  =  21 ;    x2  +  2x  =  s^i;    4x2  +  8x  +  4  =  21  +  4  =  25, 
2x  +  2  =  ±  5  ;  2x  =  3  or  -  7  ;  x  =  1^  or  -  Si 

7.  11x2  +  7a;  -  4  =:  14x  ;  11x2  _  7^  =  4  .  4843;?  _  308x  =  176  ; 

484x2- 303X  + 49  =  i76  +  49  =  225;    22x  -  7  =  4   15  ;    x  =  1 

or-A- 

bc 

8.  a^x^-u  (ab  -  ac)x  -  be  ;  ax2-f  (^b  -  c)x  =  — ;  4a'x^+  4.a(b  -  c)x 

4-  (6  _  c)2  _  Abe  -{-  (b-  cy  =  (6  +  c)2 1    2ax  +  b  -£  =  i  (b  +  c); 

c            b 
2ax  =  2c  or  -  2h  ;  x  -  — ,or 
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9.  12x2  ^  120  =  I6x  +  135  ;  12^2  -  IQx  =  15  ;  3x^  -  Ax  =  \^  ; 
36x2-  48.C  =  45 ;  36x2-  48x  +  16  =  45  +  16  =  61 ;  6x  -  4  =  +  -/^fl  ; 
6a;  =  4  4  V6l ,  X  =  ^(4  ±  V^) 

10.  7x2  _  4^2y3  4.  (2  -  V3)x  =  2  ;  (7  -  4V3)x2  +  (2  -  V3)x  =  2  5 

X  2 

•"'  +  rrV3  =   r^^  I^^^^^^  7  -  4V3  =  (2  -  v'3)2] 

^4  1  8  1  9 

4x2  ^  ^ J.  ^ 


2  -  v/3"  ^  7  -  4V3  ~  7  -  4V3  ^  t  -  4V3  ~  7  -  4V3 


2X  -r  ;:; 7T7  =  + 


V3~-2-^V3'  2-V3        2^V3 

I  2 


~  2  -  V3  2  -  V3 

11.  x2  4-  eax  =  62.    ^2  +  6^^  ^  9^2  =  ^,?  +  9^3;    a:  4-  3a 


=  ±  V9«-  +  6'  ;  •^■  =  ±  V9^"  +  62  _  3a 

45 -9x  63  +  36x     19(45  -  9x) 

12.  ^^:^-3x  =  x--y^— ;         3^^     -=40x-63; 

855  -  I7lx  ^  40x2  ^  5Y.r  -  189  ;   10x2  ^  57.^  ^^  261 ; 
400x2  4.  2280X  +  (57)2  =  io440  -'r  3249  =  13689  ; 
20x4-  57  =  +  117;  20x  =  60  or  -  174 ;  x  =  3  or  -  8-7o 

13.  x2  -  5x  =  -  m- ;    4x2  _  20x  4-  25  =  -  4wi2  4-  25 ;    2x  -  5 


^  4  V25  -  4//1.2  ;  2x  =  5  4  V25  -  4/7i2  ;  j;  =  1^5  4  ^25  -  4w') 
14.  mx"  -  nx^  -  2mx^Jn  =  -  mn ;  (?/i  -  n)x2  -  (2m^'n)x  =  -  7/17? 


r- 

2m 'J  n 

X  = 

mn 

4x2 

?,m'sjti            Amn 

m  -  n 

m  -  n^ 

m  —  n           m  —  n 

Brri'Jn  Am^n  Am'^n  A/n7i  Am7i^ 

Ax" 


m  -  n       (7/1  -  n)'^       (m  -  n)'^       m  -n       (m  -  n)^ 

2m\/n         2n\lm  2n\Jin  4-  2m'Jn        2m\Jn  -  2n\/m 

2x —  =  4  — ^  ;  2x  =  -^ —  or  —^ ^ 

m  -n        m  -  71  m  -  71  in.  -  n 

'\/mn(^/n  4-  '\/m)       'Jmn(^Jm  -  ^Jn)  *Jmn  ^/mn 

v  — ~ — — ■—  i*j* '  X  ^- or 

m-  n  m-n         '         ^jm-'^n       ^m  +  V^J 
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^o  -M\  / 1  4- a.--  +  x^\     /a  +  1\  / H- x'-f  x^  f  a:  -a:\ 


/a  +  1\  /I  +  x  +  .t2  -  a;(l  -  a:3)\ 
\^a  -  ly  (  1  +  a;  4-  x^  y 

) 


1  +  X  4-  x^ 


I  +  x  +  a;2 


/a  +  1>^  fl  Ar  X  +  x2-x(l  -x)(l  4- a;  ■¥  x'^y 


\    ~^J  \  1  4-  a;  4-  a;-^ 

/a  4- 1\  r(l  4-  X  4-  x-)(l  -  X  4-  x^)-]     fa  4-  IN 

l"  +  ^^=(a— )f TVT^^- -}  =  («—)('-+-) 

1  4-  X  4-  x2       a  4-  1     2  4-  2x2       2a     1   4-  x2 

1  -  X  4-  x=^  =  ^^  ■'  ~ir~ ""  T  '•  "~^r~  =  '^  '  1  +  ^"  =  «^  •> 

x^  -  ax  =  -  1 ;    4x2  _  4^^  4-  a^  =  a^  -  4  ,    2x  -  a  =  4  V^^  ~  ^  5 
a:  =  I  (a  ±  Va^-4) 

16.  X*  4-  3x=*  4-  6  =  X*  4-  3x'  4-  iSx^  4-  7x  -  GO  ;  ISx^  4-  7x  =  66  ; 
%1^x^  4-  364x  =  3432  ;  676x2  4-  364x  4-  49  =  3481 ;  26x  4-  7  =  i  59  ; 
26x  =  52  or  -  66  ;  x  =  2  or  -  2-/3- 


EXEUCISE   LII. 

1.  x  +  2  =  0,  and  x  4-  T  =  0  .-.  (x  4-  2)(x  4-  T)  =  x2  4-9x4-  14-^0 

2.  (X-  4)(x  4-  2)(x-  l)x  =  0;  or  x*  -  3x3  -  6x2  4-  gx  =  0 

3.  (X  -  2)(x  4-  2)(x  -  3)(x  4-  3)x  =  0  ;  or  {x^  -  4)(x2-  9)x  =  0  ; 
or  x^  -  13x3  4-  36x  =  0 

4.  (x-5)(x4-5)(x-2)(x4-2)(x-3-V2)('*^-3  4- V^)  =  0  ; 
or(x2-25)(x2-4){(x-3;2_(^2)2}  =  (x2-25)(x2-4)(x2-Gx+7)^0; 
or  x5  -  6x3  _  22x*  4-  iTix^  -  iOSx^  -  600x  4-  TOO  =  0 

5.  (X  -  l)(x  -  2)(x  -  3)(x  -  4)(x  -  5  -  V6)(a;  -  5  4-  V6)  =  0  ; 
or  (x2  -  3x  4-  2)(x2  -  7x  4-  12)(x2  -  lOx  4-  19)  =  0  ; 

x6  -20x-'  4-  154x4-590x3  4-  1189x2-1190x4-456  =  0 

6.  (X  -  5)(x  -  4)(x  -  l)x  (x  -  2  -  ^~^)(x  -  2  4-  V'^)  =  0  i 
or  (x2  -  9x  4-  20)(x2  -  x)(x2  -  4x  4-  7)  =  0  ; 

;c6  „  i4a;5  a.  Y6x*  -  206x3  4-  283x2  ^  ,40;^  =  q 
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7.  (x  -  5;(x  +  2)  =  0  ;  or  x-  -  3x  -10  =  0,  aad  (x*  -  6x^  +  Sx""^ 
+  12x  -  GO)  -^  (x'^-  3x  -  10)  gives  us  x^  -  3x  +  6  =  0  ;  then 
X-  -  3x  =  -  6 ;  x'  _  3x  +  J  =  ?  -  5_4  =  _  i_j5  ;  i'  -  i  =  ±  2  V -~^5  ; 
a:=i(3  +  V"^5) 

8.  (X  -  1  -  >/36)(x  -  1  +  V"-^)  =  0  ;  or  X-  -  2x  +  7  =  0  ;  and 
therefore  (x*  -  4x3  -i-  Sx^  _  8x  -  21)  -=-  (x^  -  2x  +  7)  gives  us 
x2  -  2x  -  3  ^  0.  Then  x^  -  2x  =  3  ;  x^  -  2x  +  1  =  4  ;  x  -  1  =  +  2  ; 
X  =  3  or  -  1 

9.  (x^  -i-  6x2  _  3920)  V  (x  -  14)  gives  us  x^  +  20x  +  280  =  0  ; 
x^  +  20x  =  -  280  ;  x^  +  20x  +  100  =  -  180  ;  x  +  10  =  ±  6  V~-~5  I 
x=-  10  ±  6V~5 

10.  X  =  0  is  evidently  another  root,  then  (x*-  6x^4-  13x--  lOx) 
~  (x-  -  2x),  gives  us  X-  -  4x  '^  5  =  0  ;  x-  -  4x  =  -  5  ;  x^  -  4x  +  4 
=  -  1  ;  X  -  2  =  i  V~l  ]  x  =  1±  V^ 

11.  (x-3)(x  +  4)x  =  0;  therefore  (x5 -2x4-25x^^20x2+ 120x) 
f  (x^+  x'^  -  12x)  gives  us  x'  -  3x  -  10  =  0  ;  x-  -  3x  =  10  ; 
4x2  -  12x  +  9  =  49  ;    2x  -  3  =  +  7  ;  2x  =  10  or  -  4  ;  x  =  5  or  -  2 

12.  X  =  0  is  obviously  anotherroot.  Then  (x-^- 2)(x  +  '/- 2) 
-  x2  +  2  =  0 

.'.  (X''--  x^-  2x  -  4)  -r  (x2+  2)  =  x2-  X  -  2  =  0  ;  that  is  x^-  r  =  2, 
whence  x  =  2  or  -  1 

13.  Aig.  Art.  206,  when  the  roots  are  equal  4^  =  4  x  2  x  c; 

cr  IC  =  8c;  or  c  =  2 

h  c         /3  +  7         b 

14.  A]g.Art.208(Cor.),^-7  =  --and;37=-.-.  -^  =  -- 

c           ill  *        .,        .  c      1        a       ■ 

r  —  =  -_.•.—  J =  -  —  •  Also  since  $y  =  — ,  "^  =  — 

h  a 

Hence  —  =  the  sum  of  the  roots  and  —  =  their  product  and  the 
c  c  ^ 

h  a 

equation  isx^^-  x  +  —  =0  that  is  cx^  +  6x  +  a  =  0 
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15.  Alg.  Art.  208   )3  +  7  =  -p  and  0y  =  q 

iS-  +  7=  =  ^2  +  72  -f  2j37  -  2j87=  ()82  +  2^7  +  72)  -  2^y^($^yy 
^  2^7  =  p2  _  o^  (I) 

(j8  -  7)"  =  j82  -  2^87  +  y-  =  (j8-  +  72  -  2/^7)  =  y2  _  25  -  25  from 
(I).-.  =i)2-4?(ii)  

/3-  -  72  =  (i3  +  7)  (^  -  7)  =  -  ;?  (f  V"p  -  4g),  siace  from  (11) 


3  -  7  =  ±  Vp'  -  4^)  ; 
1        1       ^+y _       p 


^'-y'=  ($^  +  i87  +  7^)  (/3  -  7)  =  (^  +  7'  +  *37)<;3  -  y) 


Exercise  LIII. 


i.  X-  eV-r  +  9  =  25  ;  V-^  -  3  =  +  5  ;  V-^'  =  8  or-  2  .-.  a;  =  64  or  4 

2.  V-r  -  4Va:  +  4  =  1 ;  ^x  -  2  =  ±  1 ;  ^^  =  3  or  1,  .-.  a;  =  81  or  1 

3.  x*  -  14x2  =  _  40  J  x^-  14x2  +  49  =  9  J  3.2  _  7  =  ^  3  .  a;2  ^  10 
or  4,  .-.  X  =  ±  2  or  ±  -/lO 

4.  x3+  14Vi^=  1107;  x3+  14V^-^  +  49  =  1156;  32  +  7^^34. 
x-^  =  27  or  -  41 ;  x^  =  3  or  -^-41;  .-.  x  =  9  or  -^1681 

5.  X - 2Vx  +  6  =  2;  (x  +  6)  -  2^/x  +  6  =  8;  (x  +  6)-2V-r  +  6  +  l  =  9  ; 
Vx  +  6  -  1  =  i  3  ;  V^  +  6  =  4  or  -  2  ;  x  +  6  =  16  or  4,  .-.  x  =  10 
or-  2 

6.  x'i-U2=248;  x*  -  Jx^  +  fg  =  248  + -f^^  =  ^if- i  ^'-^  =  +-4^5 
x2  =  16  or  -  ^,  .-.  X  -  ±  4  or  ±  h'f^^2 

7.  x6  -  8x3  =  513  ;  a;6  -  8x3  +  16  =  529  ;  a:^  -  4  =  +  23  ;  x^  =  27 
or  -  19,  .-.  X  =  3  or  ^-  19 


8.  (X  +  5)  -  V^  +  5  ^  6  ;    (x  +  5)  -  V^c  +  5  +  i  =  6  +  i  =  \^  J 
Vx  +  5  -  ^  =  i  f ;  V^'  +  5  =3  or -2;  x  +  5  =  9or4,  .•.x  =  4or-l 
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9.  ^Jx{x-  +  a;  -  6)  ^  0,  .-.  V^c  =  0  and  .-.  x  =  0 

Also  x'-^  +  a-  -  6  =  0,  .-.  a;2  +  X  =  6  ;   x^  +  x  -!-  ^  -  5^^  ;    a;  +  i  =  +  .^^ 
.-.  a,-  =  2  or  -  3 

10.  Clearing  of  fractions  2x  +  I^Jx  =  16  -  a: ;  Zx  -  I^Jx  ~  16 ; 
36x  -  24Var  +  4  =  192  +  4  =  196  ;  eV^^  -  2  =  ±  14 ;  €Va:  -  -  12 
or  16,  .-.  V^  =  -  2  or  f,  .-.  X  =  4  or  7^- 


11.  V-^  +  21  +  V^^  +  21  =  12  ;   V-c  +  21  +  V^r  +  21  +  ^  =  ij^  ; 


^x  +  21  +  i  =  ±i;    V^+21=3or-4;    x  +  21  =  SI  or  25G  ; 
r  =  60  or  235 

12.  ^x{x  -  2  -  ^|x^)  =  0,  .'.  ^x  =  0,  .-.  x  =  0.  Also  x  -  2  -  V-*-'  ^  0, 
.-.  x-V^  =  2;  x-Vx  +  |  =  ^.  V^-l  =  ±i;  V-r  =  2  or-  1, 
.-.  X  =  4  or  1 

x^  +  X*  +  2       x3  ^;  x2  -  2 

13.  -^^t:^4—  =      j.3_^^    ♦     Then  (by  Art.  106  -  vii) 

2x^  +  2       2x^-2     x^+l       x^-1 

27m:1  =  2x^^''  xM^"!  =  '^^V  ^'-^'  +  ^'-  1  =  a:^-  x4 

+   x^  -    1,   or   x^  -   x^   =   x^  -   X*  ;    x^  -  x*  +  x^  -  x^  =   o  • 

x'i(x  -  l)  +  x-(x-])  =  0;  (x-l)(x4  +  x2)  =  0,  .-.  x -  1  =  0  or  x  =  1. 

Also  x^  +  x2  :i  0,  .-.  x*  +  x-^  +  i  =  i  ;    xH  I  =  ±  i  ;    x'-^  =  0  or  -  1^ 

,-.  X  =  0  or  T  V  -  1 

9(6 -Vx)  _        7x^  -  3x  +  4  23(x-2V.i-) 

^^-  VT2V^  -  (6  +  Vx)(x  +  2V:»:)  "^  ~6TV^' ^"^^^P^-^^^S 

by  the  denominator  of  the  2nd  term  we  get 

9(36  -  x)  =  7x"  -  3x  +  4  +  23(x2  _  4^^ 

or  324  -  9x  =   Tx^  _  3x-  +  4  +  23x2  _  92^  .    2>^j.z  _  gg^  _  32q  . 

or  x^  -  l^x  =  A2  ;   x^  -   Yix  -V  (^3)2  =  ij^  +  i^^jia  =  -ii^ii? . 

^-.o-i-^u';  ^  =  5or-2f^ 

15.  x^  -   3x=^  +   3x   -   9    =    0;    x-(x   -  3)  +  3(x  -  3)    =   0 ; 

(X  -  3)(x-  +  3)  =  0,  .-.  X  -  3  =  0  or  X  =  3j    also  x^  +  3  =  0, 

.'.  x2  =  -  3  ;  or  X  =  +  ^|^Z 
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16.    (X  -  3)  (X  -  4)  -  2  -  2V2V(:c  -  1)  (.x  -  2;  -f  (x  -  i)(x  -  2) 


or  x^  -  7x  +  12  =  2  -  2'^2^Jx'  _  3x  +  2  -F  x~  -  3x  f  2  : 


or  -  4x  +  8  =  -  2V2Vj;^  -  3x  +  2  ;  2x  -  4  -  V-V-^"  "  '^-^  "^  '-^ "» 
4x2-lGx  +  16  =  2(x2-3x  +  2)  =  2x2- Ox -f  4.  or  2x--  10x  =  -  !2, 
.-.  X-  -  ox  -i-  "^  =  i/  -  i^i  =  .^,     Hence  a:  -  |  =  4  ^,  .-.  x  =  3  or  2 

1 7.  x-^  -  1  -  3x  4-  2  +  1  =  0 ;  or  x^  -  1  -  3x  -f  3  =  0 ; 
or  X"  -  1  -  3(x  -  1)  ^  0  :  or  (x  -  1)  (x^  +  x  -:-  1)  -  3(x  -  1 )  :r  0  ; 
or  (x-  l)(x=^-fx  -  2)  =  0,  .-.  X-  1  =  0  orx=  1.  Also  x-'-fx  -2  =  0, 
.-.  X-  +  X  =  2  ;  or  x^  +  X  +  I  =  ^- ;  or  x  +  5  =  ±  ^,  .'.  x  =  1  or  -  2 


1 8 .  Since  (\/x-  +  ax  +  b  4-  V-^"  -axi-b)  ('Jx^  +  axi-b  -  'Jx- -  use  f  L) 

=   2ax-,  dividing  these  equals  by  the  given  equation   we  have 

2ax 

^/x'^i-  ax  -b  b  -  ^x^  -  ax  -r  b  = ,  and  adding  the  given  equation 


2  ax 


to    this  we    get  2'\/x^  +  ax  -r  b  =  — '  +  c ;    or,  by  squaring, 

4a2x2  4a2x2 

— ^  +  4ax  +  c2,  .-.  4x2  _  ___  ^  ,.2  _  4^ . 


c     Ic-^  46 
or  x2(4c2  -  4a2)  =  c-{c^  -  46),   .'.  ar  =  4  y  y  ^^7^ 

19.  Reducing  the  terms  of  the  first  member  to  a  common  detio- 

X'Jx  -  x\ja  -  X  +  xVj:  +  x^a  -x       b 

minator  and  adding  we  get ; r -  -—  ; 

X  -  (a  -  x)  ^x  ' 

2xv'x  ^  ,  ,  06 

^'•2^-^^  =   V^5    or    2x2  ^    26x   -   ab,    or  x^  -  bx    ^    -   ~ - 

62     62      ab      62  -  2a6  6 

—  =  — ^ —  ;  whence  x  -  y 


or  X  =  i  (6  i  V6^  -  2a6) 

20.  Clearing  of  fractions  we  get 


(V-c  +  60  +  V-^'"  +  9)2  =  2v^x3  +  60x-  4-  9x  +  540  +  89  ;    that  is 


z  4-  60  +  2V-r'  4-  60x-^  4-  9x  4-  540  4-  a;2  4-  9  =  2'sjx^  4-  60z^ 4-  9x  4-  540  4-  89; 
or  x2  4-  X  =  20  ;  x2  4-  x  4-  i  =  20  4-  i  =  V  ;  x  4-  ^  =  i  ^  .-.  x  rt  4  or  -  5 
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21.  xi--.l  =  0;  or(x'5,+  l)(r3_i)  =  0;  or  (x^  +  l)(x3+ l)(.r3- l) 
=  0  ;  or  (a;2+  l)(a;*-  ^2+  l)(x  +  l)(x2- a;  +  l)(z  -  l)(x^  + 1:  +  1)  =  0 
.-.  we  have,  separately,  x^  +  l  =  0  ;    or  x^  =  -  l,  .-.  a:  =  +  V  -  1 ; 


.-.  x  =  ±  V|(l  4  V  -  3)  ;  Also  X  +  1  =  0,  .-.  a;  =  -  1  ;  Also 
x2-a:  +  l  =  0;  orx2-a:  =  -l,  .'.  x  =  1(1  ±^J  -  3)  ;  Also  x  -  1 
=  0,.'.z  =  l;  Alsoa;2  +  a:4-l  =  0;  orx^  +  x  =  -l,.'.x=l(-l±'^-3) 

22.  a;2  -  Gx^  -f-  llx  -6  =  0;  multiplying  by  x  we  get 
a;4  -  6x^  +  11x2  _  6x  =  0 ;  or  x*  -  Gx^  +  Qx^  -f  2x2  -  6x  =  0  ; 
or  (x2  -  3x)2  +  2(x2  -  3x)  =  0,  .-.  (x3  _  3x)^  +  2(x2  -  3x)  +  1  =  1  ; 
or  x2-  3x  -I-  1  =  ±  1,  .-.  x2-  3x  =  0  or  -  2;  x(x  -  3)*  =  0, 
.-,  X  -  3  =  0,  or  X  =  3.     Also  x2  -  3x  =  -  2  ;  whence  x  =  2  or  1 

23.  x^  -  4x2  +  X  =  0  ;  qj,  ^(x^  _  4a:  +  1)  =  0,  .-.  x  =  0.  Also 
x2  -  4x  -f  1  =  0  ;  whence  x  =  2  ±  V3 

24.  x^  -  8x2  +  iia;  +  20  =  0;  multiplying  by  x  we  get 
X*  -  8x3  ^  21^2  +  20x  =  0  ;  or  x*  -  Sx^  +  16x2  -  5x2  +  20x  =  0  ; 
or  (x2  -  4x)2  -  5(x2  _  4x)  =  0  ;  (x2  -  4x)2  -  5(x2  -  4x)  +  s^  =  s5^ 
...  x2  -  4x  -  -^  =  ±  -^  ;  or  x2  -  4x  =  5  or  0  ;  x(x  -  4)*  =  0,  .-.  x  =  4. 
Also  x2  —  4x  =  5,  .'.  X  =  5  or  -  1 

x  +  a-b  +  b        /2x +  a  + c +  6 -6\2  x  +  6  +  a-6 

^^-         x+'6         ""   (^       2X  +  6  +  C       )    '    °^  ^+6 

/2x  +  6  +  c  +  a-6\2  a-  b        /  a-b      \2 

=  [J      2X  +  6  +  C        J    5    or  1  +  ^^^^  "   (^^  "^  2x  +  6  +  cj    5 

0-5  2(a-b)  (g  -  &)2  1  2 

^^  ^  "^  rT6  ""  ^  "^  2x  +  6  +  c  "^  (2x  +  6  +  c)2 '  °^  X  +  6  ~  2x  +  6  +  c 
a-6  2x  +  6  +  c-2x-26  a-6 


or 


"   (2x  +  6  +  c)-'  (X  +  6)(2x  +  6  +  c)    ~  (2x  +  6  +  c)2' 

c  ~  b  a-b 

or   — i  =  ;; — 7-i'~r'  ;  or  2cx  -  26x  -  62  +  c2  =  ax  -  6x  +  a6  -  b'l 
x+6       2x  +  o  +  c'  ' 

c2  -  a6 
or  (a  +  6  -  2c)x  =  c2  -  fli  ;  or  x  =  ^  ^  ^  _  g^ 

F 
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26.  3x^  -  U-C-+  21z  -  10  ^  0;  multiplying  bv  3x  -we  have 
9j:*-  42x3  4-  63x2-  sqx  =  0  ;  or  9x^-  42x3^  49x--f  14x--  30x  --z  0  ; 
or  adding  x^  -  ox  to  each  side  (Ox^-  42x'-f  49x-)  -f  (lox--  35x) 
=  X--  ox;  or  (3x- -  Tx)- -f  5(3x- -  Tx)  ~  V-  =  x'  -  ox  -  'r, 
.-.  3x--  Tx^  r^  =  i  (X-  5) 
Then  3x-  -  Tx  -f  5  =  x  -  ^^  '     Or  3x=  -  Tx  v  |  =  ^  -  x 


that  is  3x-  -  8x  =  -  5 
whence  x  =  1§  or  1 


that  is  3x-  -  6x  =  0 
Tvhencs  x  =  2  or  0* 


27.  Assume  ^x  +  ^'a  =  ^y^,  then  cubing  each  side  we  have 
X  -f  3x*a^  -^  3x^a*  -fa=n;  orx-r-a-i-  3^/ax(^.'x  +  {/a)  =  «  ; 
or  X  -f  fl  +  3?.  a;2x  =  n  since  -^/x  -i-  ^a  =  '/«.  But  comparing  this 
with  the  given  equation  we  see  that  n  -  b,  .-.  ^'n,  =  ^'b, 
.-.  -^'x  +  ^'a  =  ^'b  •  or  ?'x  ^/,b  -  ^a,  .'.  x  -  (^b  -  {^a^ 

28.  (4x2  _  9j.)  _  (-4J.2  _  9x  4-  11)'  =  -  5,  or  adding  11  to  each 
side  we  have  (-Ix-  -  9x  -l-  11)  -  (4x-  -  9x  -f  11)^  =  6  ;  or  com- 
pleting the  square  (4x2  _  pj-  4.  n)  _  (^43.2  _  9^  4-  11)^  ^  i  =  --/  : 
.-.  (4x2  _  9x  4.  iiy  _  I  =  £  I ;  or  (4x2  _  gj.  4.  11)2  =  3  or  -  2, 
.-.  4x2-  9x  4-  11  =  9  or  4,  Then  4x2-  9j;  =  _2,  whence  x  =  2  or  | ; 

Also  4x2  _  9j;  =  -  T;  whence  x  =  —(9  £  V  -  31) 

29.  Completing  the  square  we  have 

(x  4-  6)2  -!-  2x^(x  +  6)  +  X  =  138  +  x  4-  x=.  and  taking  the  square 
root,  x4- 6 4-  V-^  =  iV(^ 38 -f  x^  -f  x);  or  (x  -f  ^Jx)  i-6=± \'x 4- x^  -f  138  ; 
squaring,  we  have  (x  4-  V^^)"  -^  12(x  +  V-^)  +  36  =  (x  4-  x')  4- 138  ; 
or  (X  4-  Vx)2-t-  ll(r  4-  V^)  =  l'^2  ;  or  (x  4-  ^x)--^U(x  4- V-r)  +  n^ 
=  102  -f  ^2-  =  '^P,  .-.  X  -I-  Vj:  -^  V-  =  ±  V»  •■•  ^  -f-  V-c  =  6,  whence 
X  =  4  or  9,  or  X  4-  V-»^  =  -  1")  '""hence  Vx  =  ^  (  -  1  f  y'  -  67),  and 
.-.  x=  K-33  +  V^^) 

♦TTe  throw  away  the  root  x  =  0  because  it  arises  from  the  x  by  which 
we  multiplied  each  side  of  the  equation  in  the  solution,  and  is  conse- 
quently net  a  root  of  the  given  equation. 
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30.  x'^  -  4.1^  +  6^2  -  4j;  +  1  -  6,  or  extracting  the  square  root 
x'^  -  2.r  -f  1  =  ±  V6  ;  aud  again  taking  the  sq.  root  x-l  =  ±^/  ±  ^6, 
whence  x  =  1  ±^/  ±^J6 

31.  Squaring  we  have  4x-  -  4.i'^-  a-  -  2a~x-  +  a\v^^  and  divid- 

4        4x-2       1  4        4x2 

ing  by  a-x*  we  get,  -t^.  -  ^,-  =  — r  +  2  -f  x-^ ;  or  -^r^,  -  -^r  -  4 


1 
-r  -  2  +  X 

X" 


""'^-"'-v^  "-M-^-^^ 


^:  or  (  X*  -  2  +  -T  )  -f  (  -4-  -  -^.  )  =  -  4  : 

1  \  2  4  /           1  \  4        4  4  -  4a4       4 

x-y  a^  I           x-y  a-^      a"*  a*          a"*^          ^ 

1        2            2    1            2              

X-      a-  -  a~^  x^  a-^        ^             ^ 


Let  -— ;(1  +  Vi  ~  ^0  ^36  represented  by  26-,  then  we  have 
x2  -  —  =  26^ ;    or  x*  -  26-x^  =   1 ;    or  x*  -  2b-x^  -f  6*  =  1  +  6* ; 


or  X-  -  62  ^  i  Vl  +  ^'j  •■•  a;2  =  6^  ±  Vl  +  ^"'     (A) 


But   26^  =  _  -(1   +  Vl  -  «'),   •••  ^-^  =  -7^(1   +  Vl  -  aO 


■.^^-{-,-^(1  + VI -^0^4^ 


--,(l  +  2Vl  -  a^  +  1  -a^) 


=  —(2  +  2Vl  -  a*  -  a4)  .-.  6*  4-  1  =  1  +  ^(2  +  2Vl  -  a"^  -  a*) 
=   1   +  ^(2  +  2Vnr^)  -  ^  =  -\(2   f  2Vir=^)   .-.    1   +  6* 


=  "~^(1  +  V^-  ~  <^'0     Substituting  these  values  for  b^  and  1+6* 
in  equation  A,  and  then  extracting  the  square  root  we  have 


VI 12    ~I      =^^^^=^^ 
-  ~(1  T  Vl  -  "**)  ±  'J~(^  +  Vl  -  "^)  ot-  using  only 

the  upper  signs 

~  ±  —{yj  -  I  -\-  /r^^ai  +  V2(l  +  vi^-  «*)  } 
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or  a:  =  +  —  {    ~  1  +  Jl  -  a^  +  ^/'l  -  2Jl  -  a^ 
—    a  ^ 


=  ±  —  {    -  1  +  Vl   -  "*  +  V(l  +  a-)  -  2^1   -  a^  +  (1-  fl2)  I 


i   —  {    -    1   +  Vl   -  a^  +  V(Vl  +  a^  -  Vl  -  a^)^ 


=   ±   ~\-  1  +  ^Jl   -  a^   +   ^Jl   +   a-  -   ^Jl   -   a~l^ 


32.  {(X   -   2)2  -  x}-   -   {(X   -    2)^   _    x}   =    90 

...    [u   -   2)-   -  x}-  -   {(X   -   2)2  -   x\   4-    i    =    2^- ; 
or  {(X  -  2)2  -  x]  -  §  =  :^  ^^,  .-.  (x  -  2)^  -  x  =  10  or  -  9 
that  is  x2  -  4x  +  4  -  X  =  10,  -whence  x  =  G  or  -  1  ; 
or  x2  -  4x  +  4  -  X  =  -  9,  whence  x  =  ^(5  +  3V  -  3) 

h        a 

33.  Dividing  through  by  x^  we  hare  ax^  -rbx  +  c  +  —  +  ~^  =  0  ; 

or(ax-  +  -^^^(bx  +  ^yc  =  0-  or  a  (x^~  + -^  b  (^x  ^  ^y,  c  ^0 


Let  X  +  —  =  y;   then  x-  +  —  =  t/  -  2,  and  substituting  these 
values  for  x  we  have  a(y"  -  2)  +  by  =  -  c  ;    or  m/  +  by  =  2a  ~  c, 


-b±  V8a2  +  f,2  _  4„c  1       -  6  i  V^^^  -h  b^  -  4ac 

whence  y  =  ^  •'•  ^  +  1^  -  2^^ 


that    is    2gx2  +    (b    ^    ^J^cr  +    6^  -   4ac)x   =   -   2a,   whence 


i  V8a2  ^  52  _  4^.(,  _  5  4.  ^  _  8u2  4-  2&2  _  4flc  +  2b'J%a-  +  b'^  -  Aac 
^  = ^^  ' 

^'OTE.— An  equation  such  as  the  above,  in  which  the  coefficients  follow- 
ing the  middle  term  are  the  same  as  those  preceding  it  but  reversed  in 
order,  is  called  a  recurring  equation.  The  above  solution  afTcrds  ?.  general 
method  for  solving  such  recurring  biquadratic  equations. 


Ex.  Liii.]  ALGEBRA.  85 

34.    y   i  ^^  -  --i)  -  —  =  ->("'"")'  squaring  both  sides 

we    Lave    x'^  -    — :    -r    -^ {  x^  -    —^  ]       -    a"  -    — ; ; 

x"  a-  a   \  X--  j  X-  ' 

2x                1      a-4  -  a* 
or  X-  -  —  Ci-4  -  a^y  + ^ —  =  0  :  or  taking  the  square  root  we 

get,  .r =  0  ;  or  transposing  and  squaring,  x-= ^-  • 

or  a-x-  =  X*  -  a* :    or  x'*  -  a-x-  =  a^:    or  x^  -  crx-  +  "t  = • 

'  4        4 


X'  =  —-(1  i  V5),  whence  x  =  ±  o^VK^  ±  V^) 


.  2[(2x  +  4)  -  4(2  -  x)} 

35.  J-lx  +  4  -  2v/2  -  X  = ■  -     ;    or  factoring 


the    second   member,    we    have   ^2x  +  4   -   2^^ 


2{(V2x  +  4   -    2V2    -    r)(V2x  4-  4    +    2V2    -    x)| 
V95M-T6 


Then  dividing  each  side  by  V-^  +  4   -  2a/2    -    x  we  have 
2('>j2x  +  4  -f  2V2  -  x) 


1  :r ^  ;  or  V9-r--f  16  =  2{v^2x  -h  4  +  2V2  -  x} 

'^9x~+  16 


Xow  squaring  each  side,  we  get  9x-  +  16  =  48  -  8x  +  16V8  -  2x*'* 
x2  +  8x  =  32  -  8x2 ^  1  GV8~2'x2  ;  or  x^  +  8x  =  4(8  -  2x2)  ^  j  q^'^^x^- 


orx'^f8r  +  16  =  4(8-2x'0  +  16V8-2x2+16.-.x  +  4  =  +  (2VS-2x2-f4) 


.-.  X  =  2v'8  -  2x^,  or  x^  =  4(8  -  2x^)  ;  whence  x  =  +  ^^2 

Also  X  =  -  2V8  -  2x^  -  8,  or  x^  +  16x  +  64  =  4(8  -  2x-)  ; 
or  9x2  +  i6x  =  -  32,  whence  x  =  -^±  ^V-14  =  -  W^  T  V~14) 


And  by  equating  the  rejected  factor  V--*-'  +  4  -  2\/2  -  x  =  0 

2 
we  obtain  the  remaining  root  x  =  -— 

3 
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2j;^  +  1  +  xJAx^  +  3        a  .     .  ,      , 

36.  =  — ,  whence  Algebra,  Article   K'> 

2x2  +  3  +  3.^4,^2  +  3        1 ' 

2  l-a 


I -a,  .-.  2x-2  +  3  +  xV4x2  +  3  = 


2x^  +  3  +  xV4x^  +  3         1  '""  ^-'' 


2  3a  -  1 


or   aV4x--  +  3  =  :; -   3   -   2^^  =   — -   2^^ ;  squaring 

/3rt  -  1\2            /3a  -  1\ 
each  side  we  have  4x*  4-  3x^  =  /  -^-^ —  )    -  4a-    -: —  j   +  4:c^ 

/3a  -  1\         /3a  -  1\2  /  12a   -   4\ 

...    3x-'+  4x^(t^)   =    (t^;   ;    or  a-^3   -.  -p^^j 

9a^^l\        (3a    -    1)^  (3a    -    1)^ 

3a-  1 


V(l  -a)(9a-  1) 

37.  [(x-l)(x-4)}{(x-2)(a--3)}  =  8;  {x2-5x  +  4|{x2- 5x  +  G|  =  8 
.-.  {(x=-  5x)  +  4}[(x2  _  5x)  +  6},  that  is  (x^  -  5x)2+  10(x2-  5^^^)  +  24=8 
or  (x2  -  5x)2  +  10(x--  5x)  +  25  =  9,  .-.  x'-^  -  5x  +  5  =  +  3 
.-.  x^  _  5x  =  -  2.  whence  x  =  ^(5  +  V^"^)-  Also  x'^  -  5x  =  -  8, 
whence  x  =  ^  (5  ±  ^  ~  '') 

38.  {(X  -  l)(x  -  8)||(x  -  2)(x  -  7)}{(x  -  3)(x  -  6)|[(x  -  4)(x  -  5)} 
r:  {(x^-  9x)  +  8}f(x2_  9x)  +  14|{(x-^  -  9x)  +  18}[(x^  -  9x)  +  20} 
=  (x2  _  9x)(lTx''^  -  153x  -f  230)  +  401.  For  x'-^  -  9x  write  y,  then 
we  have  (y  +  8)(?/  +  14)(y  +  18)((/  +  20)  =  lly^  +  230y  +  401  ; 
that  is  y*  +  60;/^+  ISOSi/^  +  \2ll6y  +  40320  =  lly^  +  230y  +  401, 
subtracting  from  each  side  8(/-  +  l7Cy  +  320  we  have 
1/*  +  60i/3  ^  1300J/2  +  12000i/  +  40000  =  9y'^  +  5iy  +  81,  or  taking 
the  square  root  of  each  side  y^  +  30y  +  200  =  ±  (3y  +  9) 
.-.  y-  +  2ly  =  -  191,  whence  y  =  l(-2l  ±  V  -  35) 

Also  y^  +  33y  =  -  209,  whence  y=i(-33±  V253) 

But  y  =  x'^  -  9x,    .'.  x"'*  -  9x  =   ^(  -  27  +   V  -  35),  whence 

X  =  ^(9  +  V27  +  V  -  33 

Also  x2_  9x  =  i(  -  33  ±  V253),  whence  x  =  i(9  ±  Vl5  ±  2  V253) 
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39.  Multiplyiug  as   indicated  we   have  x^  -  Gx^  +  llx  -  G 
=  z^  +  6.t2  +  llx  +  6,  whence  Uz^  +  12  =  0,  .-.  x  =  +  V  "  ^ 

40.  Reducing  a3  indicated  by  the  question  we  have 

■r  i-  1  -  5Vx~n  +  6  +  5V1  +  a:  -  6^/x  +  1  +  ^x  +  1  -1=0; 
or  {x  -  o^/x  +  1)  +  5Vx  -  5^J^c'+l  --1]  or  completing  the  square 
(x  -  5Vx  +  1)  +  5(x  -  5^x  +  ly  +  -4^  =  -  h  whence  (x  -  5^/x  +  1)" 

= ''^ — -,  .-.  X  -  5Vx  +  1  =  i(U  ±  5V  -  3)  =  a,  suppose  : 

Thenx-5V^Tl  =  a;  or  x  -  a  =  5^/x  +  1 ;  0TX^-2ax+a'^=25x-\-25] 
or  x2  -  (2a  +  25)x  =  25  -  a\  .-.  x  =  \{2a  +  25  +  5V4a  +  29) 

But  a  -  ^(11  T  5V  -  3)  by  supposition 

•  ••  X  =  1(11  +  sy"^^  +  25  i  5V22  ±  10V~^'3  +  29S 
=    18    i   t(V   -   3   +   VSI    ±    lOV   -   3) 

41.  Arranging  the  given  quantities,  we  have 

(4x'i-  8.r3-  4x-+  :^x  -  1)  -  2(2x2-  2x  +  l)V4x4-  8x^-  4x2+  3^.  _  i 
+  (4x*-  8x^+  8x2-  4a;  +  1)  =  0,  and  taking  the  square  root 
V4X*  -  Sx'*  -  4x2  +  3x  -\  -  (2x2  _  2x  +  1)  =  0  ;  or  transposing 
and  squaring  4a^  -  Sx'  -  4x2  +  3x  -  1  =  ^^"^  _  g^^s  +  Sx^  -  4x  +  1 
.-.  12x2  _  7x  =  -  2,  whence  x  =  -^^^(7  +  V  -  47) 

42.  Multiplying  through  by  ax  to  clear  of  fractions 
(;2ix-i+  2a'^c-ix2-  2ab  +  2d^c''^x^ -  2lx  =  ac  'H^x^- a-''bcx  +  a^) 
multiplying  now  by  c  we  have 

f/^icx-i  +  2   '^^  -  "Inhc  +  2a2a:3  -  2i^cx  =  ax*  -  a''^lcx^  +  a'^x ; 

or  transpcsing  and  chaug'ng  signs 

ax*  -  2a2x3  -  2a3x2  +  a*x  -  a-i6cx2  +  2bcx  +  2abc  -  a^bcx-'^  =--  0 

dividing  through  by  ax  we  now  have 

.;  ■  -  •2':x2-  2a2x  +  a' -  bc(a-^x  -  2a "i-   2x-i  +  flX-2)  =  0; 

oraV'*(a-2x-2a-i-2x-i  +  ax-2)-6c(a-2x-2a-i-2x-i  +  ax-2)  =  0 

.\  (a2x2- fcc)(a-2x  -  2a-i  -  2x-i  +  ax-2)  =  0,  or  factoring  the 

first  member  (a2x2  -  6c)(a-2x-i  +  a-ix-2)(x2  -  3ax  f  a'O  =  0 

.'.  a^x^  -  be  -  0,  whi^nce  x  =  ±  w'^^/bc 


8S 
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Also  a'^x''^  -r  a''^x''^  =  0\  or  -~r-  =  -  — 7  ;    or  ax^  =  -   a^x, 
'        a^x  ax^  '  ' 

whence  x  -  -  a 

a 
Also  x^  -  Zax  +  a^  =  0  ;  or  a:^  -  3aj  =  -  d\  whence  x  -  —(3  ±  yj) 

43.  Add  a:*  to  each  side,  then 

x*  +  Sx^  +  22x^  +  24x  +  9  =  x*,  and  taking  the  square  root 
Z-+  4x  -r  3  =  4  a;2j  .-.  4x  =  -  3,  whence  x  =  -l\  also  2^2+  4x  =  -  3, 
whence  x--\{%\'^-i) 

44.  Changing  signs,  adding  (4  -  tx^)  to  each  side,  and 
arranging  we  have  z*  -  4x^  +  4  =  4x*  -  \x^  f  13x?  -  6x  +  9,  and 
now  extracting  the  square  root  +  (x-  -  2)  =  2x^  -  x  t  3, 
*.  2x2  -  X  +  3  =  x2  -  2  ;  whence  x^  -  x  =  -  5,  and  .■ .  x  =  ^  ( 1  +  Y  -  19) 
Also  3x^  -  X  =  -  1,  whence  x  =  |(1  +  ^  -  11) 

x^  +  2x(V3  -  V5)  +  (8  -  2Vr5)     x^- 2x(V3- V5) +  (8-2Vl5) 
^  •  X- V3  +V^  ~  X  +  Y3  -  7^ 

=  X-  -  8  -  yls 

(x+V3-V5)2      (x-V3  +  V5)2 

That  13  — ,^  ^    ,-   -    ^  ,    ,0 7^  =  X-  +  8  -  2710  ;  or  clear- 

X  -  y3  +  V^        X  +  Y3  -  Y^ 

ing  of  fractions 

(X  +  V3  -  V5)'-  (-C  -  V3  +  V5)'  =  (xH  8  -  2Vl5)(x2  -  8  +  2Vi5)  ; 
or  6x2(V3  -  V5)  +  2(V3  -  V5)'=  {xH  (^3  -  V5)2||x?-  (V3  -  V5)-|; 
Let    V3    -   V^  =  <^»    then    x^  -    6ax^  =    a*-  -    2«^,    whence 


a  =  i  V3a  ±  aV^-  +2^  +  9  where  a  =  ^3  -  V^ 


EXBRCISB  LIY. 

1.  (X  -h  T/)(x  -  ^)  =  45,  but  X  -  y  =  5  ,\  5(x  ^  y)  ~  45, 
or  X  +  y  =  9  and  x  -  y  =  5  .-.  2x  =  14,  &c, 

2.  (x  +  2/)(x-i/)  =  105,  but  X  +  ^  =  21  .-,  2l(x  -  y)  =  105, 
or  X  -  ?/  =  5 
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3.  x2  +  2xy  +  1/  =  81,  but  x'^  +  y-  ~  4\  .-.  2xy  =  40,  and 
,-.  x^  -  2xy  -^  y^  -  1,  whence  x  -  y  =  f  1,  •••  2x  =  10  or  8,  &c. 

4.  X-  -  2xy  +  2/-  ^   225,   but  x^  +  ?/  =113  .-.  2xy  =  -  112 

.-.  X-+  2xy  -!-  2/^=  113  -  112  =  1,  whence  x  +  y  =  ±1  and  x  -  ?/  =  15 

.-.  2x  =  16  or  14,  &c. 

40       40^ 

5.  x-'+y2:=89anda:=  —  ,-.   -^  +  y^.-r  89  ;  or  J/^-SOy^^  -  ICOO  ; 

t/'^-  89!/2+  (8^)2-  _  igoo  4-  XMu.  -  L5%L  ,.,  7/2  _  8^a  =  4  3^'^  wbcuce 

40       40  40 

y  =  +  8  or  +  5.     And  x  -  —  -  -— r :  or  t—t  =  +  5  or  +  8 

72      24       24"^ 

6.  a;2-w2=55,  andx  =  —  =  —  ...— --^2=55;  or  7/  + 55^/2  =  576 

J  '  3y      y         y  >      ■> 

whence  y^  ~  9  ov  -  64,  and  .-.  y  =  +  3  or  4  8V  -  1 

24      24                24  ,— 

And  X  =  —  =  -— ;  or  =.  =  ±  8  or  +  3V  -  I 

y      +  3  '        +  8V  -  1 

7.  x2  +  3?/2  -  143,  and  y  =  24  -  2.r  .-.  x^  +  3(24  -  2x;2  =  148  ; 
or  x''-  1728  -  288x  +  12^2=  148;  or  13^^-  288x  =  -  1580, 
whence  x  =  12,53  or  10 

And  y  =  24  -  2x  -  (24  -  24-i%)  or  (24  -  20)  =  -  -,4j  or  4 

2  +  ?,y  [2  +  3v\2 

8.  3x2-  2^2^  115,  and  x  =  — - —  .-.  3( — ^ — )    -  2?/^=  115; 

or  19!/2  ^  2Gy  =  448,  whence  ?/  =  4  or  -  5j^ 

2  +  3y       2+12           2  -  17[2 
And  a:  =  — ^-  =  -^~  ]    or ^— 

2y  /         2m\2 

9.  4x2  ^  3y2  =  5^1^  and  X  =  9  -  -^  .-.  4  [  9  -  Y  j    +  3^^  =  511, 

or  43J/2  -  432?/  =  1683  ;  whence  y  =  13/.-  or  -  3 

And  X  =  9  -  y  =  f  9  -  -~^  j  or  (9  +  ^0  =  U  or  11 

10.  x^  -  2/3  =  26  ;  also  from  2nd  cquat.  x^-  Zx'^y  +  3xy'^-y^  =  8 
.'.  by  subtraction  Sxhj  -  3xy^  =  18  ;  or  x?/(x  -  y)  =  6,  but  x  - y  =  2 
.-,  2.T1/  =  6  or  xy  =  3.  Then  xy  =:  3  and  x  =  2  +  y  .-.  y(2  r  y)  =  3 
or  y2  +  2y  -  3,  whence  y  =  1  or  -  3.     And  x=2  +  y-3or-l 
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11.  X  +  y  -  4.  .-.  (£  -^  yy  ~  16  .•.  x' -r  y^  -  16,  and  from  1st 
equat.  x^  -f  3x^y  +  3xy'^+y^  =  64, .-.  by  subtraction  3x^y  -f  3xy'^  -  48  ; 
or  xy(x  +  y)  =  16,  but  x  -fy  =  4  .•.x!/  =  4  .-.1/(4-2/)  =  4orJ/--4!/  =  -4, 
■whence  y  ~  2,  and  a:  =  4-T/  =  4-2  =  2 

12.  Squaring  the  1st  equat.  ^x  +  2  yxy^-^y  ^  9,  but  4  ^xy  =  8 
.-.  subtracting  we  have^/x-2  yxy-h^y  =  1 ;  whence  V^-Vy  =  +  1 
and  Vx  4-  Vi/  =  3,  .-.  by  addition  2  V^  =  4  or  2,  .-.  yx  =  2  or  1, 
whence  x  =  256  or  1,  &c. 

13.  y^-hAx-2y=  11,  and  x  =  lA- 4y  .•.y^-h4(14:-4:y)-2y  =  11, 
or  ?/-  -  ISy  =  -  45  :  whence  ?/  =  15  or  3.  and  x  =  14  -  4?/  =  -  46  or  2 

3y  -f  I 

14.  2x^  -rxy  -  by-  =  20,  and  x  =  — - — 

/-3j/  +  1\2         /3j/  4-  1\ 
.••2f-y-j    -fyf-y— j    -  5y2  =  20;    or  2y'-  +   Ty  =   39, 

3?/  -f  1 
whence  y  =  3  or  -  65  and  x  =  — ^ —  -  5  or  -  9| 

15.  9x  4-  5y  -  4x2/  =  0,  and  x  =  2  +  ?/.•.  9(2  +  2/)  +  5?/  -  4j/(2  4-i/)  =  0, 
or  2?/^  -  3]/  =  9  ;  whence  y  =  3  or  -  f ,  and  x  =  2-f?/  =  5or^ 

16.  xV  -^  4x2/  -f  4  =  100  .-.  X2/  4-  2  =  i  10  ;  whence  X2/  =  8  or  -  12 
From  second  equation  x  =  6  -  2/  .-,  2/(6  -  2/)  =  8  or  -  12 
That  is  ?/^-  62/  =  -  8,  whence  3/  =  4  or  2  ;  and  y^  -  6y  =  12, 
whence  2/  =  3  iV'-l  .-.  x  =  6  -  2/  =  2  or  4,  or  3  fV-- 

IT.  9x-  +  36x2/  -  852/"  =  0,  and  x  =  2  +y 
.-.  9(2  -f  2/)'^  +  362,'(2  -h  y)  -  Soy-  =  0.     That  is  lOy^  -  27y  =  9  ; 
whence  2/  =  3  or  -  -f\,,  and  x  =  2  +  2/=5or  l-Jj 

12  +2/2 
18.  From  second  equation  x  =  —  and  substituting  this 

/12  +  2/^2         /12  +  y2\ 
for  X  in  the  1st  equat.  we  get  ( — 1    +   f — jy  =   77; 

144  -f  242/2  ^  y4  ^  /  ^  / 

or  ^ +   12  +  2/2  =77;    or  22/*  -  4l2/-  =  -   144 

.-.  2/2  =  16  or  -^/,  whence  2/  =  +  4  or  i  iV2 

12  +  2/2       28        i  of  66  33  11^2 

Andx  =  -^-  =  j^or-^^;   =  ±  7  or  ^^^;  =iYori-^ 
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19.  Let  x~  V  ^z  and  y  =  v  -  z 

Then  x-  +  xy  =  (w  -^  c)-  +  (y  +  2:)(t'  -  c)  =  2v'  -{-  2»c  =  66  (i) 
Also  X'-  r=  (»  +  -)--  (y  -  zf  =  4yz  =  11  .-.  Ivz  =  Kj-  (ii) 
From  (I)  we  get  2f-  ^  G6  -  ^  =  "^1^  •'•  ^'^  =  "^t-  or  v  =  +  J^^ 
From  (II)  we  get  by  substitution  c  =  V-  ^  ±  11  =  t  |.  Then 
a;  =  zj  +  c  =  ±  -Li-  +  3  =  X  6.     And  7y  =  u-2;  =  -?-ii:i:i=i5 

20.  From  1st  equat.  bj  clearing  of  fractions  x^  ■- y^  =  ISxy  (i) 
and  cubing  the  2nd  equat.  we  getx^-f  ox'-y  -f  3xy^  -r  y^  =  1728  (ii) 
and  taking  (i)  from  (ii)  we  have  3x^y  +  3xy^  =  1728  -  ISxy; 
or  xy(x  +  y)  =  57g  -  6x7/;  or  since  x  -F  y  =  12,  we  have  I2xy 
=  57G  -  Qiy  .-.  ISxy  -  576,  and  hence  xy  -  32.  Then  x  =  12  -  ?/ 
.'.  2/(12  -  y)  =  32,  or  y-  -  12?/  =  -  32  ;  whence  y  =  8  or  4. 
And  x=12-y  =  4or8 

21.  Let  X  -  V  ^  z  and  y  =  v  -  z 

Then  x'  +  y^  =  (r  -f  =)5  -|-  (y  -  zY  =  2v^  ^  201'^^'+  lOi'C*  =  3368  ; 
or  v''  -f-  lOfV  +  5yc*  =  1684.  But  x  +  i/  =  t?  +  s  +  v-c  =  2f  =  8 
.-.  r  =  4,  and  substituting  this  for  v,  1024  +  640^2+  202^  =  1684 ; 
vrhence  c*  +  32c-  =  33,  .-.  c^  =  i  or  -  33  and  c  =  ±  1  or  4  V-33 
Then  x^v  +  z  =  4±l]  or  4  +  ^-33  =  5  or  3  or  4iV  ^33 
7/  =  r  -  c  =  4  f  1 ;  or  4  f  V-33  =  3  or  5  or  4  f  V-33 

22.  From  1st  equat.  x3+ 3x2?/ +  3x2/2 +  2/^  =  343,  and  x3+ 2/3=  joo 
.-.  3x^2/  +  3x2/2  ^  o^Q  .  Qj.  ^j^^^  .J.  y-)  _  Yo^  but  X  ■{■  y  -  1  .-.  xy  -  10 
Aud  X  =  7  -  7/  .-.  1/(7  -  t/)  =  10  ;  whence  y  -  5  or  2,  and  x  =  2  or  5 

23.  Let  X  =  V  -{-  z  and  y  =  v  -  z 

Then  .t-*  +  2/*  =  (y  +  z)*  +  (y  -  =)*  =  2y4  +  12y2>2  a.  2^*  =  97 

But  x-y  =  v  +  z-v\-z  =  2z=l.'.z  =  l 

Hence  2y*  +  Sy^  =  97  -  |  =  9G| ;    whence  v^  =   -^^  or  -  ^^- 

.-.  y  =  ±  ^  or±  ^V-^ 

Thenx  =  t;  +  z  =  ±^^  +  i  ;  or±  iV-3r  +  i  =  3  or  -  2  or  ^(1  +V-31) 

Andy  =  r-2r  =  +  f-|  ;  or+iV^l-^  =  2  or- .?or  i(- 1 -f  V~3"0 


92  KEY   TO  [Ex.  Liv. 

24.  Multiplying  the  'lud  equat.  by  3  and  adding  it  to  the  Ist 
equation  we  have  x^  +  Sx'^y  +  3xy^  +  2/^  =  343  ;  whence  x  i-  y  -  1 
.-.  X  =  1  -y.  Also  x^y  +  xj/2  =  xy(x  +  y)  =  Ixy  =  84  .'.  xy  =  12 
•■•  VO  ~  y)  =  12,  or  2/^  -  Ty  -  -  12  ;  whence  ?/  =  4  or  3, 
and  X  =  7-i/  =  3or4 

2  J.  x-  +  ^^  +  a;  -}-  y  =  26,  adding  2xy  to  each  side  of  the  equat. 
we  have  (x^  -j-  2a;y  +  j/-)  -r  (x  +  y)  =  26  +  2xy,  or  completing  the 
sqnsLVQ  (X  +  yy  +  (x -T  y)  +  I  =  2ei  +  2xy  .-.x  +  y  +  ^  =  +V2t3i  +  2x2/ 
OTX  +  y  =  iV-6i  +  2xy-i,but  4(x  +  ?/)  =  Sxy  .-.  3x2/  =  +  4V26|  +  2x2/ 
-  2  ;  transposing  and  squaring  these  we  have  9x-y^  +  12xy  +  4 
=  420  +  32xy  .-.  9x-;/- -  20xy  =  416;  whence  xj/  =  8  or  -  -y- 
Then  4(x  +  ?/)  =  3x2/  =  24  .-.  x  -h  y  =  6,  and  x  =  6  -  y 
•*•  1/(6  -  ]/)  =  8,  or  i/-^  -  62/  =  -  8;  whence  2/  =  4  or  2,  and 
.-.  X  =  2  or  4.  Also  y(Q  -  y)  -  ~  %•  ',  whence  y  =  -(-  13  +  y'STT) 
and  .-.  X  =  J  (  -  13  +  V^^) 

26.  Clearing  the  first  equation  of  fractions  we  iiave 

5{(x  -i-  y)2  +  (X  -  2/)2|  =  26(x2  -  y^)  :  i.  e.  lOx^  -f  I0y~  ^  26x2  _  20?/^ 

2x 
Hence  SGy^  =  lex^,  or  ey  =  ±  4x,  or  3/  =  ±  "T  j  substituting  this 

/    2x\2  4x2 

in  the  2nd  equation,  we  have  ^^  +  {  ±  "§"  )    =  52  ;  or  x^  +  —  =  52 

1 Sx^  X  2  X 

or  -^~  =  52  .'.  —  =  4  ;    or  —  =  +  2  ;    or  x  =  +  6.     And 
9  9  o         ~ 

2x 

2X  +  36 

27.  1y  =  2x  +  36  .*.  t/  =  — = — ;  substituting  this  in  the  first 

2X  +  36 
equation,  we  have  x  +  = — ■  =  x^,  or  Tx^  -  9x  =  36  ;   whence 

36 

6  or  411 

28.  Let  X  =  V  +  c,  and  y  =  v  -  s  ;  then  we  have  from  the  first 
equation  2i?*  +  12uV  +  2s*  =  14u*  -  28yV  +  14c*,  and  this  by 
transposition  gives  40yV  =  12y*  +  12c*  ;  but  x  +  ?/  =  r  +  c  + 1-  -  c 
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=  2y  =  nij  .-.  V  =  Ini:   substituting  this  for  i',  ^7e  have  10?/ri^ 

37;i*  37/1  7/1 

-  |7/i*  +  12c*,  or  6c*  -  5771-c-  =  -  —^  ;  whence  z=  ±  ~^—r  or  +  — — 

3/»  771  771  771 

Thenx=  r+c=  ^771  ±—  ;  or  |7n  ±-^  =  y(l  ±  V3)  ;  or  y(1  i  W3) 

771  _  S/n-  771  _    771        in      _  '^      _ 

Andt/-y-x-  =  y  +  — ;  or  y  + -^^  =  ^(1  tv'S)  ;  01^(1  +  ^3) 

74 

29.  Leta;  =  f7/;    then  ztt/- +  2}j- +  vy^  =  74,  or  ?/- =  -j- — — : 

and  2tY^4-y^x2.V=  73  ;  or7/=~,^^^  .^  ^^^ 

74 
or  by  reduction  v^+  v  =  l'^;  whence  r  =  |  or  -  f  ;  t/^  =  -2-^- — — 

T4  74  '         " 

=  .9..  +  li  +  2  ""  25  .-.  7/  =  +  5,  also  r  =  l±-.&+  2  ^  ^^  '  ^^ence 

as  before  y  =  ±  5.    Therefore  x  =  vy  =  ±5  x  f;  or  +  5x-f  =  +  3 
or +  8 

30.  Adding  the  two  equations  together,  we  have  x*  +  2x'^y^  + 1/* 
=  169,  whence  x^  ■{■  y'^  =  ±  13  ;  but  x-+  2x-y^  +  y^=  85  .-.  by  sub- 
traction 2xV  =  "72  or  98  .-.  x-y^  =  36  or  49,  and  .ry  =  ±  6  or  +  7 

+  6        4  7 
Then  x  = or  ,  and   substituting  this  for  x,  we    have 

y         y  ' 

/      6\2        ,  36 

f  i  -- )    +  r  =  i  13,  that  is  ^  +  7/  =  +  13  ;    or  t/*  +  13//^  =  -  36, 

whence  y^  =  9  or  4,  and  .-.  y  =  ±3  or  ±2.     (Impossible  values 

being  rejected.) 

108 

31.  Letx  =  vy\  then3v^y'^+2vy^-4y^=  lOS;  ory"=7>  v  ,  ^ 

81 
Also  vY  -  ^oy^  -   "^y""  =  -  81 ;    whence   j/^  =   ^^  _  ^2  ^   j 

108  81 

•■•  '3v'  +2v-i  =  3^n^^~1  °'  ^y  reduction,  ISt;^  -  6y  =  40 ; 

whence  u  =  2  or  -  ^J 

m,         ,  SI  81  81 

T^-  y  =  3T^i;^i  5  =  e-^4T7  °^  -  ,,  -  ,,, 

or  169  X  27  .-.  y  =  i  3  or  =  i  39V3 
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And  X  -  vy  =  ±  3  X  2  ;  or  +  3  x  -  ? ^  =  +  6  or  +  4p^ 

Also  X  =  vy  =  4  39V3  x  2  ;  or  +  39V3  x  -  '^  =  4  IS^JZ  or  ^  G0V3 

32.  Factorincr  the  first  equation,  we  have 
(!/3-.t-)-(V  +  a:)  =  12.-.(y-r.r)(i/-a;-l)=12;  or?/-fa:  =  ^— ^ 

4S  12  48  14 


but  y  -T  X  =  .         .o  .  .  -  -  ,         x< ,  wi.  ,  -  , 

(y-^y     y-^-i    {y-^y      y-x-i    (y-xy 

or  (y  -  a-)^  =  4(2/  -  x)  -  4  .-.  (y  -  x)^  -  4(?/  -  z)  4  4  =  0  ;  whence 

48 
y-x  =  2,andy^x  =  TyZTxy  =  "^-r  =  ^2, .-.  y  ---  14  or  2y  =  7,  and  x^5 

33.  Transposing  the  first  equation,  we  have 

^"^'7^"^'^7'^^^"^^'  thatis(^y  +  V^j    +(^y+V^j=20 

a;  3 

.•.  —  +  Vy  -  4  or  -  5  ;  that  is  x  ■]-  7j^  =  4y  ot  -  5y 

Taking  x  +  y^  =  Ay  =  x  4  8,  (by  2nd  given  equation)  we  have 
j,2  =  8  .'.  ?/  =  4,  and  a:  =  4?/  -  8  =  8 

Taking  x  4  y^  =  -  5?/,  and  subtracting  this  from  the  2nd  given 
equat.jWe  have  8  -  y"  =  9y  .■.8-8y  =  y  +  y'^  ;  or  8(1-?/)  =  ?/(l4?/-) 
and  dividing  eacTi  side  by  1  4-  y^,  we  have  8(1  -  y^)  =  y  ;  that  is 
y  4  8j/^  =  8,  whence  y^  =  -  4  4  2^6,  and  .-.  y  =  40  +  16Vi>,  and 
a;  z:  4y  -  8  =  152  +  64V6  ;  also  1 -i- y^  -^  0  .-.  y  =  1 

34.  r^  4-  2/3  =  35  (i),  x^  +  y^  =  13  („). 

From    (i)  (x  4-   y)    (x-  -  xy  ■{■  y^)   =   35  ;    but   .t^  4-   z/^  =    13 

35 

•••  (-^  4  y)(13  -  xy)  =  35  .-.  X  +  y  =  ^g  _  ^      squaring  we  have 

1225 
^'  4  2xy  4-  ?/  =  ^gg  __  2g^^  ^  ^2^2 :    substituting  (11)  in  this,  we 

1225  1225 -2197  + 338.r?/-13xV 

have  2xy  =  ,^n  „  or_„  ^  ..2.,.  -  13  = 


169  -  26x?/ 4-a-2y-  169  -  2GxJ/ +  x^i/- 

338xy- 13xY- 972 
.-.  2xy  =  —feg  _  263:?/  +lcY~  '    ^^^''^^■^"g  o^  fractions,  we  have 

2a:V-39a;Y4-972  =  0;  and  factoring  (a:?/ -6)(2x2i,;2_  2lxy-lG2) 


Ex.  Liv.)  ALGEBRA. 


95 


=  0  .-.  xy  -  6  =  0  (III)  ;  and  also  2x-y^  -  2lxy  -  162  =  0  (iv) 
From(m)x^  =  6,  audfrom(iv)x!/=18or4^  .-.  2xy  =  12,  or  36,  or  9 
Hence  adding  these  to  (ii)  and  extracting  the  square  root,  we 
have  X  +  y  =  ±  5,  or  +  7,  or  +  V22  ;  similarly  subtracting  these 
from  (ii),  and  then  extracting  the  square  root  x  -  y  =  ±  I. 
or  X  V  -  23,  or  +  2.  Hence  by  addition  and  subtraction  we  have 
-  =  £3;  ori  K7-^V~23);  or  ±  1(2 -h  ^/22)  . 
y  =  ±2;  or±iO-'i^T3);  or  i  KV^  "  2) 

Otherwise,  thus  : 
Let  X  =  V  +  z,  and  y  ^  v  -  z 

Then  from  (i)  2y3-f  6vz- =  35  (m),  and  from  (ii)  20^  +  2^-=  13  (iv) 
Multiplying  (iv)  by  3v,  and  subtracting  from  (iii,)  we  have 
4^•3  -  39y  =  -  35.     Multiplying  by  r,  we  have  4y*  -  39 1'^  =  -  35y 

,4  _  1,2  ^  a^1(u2_  7,)  ...  (u2_  y)(-y2  a.  y  _  3^i5)  =  0 

.-.  t;2  -  0  -  0  (v),  and  v-  ^  v  =  ^^  (vi) 

From  (v),  f  =  0or  1 ;  and  from  (vi),  z;  =  f  or- J,.     But  2^2+2^2=  13 

.-.  z  =  ^V^;  or  ±  1^/22]  or  i  ^  J  or  +  ^V^TS 

Then  x=v-hz=l±  ^^22";    or  5  +  i ;    or   -    ^    ±   n/~^23 

y  =  V  -  z  =  values  as  obtained  above. 

Note.— The  vahies  t;  =  0,  and  z  —  ^V26  are  derived  from  the  v,  by 

which  -sve  multiplied  equation  (iv).  

^x  +  9 

35.  By   Akebra   Article    106,   we  have  Vr  +   1   =   ~^ — ; 

whence  x  =  9!/-;    substituting  this  in  the  2nd  equation,  we  get 
9y-(y^  4-   21/   +    1)    =    36y^  +64;    or   9y*  -    I8y^  +  9y'^  =    64; 
or  9y\y'^  -  2f/  +  1)  =  64  .-.  3y(y  -  1)  =  ±  8  ;   ov  y^-  -  y  =  ±  ^, 
whence  y  =  1(3  ±  \/VJ3),  or  ^(3  ±  V~87) 
And  X  =  9J/2  =  .^(19  +  VTOo)  ;  or  J(  -  13  ±  V^^7) 

36.  Multiplying  the  2nd  equation  by  x,  we  have  x*  +  xy^  =  x, 
but  X*  -}-  ?/  =  a*-,  x^  -i-  ^*  =  X*  +  xi/-^ .-.  y*-xy^  =  0  ;  that  is  y^(y  - x)  =  0 
whence  t/^  =  0  .-.?/=  0,  and  hence  x  =  1.  Also  v-^  =  0  .'.y  =  ar; 
•whence  2x^  =  1,  and  y  =  x  =  J^4 
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ST.  Dividing  the  1st  equation  hj x^,  we  have  (  z^  +  —;  ]y  =  i/-h  1 

,11  ^    "'^ 

.-.  x"^  +  —  =  y  +  —  (i).     Again  dividing  the  2nd  equation  by  y^, 
X  y 

we  have  (y'  +  -jjx  =  9(x'-  +  1)  .-.  «/'  +  ^  =  sU  +  — 
Xow  adding  equations  (i)  and  (ji)  together,  we  have 
•••2/'-:'^  +  3!/  +  y=  U  +  7  i    =  ^r  "^  t)  '  °^  extracting 


the  cube  root  of  each,  y  ->r  —  =   (x  +  —  j^3.     But  (i)  y  +  — 


x-" 


.-.  x=  +  -z^  =    (    X  +  —  )\/3j    and   factoring 


(.4)(x^-n-i)  =  (.4)^, 


+  —  UV3  .•.a;  +  — =  0 


or  x^  -  -  1 , 

X         '  ' 

or  .c  =  ±  V^.     Also  a;2  _  1  +  —  =  ^3  ;  or  a;^  +  2  +  -g  --^  3  +  -^3  (iii) 


bj  adding  3  to  each  side,  .-.  a:  +  —  =  +\/3  +  ^3,  similarly  by 

1 


taking  1  from  each  side  of  (in)  and  then  taking  V J  ^  -  ~  =  ±  V-v^^  -  1 


Then  by  addition,  we   have  x  =   ±   ^{V3  +^\/3    +    V-P  -~^ 


1         /  1 


And  y  +  —  =    fa;  +  — j-^3  =  +  ^3x  V\/'3  +  3    =    V^   +   3^9 

1  1 

.-.  2/2  +  2  +  —  =  3  +  3^9,  or  taking  4  from  each  ?/-  -  2  +  — 

=  3'^9  -  1    .-.   y  -  —  =   +  V3\/9   -   1-      Hence   by   addition 

1 


y  =   ±   MV3   +  3^9  -r  V3V9   -   !}•     ^^30   since   a;   +  —  =  Of 
(x  +  —  1^3  =  0  .'.y+  —  =  Oj  whence  y  -±^|  -\ 
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x'^       y-        X        y 

38.  By  transposition  — 7  +  -^  +  —  +  —  =  y',  or  adding  2  to 

•^  '■  y^        x^         y         X  ^  ^ 

/a:-  y'^\       fx       y\ 

each  side,  (  ~7  +  2  +  —  j  4-  (  —  +  —  }  =  ^4-  i  completing  the  square 

fi  +  iy^f^  +  j^), ,  .'9 ...  i^j^.  J  =  +  3 

\v      ^)       \y      ^)  y      ^ 

^         y       ^  -          „       ,      5a:y  Ixy 

•  y  "^  7" ""  '^  °^  ~  ^  .-.  x2  4-  r  =  ^  or  -  — 

Again  by  squaring  the  2nd  equation,  we  get  x^  +  y^  =  2xy  -h  4 

bxy  Txy 

.'.  2x?/  +  4  =  — —  or  -  -y- :  whence  xy  =  8  or  -  -/-j-.     Then  since 

X-  -  2xy  +  y^  =  4,  and  4x2/  =32  or  -  \\  ;  we  have  by  addition 
2-  +  2x?/  +  i/  =  36  or  ^t  .-.  X  +  7/  =  +  6  or  +  -i^iV^^",  and  x  -  y  =  2 
.'.  X  =  4  or  -  2;  or  1  +  -frV^J  ^^^  similarly  y  =  2,  or  -  4, 
or  -  1  ±  -i'tV33 

39.  From  the  ist  equat.,  we  get  (^x  -f  ^/y)  +  V5(V-^  +  Vl/)^  =  10? 
completing  the  square  (V^^  +  Vi/)  +  ^o^sjx  +  Vy)  +  4  =  \^ 
.-.  (Vx  +  ^JyY  +  ^V^  =  ±  iV^  I  whence  (V^  +  'Jyy  =  ^Jo  ov  -  2^j 
.-.  ^/x  +  ^/y  =  5  or  20  (11).     Taking  the  former  cf  these  values, 

and  raising  to  the  5th  power,  we  have 

5.  1  3-  3.  1  h 

x-  +  5x'-y''  +  10x^1/+  lOxy^  +  5x^y^  +  y^  =  3125 

But  X-  4-y-  =    275 

.-.      5x-^y^  +  10x^y+ iOxy-^  +  5x^y^  =2850 

x^ t/^ (x2  +  2xy^  +  2x^y  +  y^)  =570  (iii; 

But  cubing  equation  (i),  and  multiplying  it  by  x*?/  ,  we  have 

x^y^  (x^  +  3xy^  +  3x^y  +  y'^ )  =  Uox^y^  (iv) 
Subtracting  (in)  from  (iv),  we  have 
x^i/^xy^  +  a-'y)  ;  that  is  x?/(x»  +  y^  )  =  125x^y^  -  570 
But  x'  +  j/^  =  5  .-.  5xy  =   I25x'y^  -  570  \ 

Hence  xy  -  2Gx^</^  =  -  114  .-.  x^y^  =  19  or  6  -^ 

Then  x  +  2x^y^  +  y  =  25  ;    and  4x^i/^  =  24  or  1Q 
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.-.  X  -  2x^y^  +  7/  =  1  or  -  51  ;  or  x^  -  y*  =  t  1  or  +  V  -  51  ;  and 
x^  +?/^  =  5  .-.  x^  =  3,  or  2,  or  ^(5  +  V  -  51)  ;  whence  x  =  9,  or  4, 
or  1  (  -  13  i  V -"51)  ;  similarly  ?/  =  4  or  9,  or  ^(  -  13  +  V~51) 
By  using  throughout  the  value  V-*^  +  V^/  =  20,  other  values  of 
X  and  y  may  be  similarly  found. 

40.  From   the    1st   equation    (x  +  y)(x^  -  xy  +  y~)  =  x  -  y 

X  —  y 
.-,  X-  -  xy  +  y'^  =         '-,  and  from  the  2nd  equat.  x^  -  crxy  +  2/^=0 

X  -  7/  fx-  -  2xy  +  7j^ 

.-.  by  subtraction,  we  have  (a  -  l)xy  =  ^-  =   V  x'  +  2x?/  +  f 


(a  +  2)x?/  ^    V  a.  +  3  *  ■"' 


▼  axy  +  2x1/ 
suppose.     Then  y  =  —,  and  y^  =  — ;  substiiaUng  these  values 

in  the  2nd  equation,  we  have  x"  +  —^  ~  ab  ]    or  x*  -  abx"^  =  -  b^  \ 


whence  x'^=  -(a  ±  '^Ja^-'i);  and  therefore  x  =:  +  \/-(a  +  V'^^-4) 
2  '2 

=  i  W^{2(a  i  V'^^^)}^  =  ±  yK'^aTl  i  '^aT-T^)  by    Algebra 

Art.  189.     And  y  =  —  =  +  '2^/b{^a  +  2  +  V^  -  2)-     See  Algebra 
Art.  181 

41.  From  the  1st  equation  xy  ■\-  ax  —  ay  -  o?  ]  that  is  (x  -  a) 
(y  +  a)  =  0  .*.  X  -  a  =  0  ;  or  x  =  a.  Also  7/  +  a=0.-.  ?/  =  -<3 
From  the  2nd  equat.,  substituting  x  =  ff,  we  have  «  +  t/^  +  a'  =  C 


.".  y  =  +  «^V  -  ('i^  +  I)-     Again  substituting  -  a  for  y  in  the  2n<i 
equation,  we  have  x  +  a^  +  a^  =  0  ;  whence  x  -  —  d-(^a  +  1) 

42.  Squaring  the  first  equation,  we  have 
X*  +  y*  +  a*  +  Ix^Q/  +  a-)  +  ^d'y"^  =  0  ;  and  subtracting  this  fron 
the  2nd  equat.,  we  gtix"^ {y'^-a^)  -  la^y"^  =  0  .-.  x'^{y--a-)  =  2a-y-  (i 
From  the  1st  given  equat.  x^  =  -  (y^  -f  or)  .-.  x"(rj"  -  a^)  =  -  (j/^  ~  a*} 
.'.  -  (^-  a*)  =  2a-j/2,  or  y^  +  2a-!/^-  a'* ;  whence  y^ -  a\-l  ±  VS) 


and  y  =  i  «V  -   i   +  V^*     -^^^o   x-^  =  _  (ys  ^  ^2)  -  ^  g^^i 
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43.  From  2ud  equat.  x^  -  3j/^  +  a^  +  3x^y  -  xh/  -  a^x*  -  2(r^x'^ 
=  0  (i),  and  1st  equation  x  (x*  -  y^  gives  x'^  -  3y^  +  3x^y  -  xhj^ 
+  a^x^  -  a^y-  =  0  (u);  then  (i)  -  (ii)  gives  a^  -  2a?x'^  -  2a^x^  -t-  a^y^  -  0 
or  dividing  by  -  a^,  we  have  2z'*  +  2^^  -  a^  -  t/^  =  0  (iii).    But  from 

first  of  the  given  equations  y^  =  <   -  ^ >    =   (  — ;; —  ) 

.-.  substituting  this  in  (m),  2x*+  2x'^-  ( J   -a'  =  q  ;  that 

is  when  clear  of  fractions  18x*  -r  18x--  x*-  2a^i'^  -  a^  -  Da^r  0, 
that  is  1 7x4  4.  2(9  _  a^)x^  =  0^(9  +  o^) 

a^  -  9  +  3V9-  15a^4-  2^'* 
whence  x^  = — •,  and 


...  X  =  i  -^-;{in{a^  -  9  +  3V9  -  lod^  +  2a'>)|^ 


x^  4- 


And  !/  =  -  — ^ —  =  -  -,V(6a^  -  3  ±  V9  -  ISff^  +  2a'0 

44,  Raising  the  1st  equation  to  the  4th  power,  wc  have 
x*-4x^z/  +  Gx-J/--4x?/^+^*=x*  +  2/'*-  2x-(/2-4x?/(x--  2xy  +  y~)  -  a* 
But  x2  -  2x?/  +  ?/2  =  a-,  and  x-*  +  y*  =  6*  .-.  6*  -  2x2/  _  4^2^.^  ^  ^4 . 

, .         »       ,                       -  2a2  +  V2a*  +  26-* 
that  is  2x'y  +  4<7-xy  -  6*  -  a*,  whence  xjr  = ■ 

Then  x-  -  2xy  +  y'  ^  (r,  and  multiplying  value  of  xy  by  4,  and 

adding,  we  have  x-  +  2xy  +  y-=  -  Sa^  +  2V2a*+  26^  =  tti-,  suppose 

-        ,                      ,                    m  +a                m  -a 
.-.  X  -  y  ~  a,  and  x  -f  y  =  m;   whence  x  =  — :;— , and</- 

where  m  -  ±  V2V2a^26*-  3a2 

45.  From  1st  equation  x^  +  y^  =  a-  +  xy,  and  squaring  this,  we 

have  X*  +  2x-y'^  +  y*  =  a*  +  2a2xi/  +  x-y- .-.  x-*  -  x-//^  +  ^4  _  2a2j;y  -  ^4 

subtracting    the    2nd    given    eqnaHon    from    this,    we    have 

d^  ±  V3a*"- 2F 
2xY-  2a-'xy  =  a*  -b*;  whence  xy  =  ~ =  c^,  suppose 

Then  xy  ~  c^,  and  x^  -  xy  -{-  if-  -  a-  .-.  x^  -  2xy  -\-  y^  =  a?-  -  c^^ 
and  X  -  y  =  ±  Vo^-^-     Also  x2  +  2xy  +  y'^  =  a2+  Sc^;  whence 


X   +  y   =   ±  '^d^+  Sc-'  .-.   X   -    ±   i(^a' +  3c-  ±   ^a^-c-),    and 
y  =  ±  5  (V"  +  -ic^  t  V"^  -  f').  where  c^  = r 
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46.  From  the  2nd  equatiorij  we  have 

X*  -  2xV  +  ^^\a  _  1)  -{-  t/'i  -  2y\a  -  l)  +  (a  -  1)2  =  a-  -  4f/  +  4 
.'.  extracting  the  square  root  of  eacli,  "we  have  x^  -  \/  +  {a  -  l) 
~  +  (a  -  2).  To  find  the  values  of  x  and  y  ■which  are  independent 
of  a  use  X'-  y"^  +  {a  -  1)  =  -^  (a-  2).  Then  x"^  -  y'^  ^- I  =  0,  or 
x'^  =  y-  -  \]  x^  -  3  =  y-  -  4:  (iii).  Again  from  the  first  given 
equation  3x6  _  isx^  +  2lx^  =  3x^{x^ -  3)2  =  2y^-ny^  +  52y'^  +  27 
But  (III)  x2  -  3  =  y2  _  4^  and  x""  =  y^-  -  I  .-.  3(y^  -  1)(?/-  -  4)- 
=  2J/6  _  iij/4  4.  52,/2  ^  27;  that  is  3^^  _  27!/*  +  72!/'^  -  43 
^  2y^  -  11?/'^+  52J/-+27  .-.  2/6- 16y*  +  20!/-- 75  =  0;  multiplying 
by  -  4,  we  have  -  ^y^  +  64y*  -  SOz/-  +  300  =  0,  and  adding  to 
each  side  y^  -  20?/*  +  100  we  get  y'  -  Ay^  +  442/^  -  SOy-  +  400 
=  i/"  -  20?/*  +  100.  Then  taking  the  square  root  t/*  -  2y-  +  20 
=  +(!/*-  10);  that  is  y-  =  15,  ov  y^  -^y^  -  -  5,  whence  2/^  =  15, 
or  Kl  ±  V^^^)j  ii^d  a:^  =  y2  -  1  =  14,  or  l{  ±  V~^  -  1) 
whence  ?/  =  +  Vl5,  or  +  V^l  ±  V-  19)  =  &c. 

47.  From  the  1st  given  equat.  y^  -  2x^y'^  +  x*  +  4(y-  -  x-)  +  5 
=  2  V4(y^  -  a:2)3  +  5(y2  _  x'^"  ;  that  is  (;/*  -  2x^?/2  +  x*) 
-  2(1/2  _  x2)V4(i/2  -a;2)  +  5  +  {4(i/2  _  x^)  +  5}  =  0  .-.  extracting 
the  square  root,  we  have  y^  -  x^  -  'jA(y-  -  x'^)  +  5  =  0  ; 
or  2/2  -  x2  =  V4(y2  -  x'^)  +  5  .-.  (J/2  -  x-2)2  _  4(^/2  -  a:2)  =  5 
whence  j/2  -  a;2  =  5  or  -  1,  taking  y2  -  ^2  =  5,  ^e  have  from  the 
2nd  given  equation  7/*  -  3i/^  +  1  =  5x-"  -  8x  +  Sayx^  _  2a;  +  5  +  4 
=  Si- -  -  8x  +  4xV4x2-8a;  +  20  +  4  =  5x'2  _  8x  +  4x^32/2 +  ^2 -8j:  + 5  +  4 
since  15  =  3j/2  _  3x2.  Hence  by  transposition,  we  have 
^4  =  3y2  +  3.2  _  8x  +  5  +  AX's/Sy^  +  x'^  -  8x  +  5  +  4x^,  and  taking 
the  square  root  y^  =  ±  {^3y^  +  x^  -  8a;  +  5  +  2a;);  using 
the  positive  sign,  y'^  -  2x  =  'J3y'  +  x2  -  8a;  +  5  ;    squaring 

y4  _  43^,^2  +  4^2  =  3l/2  +  x2  -  8X  +  5  .'.  ?/*  -  4X1/2  +  4^.2  ^  4y2  +  g^.  +  4 

=  X-  -  T/2  +  9  ;  but  1/2  _  x2  ^  5  .-.  y^-Ax^-y'-  +  4x2  _  4^2  +  Sx  -f  4 
=  9  _  5  =  4  .-.  2/2  -  2x  -  2  =  i  2  .-.  y-  -  2x  =  4  or  0  ;  but  j^2  =  x2  +  5 
.-.  x2  -  2x  +  5  =  4,  or  x2  -  2x  +  5  =  0  ;  whence  x  =  1,  or  1  +  2V  -  1 
and  2/  =  ±  V-r^  +  5  =  i  V6,  or  ±  V2  i  4V^i 
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48.  From  the  2nd  given  equation,  ^ve  have 
T"y~  -  Gxy^/y-  -  x-  -f  9(y~  -  x^)  =  I6(y-  -  x^)  .'.  extracting  the 
square  root,  we  have  xy  -  Z^Jy-  -  x~  =  ±  4^y^  -  x- 
.-.xy-  l^/y  -x'^  or-Vj/"  -  J:',aQd  .*.  x-y'^  =  ^9(y^  - x^)  or  (y-  - x'^) 
From  the  1st  given  equation  x*  -  y^  -  4x'^  4-  Ay^  =  Ax^  -  12 
.-.  x4  -  8:r2  +  16  =  t/*  -  4?/2  +  4 ;  whence  x^  -  4t  =  ±  (y^  -  2) 
that  is  y"  =  x'^-2,ove-  x-  .-.  y-  -  x'^  =  -  2  ;  x'^y"-  =  49(y^  -  x^) 
or  (y~  -  x^);  that  is  x-(x^  -  2)  =  49(  -  2)  or  -  2  ;  that  is 
z*  -  2x2  =  -  98  or  -  2  ;  whence  x^  =  I  ±  V  -  97  or  1  +  V^^ 
and  ?/2=x'-2  =  -li  V~-^>  or  -  1  ±  V"-~^-  -^-Iso  since 
?/2  =  (3  -  x^,  we  have  by  substitution  x-(6  -  a:^)  =  49(6  -  2x-) 
or  6  -  2x'  ;  that  is  x*  -  6x"  =  gSx^  -  294,  or  =2x^-6 
that  is  x'*  -  104x"  =  -  294,  whence  x-  =  52  +  V2410  ;  or  x^-  8x? 
--  -  G,  whence  x^  =  4  +  ^/V).  And  j/2  =  6  -  x*-'  =  -  46  +  V^TO 
or  2  f  -/To  ;  whence  x  =  &c. 


Exercise  LV. 

1.  Let  X  -  one  part,  then  19  -  x  =  other,  and  x(10  -  x)  =  84 

361-336 
x2  -  19x  =  -  84,  x2  -  19x  +  C-^y  = ~ =  \^  .:  x-\^=±^^ 

X  -  12  or  T ;  whence  the  numbers  are  12  and  Y 

2.  Let  X  =  greater,  then  17  -  x  =  less ;  x  -  (17  -  x)  =  2x  -  17 
=  difference;  then  t(2x  -  17)  =  30,  2x2  _  ^7^  ^  30^  whence 
X  =  10,  and  the  numbers  are  10  and  7 

3.  Let  X  =  length,  then  x  -  12  =  breadth,  and  x(x  -  12)  =  2080 
that  is  x'^  -  12x  =  2080,  whence  x  =  52  and  sides  are  52  and  40 
rods. 

4.  Let  X  =  greater,  then  x  -  9  =  the  less,  and  x^  +  (x  -  9)^  =  353 
that  is  2x'  -  18x  +  81  =  353  ;  x*  -  9x  =  136,  whence  x  =  17  or  -  8 
and  the  numbers  are  17  and  8,  or  -  8  and  -  17 
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5.  Let  X-  =  one  part,  then  16  -  a;  -  other,  then  a;(16—  x)  +  x^ 
+  (16  -  a-)2  =  208 ;  that  is  x^  -  lex  =  -  48,  whence  a;  =  12  or  4, 
and  the  numbers  are  12  and  4 

X 

6.  Let  X  =  gain  per  cent.  -  bajing  price  of  wheat ;  then  r— 

x       x^ 
=  gain  per  dollar  on  buying  price,  and  x  x  r^  =  j^  =  gain  on  x 

dollars,  i.  e.  gain  on  whole  transaction ;  butl'71-a:  =  whole  gain, 

whence  T^  =  l"^!  "  -^  i  or  x^  +  lOOx  =  1 T 100,  whence  x  =  $90, 

buying  price  of  wheat. 

Proof.  S81  +  590  =  S171 ;  al>o  if  he  gain  SSI  ou  »90,  he  gaius  at  the 
rate  of  S9  on  SIO,  or  S90  ou  SIOO. 

80 

Y.  Let  X  =  number  of  sheep  bought,  then  —  =  price  in  dollars  ; 

80         80 
then 7  -  —  -  1  ;  that  is  x^  +  4x  =  320,  whence  x  =  16. 

8.  Let  X,  y  and  z  be  the  digits,  z  being  the  right  hand  one ; 

then  x^  +  7/2  +  .2  =  104  (i)  j   y2  =  2xz  +  4  (ii)  ;    lOO.r  +  lOy 

+  2  -  594  =  100c  +  lOi/  +  X  (III).     Substituting  (ii)  in  (i),  we  have 

x"  +  2xc  +  z^  =  100  ;  whence  x  +  c  =  10  (iv).     Reducing  (in),  we 

have  99x  -  99c  =  594  ,  or  x  -  c  =  6  (v).     Adding  (iv)  and  (v) 

together,  we  have  2x  =  16  j   whence  x  =  8.     Also  x  -h  z  =  10 

.-.  z  -  2,  and  y^  =  2xy  -f  4  =  32  +  4  =  36 ;    whence  y  =  Q.     Hence 

the  required  number  is  862 

240 

9.  Let  X  =  number  of  sheep  bought,  then =  price  per  sheep, 

240 
X  -    15   =  number  sold,   and   — -  +  f  =   selling  price;    then 

/240        2  \  /600  +  x\ 

(X  -  15)  (^^  +  y  ]  =216,  that  is  (  — ^^T"  )  (-^  -  15)  =   108; 

or  x2  4-  45x  =  9000  ;  whence  x  =  15,  and  2A&  =  $3-20.     Hence 
number  bought  was  Y5,  and  price  per  sheep  $3*20 


that  is  x^  +  1000  -  300x  +  30x^  -  x^  =  280,  that  is  SOx^  -  300x 
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=  -  720  ;  or  x^  -  lOa-  =;  -  24,  whence  a:  =  6  or  4,  and  the  required 
numbers  are  6  and  4 

11.  Let  X  =  less,  then  24  -  x  =  greater,  and  a:(24  -  x) 
=  35(24  -X  -x),  that  is  24x  -  x^  =  35(24  -  2x)  =  840  -  lOx  ; 
or  X-  -  94x  =  -  840,  whence  a;  =  10  or  84,  and  24  -  a;  =  14  or 

-  60  .-.  the  required  parts  of  24  are  10  and  14,, or  84  and  -  60 

12.  Let  X  and  y  be  the  numbers,  then  x  +  y  -  xij  =  x^  -  y'^ ; 
X  -r  y  -  x-  -  y^j  whence  dividing  hy  x  +  y,  we  have  x  -  y  =  1 ; 
or  X  =  1  +  y.  Also  x  -i-  y  =  xy,  that  is  I  +  y  i-  y  =  y(l  +  y);  or 
1  +  2y  =  y  +  y^  .-.  y^  -  y  =  1 ;  whence  y  =  1(1  ±  V^),  and  x  =  1  +  i/ 
=  1  +  1(14  V5)  =  1(3  iV5) 

13.  Let  X  =  circumference  of  hind  wheel,  and  y  =  that  of  fore 

120  120 

wheel  iu  yards  ;    then  — ^  and  - —  =  revolutions  made  by  each 

120  120 

in  ffoinc:  120  yards.     Also  by  second  condition  — — r  and r 

-  revolutions  made  in  120  yards. 

120  120  20  20 

^  =  V"')  "^  ^    7  -l)0)bydividingby6 
Then                              I;  or                               I 

120  120           (  30  30           ( 

r+-,  =  ,-ri-*-'     JTi=y-n-'-'(n)      "      4 

.-.  20.r  -  20y  =  xy  (in)  and  29x  -  3\y  =  xy  +  1  (iv).     Subtracting 

iiy  +  1 

(III)  from  (iv),  we  have  Ox-  ll>/=  1 ;  or  dx  -  \\y  -r  I  .' .  x  -  — - — 

20(llj/4-  1)  •  /lly+  1 

Substituting  this  in  (in),  we  have ^ -  20y  -  y  I  — - — 

that  is  2201/  +  20  -  ISOj/  =  Uy^  +  xj  .-.  \\y^  -  30y  =  20 ;  whence 

11?/+ 1 
y  -  4,  and  x  =  — r —  =  ^^  =  5.   Hence  circumferences  of  wheels 

are  4  and  5  yards  respectively. 

14.  Let  X  =  one  fraction,  then  ^  -  x  =  other,  and  —  +  ^r, — 

'  ' '  X       i  5  -  X 

1  15 

=   sum    of    their   reciprocals    .-.    —  +  ^^  _  .- -  =  ]5;    that  is 

12(29   -  1.5x)  +  180x  =  29x(29  -  15x),  whence  by  reduction 
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435x''  -  841X  =  -  348 ;  or  x^  -  f  }i  =  -  H|  5  ^'  "  !fi^  +  (IH)' 
-  mUh  -  n^V^  =  Hiias,  whence  ^  =  IH  i  IB  =  "Vt^-  or  f  H 
=  ^ori,  andf|-a:  =  H-H  =  A-  i;    or  f ?  -  ^  =  H  =  ^ 

Heace  fractions  are  -1  and  | 

46800 

15.  Let  X  -  number  of  children,  then =  share  of  each  ; 

'  X  ' 

46800  46800  24  24 

then —  =  +  1950,  that  is  =  —  -t-  1  ;  whence 

X  -  1  X  '  X  -  2        X  ' 

X-  -  2x  =  48  .-.  X  ^  8  =  number  of  children. 

16.  Let  X  ~  number  of  hours  the  clock  is  too  fast,  then,  since 
the  shadow  on  the  dial  moves  from  1  to  5,  the  clock  will  strike 
the  hours  from  2  +  x  to  5  +  x  inclusive  ;  i.  e.  will  strike 
2  +  x  +  3  +  a;  +  4  +  x  +  5  +  a;=14+  4x  strokes,  and  last  stroke 
will  be  5  +  X.  Then  (5  +  x)^  -  41  =  number  of  minutes  the  clock 
is  too  fast  above  the  x  hours;  i.e.  25  +  lOx  +  x-  -  41; 
i.  e.  x^  +  lOx  -  16.  But  hours  too  fast  +  minutes  too  fast 
=  whole  number  of  strokes ;  that  is  x  +  x'^  +  lOx  -  16  =  14  +  4x, 
whence  x^  +  7x  =  30  .-.  x  =  3  or  10,  and  X'  +  lOx  -  16  =  9  +  30 
-  16  =  23  .-.  the  clock  is  3  h.  23  m.  too  fast.  The  second  answer 
10  is  excluded  by  the  limitation  that  the  clock  does  not  strike 
12  during  the  time. 

17.  Let  X  -  hours  travelled  by  each  =  miles  per  hour  travelled 
by  slower,  then  x  +  3  =  miles  per  hour  travelled  by  faster; 
X'  +  x(x  +  3)  =  2x2  +  3_^-  _  324^  whence  x  =  12.     Hence  slower 


IS.  Let  X  =  number,  then  —  =  share  of  each  .-.  — --.  +  1 
'  X  X4-2 


144  144  144 

—  =  share  of  each  .-. 

X 

whence  x^  4-  2x  =  288  .-.  x  -  16  =  number  at  first. 

lOx  +  y 
19.  Let  X  =  left  hand,  and  y  -  right  hand  digit,  then 

«=  2  (i),  and  10x  +  y+  27  =  lOi/4-x  (ii).    From  (i)  lOx-ry  -  2xy  (in) 

Frum  (ii)  9x  -  Oy  =  -  27,  whence  x  -  y  =  -  3,  or  x  =  y  -  3; 

substituting  this  in  (m),  we  have  I0(y  -  3)  -f  «/  =  2y(y  -  3) 

.-.  2y'  -  lly  =  -  30,  whence  y  -  6,  and  x  =  y  -  3  -  3.    Hence  the 

required  number  is  36 
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20.  Let  X  =  price  of  coffee,  and  y  -  price  of  sugar  per  lb.  in 

800 
cts. ;  then  60x  +  80^  =  2500  (i).    Also =  lbs.  of  sugar  for  $8, 

1000  800        1000 

and  ^  lbs.  of  coffee  for  $10;    then    —  =  +  24   (ii) 

X  y  ^ 

125-4y 
From  (ii)  by  reduclion  lOOx- 125;/  =  3xij (iii).  From  (i)  x  = — , 

100(125-4;/) 
substituting  this  for  x  in  (in),  we  have  ^ -  I25y 

(125  -  -iy) 
-  3y  -x ,  whence  bj  reduction  Qy^  -  5ioy  -  -  6250 

125  -  4y 
.-.  y  -  12^  cents,  and  x-  = =  25  cents. 

21.  Let  X  and  y  =  number  of  days   required  by   B  and    C 

respectively  to  finish  the  work ;    then  in   1  day  A  does  r^th; 

1  1  1        1  36     x  +  18 

5,  — th  ;  and  C,  —  th  of  the  field  ;  Vv  +  —:  —  ::  $36  :  —  v  — -— 
X  y  XXX        xox 

■  648 
=  — ; — zrz  =  what  B  would  have  received,  had  C  not  been  called 

X  +    lo 

10  360 

in;    but  B  worked   10  days    .-.   he  did  receive  —  x  36  =  - — - 

'  "^  XX 

f    648          360\ 
Tbcn    I  —       „  -  1  dollars  =  $1-50  =  %\ ;    whence  by  reduc- 
tion x"^  -  174a:  =  -4320  .-.  x- -  l74x  +  (87)- =  7569  -  4320  =  3249 

4 
■.  X  =  30  =  days  B  would   require.     And   j"   4-   3"  +  —  =1 

•••  ^  =  1  -  (U  +  ru)  =  1  -  if  =  h  •••  2y  =  T2,  and  y  ^  3G  =  days 
C  would  require  tocradle  the  field. 

TuooF.— If  Chad  not  been  called  in,  thev  would  liave  taken  11 J  days  to 
lini.«h  the  work,  aud  A's  share  would  have  been  $2  x  Hi  ~  S22-50. 
Iltmcc  Z."8  share  would  have  been  §13*50,  but  since,  when  C  is  called  in, 
Ji  ouly  works  10  days,  he  receives  only 
than  he  would  have  otherwise  received. 

22.  Let  X  and  y  =  the  number  of  feet  in  the  side  of  the  base  ; 


tlicn  bxy  -  ixy  ^  xy  =  80  +  x  +  y  (i)  ;    also  V25  +  x*  +  y* 
=  -4o(-^'^  +  !/^)0i)-     From  (n),  wc  get  3(x"  -r  ?/')  =  A0^25  +  x^Ty''^ 
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That  is  (a;2  +  y^  -h  25)  -  ^..^x^  +  2^2  +  25  =  25 

(X^  +  1/2  +  25)  -  %%X^  +  7/2  +  25)^   +  ^^°  =  ^"^  +  22i  =  ^^ 

.'.  V-c^  +2/2+25  -  "3^  =  ±  ^3^  .-.  V^^  +  2/2+25  =  15  or  -  f ; 

squaring,  we  have  a;3  +  7/2  +  25  =  225  or  2^^  .-.  taking  the  former 

value,  a;2  +  2/2  =  200  (m),  but  by  (i)  2xy  =  160  +  2(a;  +  y)  (iv). 

Adding  (iv)  and  (iii),  we  have  x"  +  2xy  +  7/2  =  360  +  2(x  +  y). 

Hence  (x  +  7/)2  -  2(x  +  7/)  =  360  .-.  (x  +  7/)2  -  2(x  +  y)  +  1  =  361 ; 

(x  +  7/)  -  1  =  +  19,  a;  +  7/  =  20  or  -  18  .'.  again  taking  the 

former  value,   x  +  y  -   20,   and   hence  xy  =  80  +  20  ~  100 

x2  +  2a;7/  +  7/?  =  400  >. 

J   .-.  X  =  7/  .-.  2x  =  20,  and  a:  =  10  =  y 
Axy  =400   '  ' 


x2  -  2xz/  +  7/^  =      0   ^ 

\    .-.  the  base  is  a  square  whose  side  is  10  ft. 
.-.  x-y    =      0 

23.  Let  X  =  distance  B  has  travelled  when  he  meets  ^,  then 

a:  +  15  =  distance  ^5  has  travelled  ;    Also  since  ^i  has  yet  to 

travel  x  miles,  and  accomplishes  it  in  2  hours,  his   rate  of 

X  X  +  15     2x  +  30 

travelling  is  —  miles  per  hour  ;  also  B's  rate  is  — rj—  =  —  — 

X   +    15       2x   +   30 
Then  time  ./3  travels  before  they  meet 


time    B   travels  before    they   meet  = 


ix  X 

X  9x 


2x  +  30  2x   +   30 


9 
2x  +  30  9x 

.-.  — - —  =  2xT30'  *^^*  ^^  ^^  "  "^^^  ^  ^^^  '•   ^^^^C6  X  =  30  =  rate 

^       .  2x  +  30       90 

Hence  distance  =  x  +  x+15=  75  miles.     J5's  rate  =  — - —  =  — 

X 

-  10  miles  per  hour.     A''s,  rate  =  —  =  15  miles  per  hour. 

24.  Let  X  and  xy  be  the  two  numbers,  the  latter  being 
the  greater;  then  x'^y  =  x^y-  -  x^,  whence  y^  -  y  =  1,  and 
y  =  2(1  i  V5).     Also  x^y^  +  x2  =  x^y^  -  x^  .-.  ?/2  +  l  =  xy^  -  x  ; 

y'  +  i     K3±V5)+1      i(5lV5)     iV5(V5±l) 
whence  ^^-yTTi^  (T±  V^)^  =  ~l"TW  ^  ~lJW  ^  ■'  ^^^ 
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25.  Let  X  and  y  -  hours  required  by  Bacchus  and  Silenus 

I 
respectively  ;   then  Bacchus  would  drink  —  of  it  in  1  hour, 

y 
hence  in  y  hours  he  would  drink  — ths  of  it,  and  in  ly  hours 

2j/  2y 

Bacchus  would  drink  —ths  of  the  cask  full  .-.  1  -  -r-  =  part 

1 
drunk  bv  Silenus,  and  since  he  drinks  —  of  the,  cask  in  1  hour. 

y 

f    ~y\    1 

the  time  he  required  to  drink  part  remaining,  was  /  1  -  —  j  v  — 

2y^ 
-  y  ~  o'7-     Had  both  drunk  together,  Bacchus  would  only  have 

/  2r/\  V 

consumed  5(1-^]  =  ^-—,  and  Silenus  would  have  taken 

y 

5  +  — ;    hence  when  drinking  together,  time  taken  by  Bacchus 

/  y\        \         X         y 

was  {\  ~  T' )  ^  ~~  -  ~  ~  ~i  ^'^d  the  time  taken  by  Silenus 

f,,y\     1      y     y''   .        ^      y      ?/  ,  ?/'  ^  ^ 
^^"'  i;  -^  sTrj  ^  7  ^  T  ■"  3l-'  ^'^'^  T  -  T  =  T  ■*■  3:^  (^> 

2y       /         2.y2\ 
Also  ~  -^  [y  -  W']  =  time  taken  when  drinking  separately 


=  ~  -  y  +  2  (n).  From  (i)  Sx^  -  hyx   =  ly"^.     From  (11) 

5y   25y2   25y2   2y2 
12x^'  -  Ay^   =  3X-2  -f  12x  (11.)  x'   -  f^  +  "^f"  =  "g"  +  "^ 

49//2  5y         7.V  \1y 

-     -> ."  5   •■'^  — ;r  =  ±  "T.     Hence  x  =  -—  =  ly  •  substituting  this 
ob  bo  o 

value  of  X  in  (m),  we  have  24r/*  -  4y'  =  3(2i/)2  +  12(2?/),  that 

i3  24y^-  4y2=  I2y2+  24?^  .-.  8y^ -.24y=0;    y2  =  3y;    y  =  3, 

whence  x  =  6 
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Exercise  LVI. 


ab 


b        a^        cd        d 

a^-b^     (a-bf    a^-abj¥^  _{a-b){a^bXa-^b)\a?^ah^b^) 

-'  aU-V^       a      ^    (a- by    ~  ~a(a^b){ii'^  -  ab  ^b^X"^  -  b)^ 

1 
^  —  -  1  :  a 
a 

(x-5)(x  +  3)       (x  +  2)(x-  1)        (x  +  1)(x  +  5)       x+1 
^-  (x-5)(z-  +  2)  ^  (T+^Xx  +  5)  ^  (x-  l)(a:+  1)  "  x +.  1 

=  a;  -f  7  :  X  +  1 

4.  "2      ,2  ^  ~aT6~'   ^^^°^^'°S  ^3  a*  +  /r6  +  ab^  +  b^  -^   a* 
+  2a26''!  +  6* ;    or  as  a^6  +  ab^  >  2a^6^ :    or  as  a^  +  6'  ^  2ab  ; 
but  a'^  +  62  ig  greater  than  2ab  (Algebra  Art.  134,  Note  2) 
a^  +  b'*        a^  +  b^ 


> 


'  '  a^  +  b^  a  +  b 

^•'  -*-  2/'  >     (jc  +  yy 

5-  ^2-^7^2   <  a:*  -  x-^y  +  x^r/^   -  xf  +  ^   according   a. 

x*^  -  x^y  +  2x^^2  _  2x3y*  +  2x"2/*  -  ^f'  +  2/''^*  ^  x«  +  4x''y  +  5x4y2 

-  5x^7/4 -  ixif^  -  ?/*^ ;  or  as  Ix'ij^  +  3x7/^  +  2 ?/^  >  5x'y  +  2xV  +  3x V i 

or    as     *rxV  +   3x?/*   +    2y^    ^   Sx^    +   2x^y2  ^   ^x^i/  ;    or    as 

-7^(7x2  +   3;ry   +   2yO    <  2;^(5a^''  +   3xy  +   2y^) 

Now  siuce  x-^S  >  y^JI,  cubing  we  have  5x^  >  ly^  .-.  x^  >  y^ 

.-.  ?/(3xy  +  2y2)  <  x3(3xy  +  2y'0  ;    also  7x  V  <  5x5  .  .   7^  <;;  5^3 

.-.  y*(7x^  +  3xy  +  2y2)  <  x'(5x2  +  3xy  +  2y2) 

x-2  +  ?/2  (X  +  ?/)* 


x'-^  -  ?/2         X*  -  x^y  4-  x^y^  -  x?/^  4-  y^ 

6.  Let  X  =  the  quantity  to  be  subtracted  from  each  term  ; 

be  -  ad 


then  7 =  -T  .'•  ad-dx~bc-cx\  cx-dx  =  be -ad  .'.  x 

b-x      d  * 
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7.  Let  X   =   the   quantity  to  be  added  to  each  term  ;    then 

m  -r  X 
-^     -  1,  whence  m  +  a:  =  n-fxj  x  -  x  ~  m-n-^  x(\-l)  =  m-n] 


in,   —  n 

m 

-  n 

oc 

1  -  1 

0 

8. 

(a  ^  6)       /a2 
(a  -  6)  "^  (^6^ 
+  b)       a^-b 

2 

6'         (a 
'^(a+6)^"(a 

63                   h 

+  6) 
-6) 

=  b  : 

a'+  6 

-1 

((.'. 

-b)- 

ft  2 

-(. 

+  6/   "  a  +  0 

# 

y. 

a- 

Since  a 
+  2a^/ab 

:  c  :: 

+  a6 

c:4, 

c  -  V«^  ;   then 
4-  2V^  +  h) 
+  2Va6  +  c) 

\b^ 
a 
T  " 

:  a:b 

a^ 

+  2ac  +  c- 

62 

+  26c  +  c- 

y' 

-f26V^ 

+  ab 

10 

11 

-6 

cording  as  a'+  a^fi 

-ab^- 

63 

>a3_a^6 

+  ab^ 

•  -  6^;    or  as  a^ft  -  a&2  >  ah^  -  a'- 

'b;    or  as  2a^b  ^  2a&2 ; 

or  as  a  ^  6 

Exercise  LVII. 

1.  Letar=  the  quantity  to  be  added;  thena+x:6-f  x::  c  +  x"^4-x 
.-.  ad  +  ax  +  dx  +  x"  =  be  +  bx  ■{- ex  ■{■  x^  ]  ax -{-dx  -bx -ex  =  bc^ad 
be  -  ad 
"a-b-c+d 

a 


2.  U  a  :  b  ::  c  :  d:   then 


=  -J.     If  it  be  possible,  let  x  he  a 
qnantity  added  to  each,  so  that  a  ■{■  x  :  b  -^  x  ::  c  +  x  :  d  +  x] 


then 


a-rx       c  -rx      _  .  be -ad 

b 


—  -  1-7- ^  ^bence  as  above  x  =  - — r — i ;   but  since 

X      a  +  x^  a-  b  -  c  +  d^ 


c         r  0 

-T-  =  -j-j  """e  have  be  ~  ad  .-.  be  -  ad  -  0  .-.  x r 1  =  0 

oc'  a-b  -  c  -ir  d 
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a       c        a-      c^  m      p        m        p 

3.  T  =  ~T  •'•  IT  =  "77  5   also  —  =  —  .'.;;-  =  tt-     Multiplying 

ma'^  pc^ 

equals    by    equals    r-77   =   y- tj  ;     ^liea    Algebra    Art.     lOG 

ma^   -   2n62       pc^  -  2qd^ 

ma^  +  2nb^  =  pc^  +  2qd^    '''    ^«'   "    ^""^'-P''   '    ^9d'::ma^' 

+  2nb^:pc^  +  2qd^ 

24 

4.  Let  X  =  one  number,  then  —  =  other 

,      /24\3  f  ,  1728      /24\3^ 

Hencex^-/— j    =  igJ^^  -  72x  + -^  -  /  —  J   ^ 

/24\3  32832  /24\3 

x3-(^-j    =19x3-  1368x4--^-  19  (^-j 

/24\3  32832 

18f— j     -18x3=  — _ —  _  1368X 

/24\3  1824  /24\3  /24      \ 

(xj    --^=  — -^^-5or^-j-x3=76(^--x) 

24  /24\2 

Dividing  each  side  by x,  we  have  /  —  j    +  24  +  x-  =  7G, 

576  ^  ^"^^ 

that  is -^  +  x-2  =  52;  x*  -  52x2  =  - 576  ;  x*-52x  +(26)^=  100; 

x2  =  26  +  10  =  36  or  16  .-.  x  =  +  6  or  +  4,  and  the  numbers  are 
i  6  and  ±  4 

5.  Let  X  =  one  part,  then  20  -  x  =  other  part ;  then 

X  :  20  -  X  : :  9  :  1  .-.  X  =  180  -  9x ;    or  X  =  18,  and  20  -  x  =-  2 

Let  y  be  the  mean  proportional  between  these ; 

then  18  :  y  ::  y:  2;  or  t/-  =  36  .*.  y  =  6 

X        a3  a       ^c  +  X         a^       c  +  x  x        c  +  x 

'    y    ~  h^  '      ^      6    ~  ^'d^y  '  '   b'^  ~  d^-y   '  '    y   ~  d  ^  y 

.*.  dx  +  xy  -  cy  -^  xy,  or  dx  =  cy 

7.  Dividing  the  equation  by  (a  +  6  -  c  -  rf)(rt  -  6  -  c  +  rf), 

«-f6  +  c-f(Z      a-b  +  c  -  d 

we  have  — — r j  =  r r~;-     Then  Art.  lOG,  we  have 

a  +  0  - c - d      a- b - c  +  d  ' 


.<? 

1 

1 

— 

- 

— 

+ 

p 

y 

X 

d 

1 

1 

p 

y 

X 
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2a +  26       2a -26  a  +  b       c  +  d  2a      2c 

2^TU  =  2^T^  •••  ^'^-  106,  ^^  =  ^Trf  •••  ^^t-  106,  2i-  =  ^  ; 

a         c 

or  -r-  =  —  .'.  a  :  b  ::  c  :  d 
0        d 

8.  Let  X  and  y  -  the  numbers  ;  Xh^n.  x -^y.swx  -  y:  dwxy'.  p 

s      x+y  d      x-y 

'•■  P(^  +  y)  -  sxij,  and  p(x  -y)  =  dxy  .'.—=  ■— ,  and  --  =  — '- 

s  +  ri        2          •                        2d 
By  addition =  — ,    wbenc-3    y   =  :; 

2        s-d  2p 

By  subtraction  —  =  ,  whence  x  ~  3 

•^  X  p    ^  s-d 

9.  Let  X  -  speed  in  yards  of  faster  train  per  second,  and 
y  =  speed  of  slower:  then  in  2''  the  former  passes  over  2x,  and 
the  latter  2y  yards,  consequently  2x  +  2y  =  length  of  the  faster 
train;  also  SC-x- 30?/  =  length  of  faster  train,  .•.30x~30y-2x  +  2y, 
or  28.r  =  32y,  ov  1x  =  8y,  .'.  x  :  y  ::  8  :  1 

10.  Let  a;  =  ^'3  money,  and?/- -B's;  then  x+ 150:?/- 50::  3:  2, 

whence  2x  +  300  =  3^/  -  150  ;    or  2x  -  3y  =  -  450  (i).     Also 

X  -   50  :  ?/  +    100  ::  5  :  9,  whence  9x  -  450  =  5y  +  500  ;   or 

9x  -  oy  =  950  (11).     Multiplying  (i)  by  9,  and  (11)  by  2,  we  Lave 

18x-27y--4050  (iii)l 

I  Subtracting  (iii)  from  (iv)  l7y-=  5950, 
18x  -  lOy  =      1900  (iv)J  ^  ^     ^  K     ^      J 

whence  y  =  $350  =  B's  stock;    2x  -  3y  =  2x  -  1050  -  -  450, 

whence  2x  -  COO,  and  x  =  $300  =  .f's  stock. 

11.  6  =  V«^  •■•  6"  =  ac;    26^=  2ac;    6^  -  2ac  -  6^  .-.  adding 

a2  +  c2  to  each,  a^  +  6^  +  c^  =  a^  +  2ac  +  c^  ,  6^ .    or  0=*  +  6^  +  c> 

(a  +  c-  b)(a  +  c  +  6) 
=  (a  +  c)2  -  62  =  (a  +  c  -  6)(a  +  c  +  6)  .M  =  ^ ^2  ^  ^2  ^  ,. 

1       a+c-b  a+c+6      a~6+c 


a^  +  62  +  c- '    (a  +  c  +  by      0^  +  6^+  c^ 
.-.  a  +  6  +  c  :  (a  +  6  f  r)2  : :  a  -  6  +  c  :  a^  +  6^  +  c^ 
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12.  ft  :  c  ::  a  :  c,  .*.  multiplying  each  term  of  the  latter  ratio 
by  a  -  c,  v?e  have  a  :  c  ::  a(a-  c)  :  c(a  -  c) 

.-.  a  :  c  ::  a(^Ja  -  \ic){\la  +  VO  '■  c{'sla  -  \Jc){^Ja  +  \lc) 
.-.a  :  c  ::  '^a{^a~ '^c)(yla-r  *Jc)'^a  :  ^/c('\/a  -  '^c)(^a  4-  'Jcy^Jc 
.-.  a  :  c  ::  (a  -  *Juc)(a  +  '^ac)  :  (^/ac-  c)(^Jac  +  c)  :   but  ^/ac  =  b 
.'.a  :  c.:(a-  h)(a  +  b):{b  -  c)(b  -f  c)  siucc  by  hypothesis  V"^  =  ^ 

13.  Let  X  =  the  number  ;  then  a;4-3:x  +  8::a;-i-8:x-rlT 
.'.  (x  +  3)(x+  17)  =  (x  +  8)Sthati3  2;2  +  20x  +  51  =  x2-M6x  +  64; 
or  4x  =  13  .-.  X  =  3i 

14.  Let  D  and  d  =  diameters  of  a  sovereign  and  shilling  res- 
pectively, and  t  and  T  =  thickness  of  a  sovereign  and  shilling 
respectively  ;  then  md  -  nD,  and  pt  =  qT,  and  since  circles  are 
to  one  another  as  the  square3  of  their  diameters,  we  have 
quantity  of  metal  in  sovereign  :  quantity  of  metal  in  shilling 

Z)2         t 
::  D-^T:dH,  or::  -^  :  -y- 

D  m  t  q 

But  md  -  nD  .'.  D  :  d  ::  1)1  :  n  .-.  —j-  =  ,  similarly  -^r  =  — 

m^         q 
.*.  quantity  of  gold  in  sov.  :  quan.  silver  in  shil.  ::  — ^   :  — 

But  a  sovereign  =  20  s.,  .•.  quantity  of  gold  in  bulk  equal  to  a 

20q     ra^ 
shil.  :  quantity  of  silver  in  a  shil.  ::  —  :  — r-»  or  ::  20n-q  :  m^p 

p       n^  ' 

a       c  '42  -420      -42^ 

^^-  T"~d    •■•  multiplying  both  by  —  ,  we  have  ^  =  ^ud 

•42a+lli6     '•42c+ll4i 
.-.  Art.  106,  — j-^7^^ —  =  — jYj^ — ,   or  multiplying  by    llf 

•420  4-11^6       '420+11}^  a         c        4a  _  4c        4a  -  56 

h~^  =  d  <^'^  '  ^^'°  y  =    d"  •■•  5&  "  5i  •■•  "~5i~ 

4c  -  bd  4a  -  5&     Ac  -  bd 

-  —^j-  ;  or  — ^ —  =  — ^ —  (II).     Dividing  (i)  by  (ii),  we  hare 

•42a+lU&  'h        _  •42c+lli:(f  d  .    -420 -UlU 

6  ""  4^~r^  "  d  "^  4r^r^5  thatis     ^^  _  ^^ 

•42a+lUd 
"      4c-5rf 
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16.  Jfa:b::b:c::c:rf,ac  =  b^  and  6rf  =  c^  .-.  d  =  ^  =  4=  =    r" 

—    /      Vc^\  ,  c 

(a  +  6) (c  -  (i)  -  (a  +  Vac)  (  ^  "  "T-  )  "^  V«(V<*  +  V^O (v^  -  VO--^ 


a       6        c        a-'       a       6        c        a         a        ^a 
,'.  a  :  ^a  ;:  b  :  ^d 


c'C'^f  -  0 ;   b  ~  c  '  d  '''  b'  ~  b  ^  c  ^  d  ~  d  •'•  b  ~  yd 


Exercise  LVIII. 

1.  v.x^  +  nij  oc  cj;^  -  dy  .-.  mx^  +  ???/  =  p(cx^  -  di/)  =  pcx^  - pdy 

',  pcx^  -  mx^  =  717/  -i-  pdi/;    that  is  x^(pc  -  m)  =  (n  +  pd)y 

'n  4-  pd\  /     In  +  pd\ 

l^^Zlnjy  •■•  ^  =  (^  V  ^^T^JVZ/;    But  since  ;?,  p,  m,  d 

/  /n  +  pd\ 
and  c  are  all  constant,  y  (  ^7^"T  )  ^^  constant  .*.  x  ex:  \Jy 

2.  X  -  my ;  7  =  3»i  .•.?«  =  ^  •".  ^  =  aZ/ 

m  m 

Z.  X  -  p  ^  :    then  1  =  p   h  — -  (i),  and  2  =  p  ■^  m  (ii) 

y  3 

Siibtractiug  (i)  from  (ii),  \  =  %m  .-.  ?«  =  I,  and/y  +  m=p  +  ^  =  2 

m  I  3 

.-.  ;;  =  I  .-.  X  =  27  +  —  =  I  +  -  =  I  +  ^  =  1  +  3^0  =  i  +  tV  =  ^- 

4.  x2  =  my\  4  =  647n  .-.  ?n  =  -^V ;  ^^  =  A^^  .-.  ^  =  iyVz/ 

5.  X  =  771  +  nx?/  .•.  2  =  m  +  6/i  (i),  and  3  =  m  -  9n  (ii) 
Subtracting  (i)  from  (u),  we  have  1  =  -  15n  .-.  n  =  -  -jV 
771  _  -^«.  =  2  .-.  7n  =  2  +  T^-  =  ij^.     Then  a:  -  nxy  =  tti  ;  x{l  -  ny)  =  7» 

m  V-  _         y-        _       36 

•'•  ^  "  1  -  ny  "  i  -  (  -  -r'^y)  ^     1^+y     ~   15  +  y 

15 

6.  y  -  111  +  nx  +  px^  ;  then  0  =  7?i  +  3n  +  9/J  (i) 

-  12  =  7?i  +  5/1  +  25/)  (ii),  and  -  32  =  m  +  In  +  A9p  (iii) 
Subtracting  (i)  from  (ii),  we  get  -  12  =  27i  4-  16/>  (iv)' 
"  (i)  from  (in),     ".     -  32  =  4n 

H 


4-  16p  (IV)] 
+  40p    (v)J 
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Dividing  (iv)  by  2,  and  (v)  by  4,  vre  have  -  6  =  n  +    8p   (vi) 

-  8  =  7i  +  10/)  (VII) 
Subtracting  (vi)  from  (vii),  we  have  -  2  =  2p  .• .  p  =  ~  \  \ 
-  6  =  71  -  8  .-.  ?i  =  2  ;   0  =  /VI  +  6  -  9  .-.  m  =  3  .-.  7/  =  3  +  2x  -  x2 

n  n  n 

1.  y  =  mx^  +  —  ;    then  7  =  25ni  +  —  (i) ;    5  =  Sim  +    -  (ii) 

25/1        n 
Dividing  (ii)  by  5,  and  (i;  by  9,  we  have  |  =  — -  +  -—  (m), 

Sim         n  2         604m 

and  I  =  -.-  +  pr  (iv).     Subtracting  (in)  from  (iv)  --  -  —     - 

n      5x'-     9945 
.-.  Mi  =  ijS^  .-.  n  =  35-  125.'7i  =  323oi  ;  theny  =  wx^  +  —  =  —  +  ^^^^ 

a2  1 

8.  y  =  mb^  +  mx^  .-.  -7-  =  mb^  +  wa^  -  /ni^  -  „jj^2  _.^         _  ^^ 

6^      X-  x^ 

9.  i  -  X  -  y  =  ,'/j,  and  (x  +  y  X  -)(x  -  y  -  z)  -  nyz  ;  thai  is 
{x  +  (?y  +  c)|[x  -  (1/  +  c)}  or  x"^  -  (y  +  t^  =  nyz.  Adding  4yc  to 
each  side,  x~  -  (y  -  zy  =  (n  +  ■i)yz  ;  that  is  (x  -  ?/  +  c)(x  +  y  -  c) 
=  (/I  +  i)yz  ;  but  i  -  x  -  y  =  7/1  .*.  x  +  y  -  c  =  -  7/1  .*.  -  77i(x  -  y  +  c) 

71+4 

=  (;i  +  4)yc  .-.  X  -  y  +  c  =  -  — ;^yc  /.  x  -  y  +  c  oc  ys 

10.  Let  X-  =  number  of  cars  attached,  then  decrease  of  speed 
oc  X-,  and  is  .*.  =  mx^  ;  then  24  -  77?x  =  speed  of  train, 
.-.  20  =  24  -  2/71  .-.  2/71  =  4,  or  771  =  2  ;  then  24  -  2x^  =  speed  when 
X-  waggons  are  attached.  Xow  if  speed  is  reduced  to  0,  we 
have  24  -  2x2  _  q  .  ^  _  jo,  and  .-.  x-  =  144  =  number  of  cars 
required  to  completely  stop  the  train,  .-.  greatest  number  it  can 
move  =  143 


.*?k& 
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Exercise  LIX. 

12G  +  60 

1.  S.,  ={J2Gx(31-  l)2p,!  = x31  =  2883 

^  n  n      124  +  2n 

.^„-  {12G4-(/i-l)2}--  =  (12G  +  2n-2)— = x /i  =  7z(G24-n) 

2.  S.,,  =  {-400  + (22  -  l)x  12}^  =  (  -400+252)11  =-  1G28 

„      .  n       (-400  +  12«-12) 

S^  =  {-  400  +  (n  -  1)  X  12}—  =  ^ xn  =  «(G/i  -  20G) 

3.  S,,  =(4 +  (17-  \)^\\--  =  (4  +  24)V  =  238 

2//1  +  p  2//1  +  p 

S,„„,,  ^  f4  +  (2ni  ^p  -  m—:—-  =  {0  +  (2ni  +  p):]—^— 

4.  ^u-(i  +  (ll-l)x-3r/  =  (i-"^)V=-¥xV=-^F=-39^ 

5.  IV^  =  2  +  (17  -  1)3  =  2  +  16  X  3  =  2  +  48  =  50 
28tJ»  =  2  +  (28  -  1)3  :^  2  +  27  X  3  =  2  +  81  =  83 

n't*  =  2  +  (ra  -  1)3  =  2  +  3/z  -  3  =^  3n  -  1 

6.  17">  =  3  +  (17  -  1)  X  -  5  =  3  +  16  X  -  5  =  3  -  80  =  -  77 
28"'  ^  3  +  (28  -  1)  X  -  5  ^  3  +  27  X  -  5  =  3  -  135  =  -  132 
yi"»  =  3  +  (/i  -  1)  X  -  5  =  3  -  5/i  +  5  =  8  -  5/J 

7.  17"'  =  2^  +  (17  -  1)5  =.  f  +  16  X  5  =  -^  +  50.  =  1^5  ^  13  ?.^ 

28^!^  =  21+  (28  -  1)';  =  ^  +  27  X  ^5  =  t^  +  iJA  =  21]| 

nti*  -  2^  +  (ft  -  l)n  ^  +  ^'i  -  ^  =  ^  -  ^  +  ^n  =  ^^  +5;j=  ^(5  +  2«) 

33  —  3 

8.  d=  -^  _  ^  =  51  =  71  .  hence  series  =  3  +  10^  +  18  +  25^  +  33 

-66-9 

9.  d  =  — „ — T"  =  -  '^  =  -  15  :    hence  series  =  9-0-21  -  3G 

6  —  1     '^      ' 

-  51  -  6G 

100  -  (  -  1)   100  +  1 
10.  d  = ^-^^ =  — - —  =  i'j|->  =  i2f  ;  hence  series  -  -  1 

+  1 1^  +  24^  +  3G|  +  491  f  G2^  +  74i  +  87^  +  100 

11.  .9,3  =  {2  +  (73  -  ])1}7  =  (2  +  72)-V-  =  37  X  73  =  2701 

12.  ?i'''  term  ^  1  -l  (?i  -  1)2  =  1  +  2n  -  2  ^  2^  -  1 
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n 


13.  S^  =  {2  +  (n-  l)2j—  =  (2  +  2n  -  2)—  =  2n  x 


14.   S,  rr  {2a  +  (/-l;2a]--  (2a  +  2a/ -  2a)--- =:  2at  x -^  ^  at^ 


t  t  t 

~2 

15.  20'h  term  =  a  +  (20  -  l)2a  =  a  +  19  x  2a  =  a  +  38a  =  39a 
/tn  term  =  a  +  (/  -  l)2a  =  a  +  2at  -  2a  =  2a/  -  a  =  a(2/  -  1) 

16.  Let  X  -  3>/,  X  -y,  X  +  w^  x  i-  3y  represent  the  numbers 
Then  (x  -  ZyY  +  (x  +  3y)2  =  2x^  +  18^^  =  200 

(X-    y)"+.(a;+    y)2  =  2x2  +    2t/2  =  136 
.-.  16y2  =    64 
Hence  ^"  ^  4  or  y  =  ±  2   .-.  2x=  =  136  -  2?/2  =  136  -  8  =  128; 
or  a:2  =  64 ;  or  .c  =  +  8  .-.  the  series  is  +  14  ±  10  -f  6  +  2 

17.  Let  X  -  Sij,  X  -  y,  x  +  y,  x  +  3y  represent  the  numbers; 
then  (X  -  3i/){x  -  yXx  +  v/)(a:  4-  3y)  -  (x^  -  ^y^^x^  -  y^) 
=  (x~  -  36)(x-2  _  4)*  ;  x't  -  40a---'  +  144  =1680,  or  .r*  -  40x2  =  1536  ; 
x^  -  40x2  ^  400  =  1936  .-.  x-  _  20  =  +  44  .-.  x-  =  +  64,  or  -  24 
Rejecting  the  latter  value,  we  have  x"  =  64,  or  x  =  4  8;  hence 
the  series  is  ±  14+  10  4  6  4  2 

18.  Let  X  -  2^,  X  -  y,  X,  x  +  y,  x  +  2y  rejiresent  the  numbers, 
then  x-2^  +  x-?/  +  x  +  x  +  7/  +  x  +  2y=5x  =  25.-.  x=5 
(X  -  2y){x  -  7/)(x  +  y){x  +  2^)x  =  {x^  -  4?/^)(x2  -  y'^)x 
=  5(25  -  4)/2)(25  -  2/')  =  5(4^*  -  125?/2  +  625)  =  945,  or 
4^4  _  1252/2  =  -  436  ;  y4  -  ^^f^  <}¥)"  =  ^eF  •'•  2/'  "  ^F  =  ±  ^ 
whence,  tj-  =  4  and  y  =  i  2.  Hence  the  series  is  1,  3,  5,  7,  9  or 
9,  7,  5,  3,  1 

19.  S^  (a  + 1)^  =  (60  +  1)'^''^  =  61  X  30  =  1830,  i.  e.  since  the 

principal  on  interest  is  $60  the  first  day,  and  oulv  $1  the  60th  day, 
tlie  whole  interest  is  equivalent  to  that  of  $1830  for  1  day.  Interest 
of  $60  for  360  days  =  $3-60,  or  of  $1  for  360  days  ^  $0-06,  or  of 
$1  for  1  day  =  -j^o  =  eV  of  a  cent;  hence  t^e  interest  of  ^1  for 

*  The  common  difference  is  given  =  4  .•.  2/  =  2, 
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1830  dsLVS,  i.  e.  of  $1830  for  1  day  =  m'^  cents,  and  since  this  is 

1830 
GO  X  CO 


1830 
to  be  divided  into  60  payments,  each  will  be      -.      ^^    -  -PJ^j  of 


a  ceut. 

n  n  n      n(n  +  1) 

20.  S  =  {2a  +  (n-  \)fl]j  =  [2  +  (n  -  1)|~  -  (/i  +  1)  j  =  — — - 

21.  Let  -S=  1^  +  22  4-3-  + n^ 

Now  n^  -  (n  -  1)^  =  3n-  -  3n  +  I 

(7i  _  1)3  _  (ri  _  2)3  =  3(/i  -  1)2  -  3(11  -  1)  +  1    • 

(n  -  2f  -  (n  -  3)3  =  3(7J  -  2)"  -  3(n  -  2)  +  1     Hence  by  addition 

77^37^4  -  2)=^  +  3(n  -  1)^  +  3»2j  _  {3(ri-  2)  +  3(7i  -  1)  +  S/^j  +  7i 

^3  r:  3(12  +  22  +    .  .  .  .    ^j2)  _  3(1  +  2  + 7l)  +  7i 

But  by  supposition,  12  +  22  +  ....  7i2  =  S,  and  it  has  been 

?i(n  4-  1) 
shown   in  question    20,    that    1+2   +   3    n  = ^ 

3n(n  +  1) 
Therefore  71^  =  35 ^ +  n  • 

3??(7i+l)             2n^  +  3r2(n  + 1)- 2« 
35  =  n^  + ^ -n=  ^ 

72('2?i2+3/i  +  3-2)     7j(2n2+3n+l)     ?)(»  + 1)(27?  + 1) 
35  =  —  


5 


2  ~  2  2 

w(7i+l)(27i  + 1)       n(n+l)(2n+l) 


2-3  6 

22.  5  =  {2a  +  (n-l)d}j-    517  -  [4  +  (n  -  1)9}-;    10:^4 

=  4n  +  9n(7i  -  1)  ;   1034  =  9^2 -5«;  324^2- lSOn  + 25  =  37224+ 25 
=  37249 ;  ISti  -  5  =  +  193  ;  18n  =  198  ;  ti  =  11 
Note. — Tlie  negative  value  is  inadmissible. 

23.  Z  +  Z  -  cZ  +  Z  -  2(/  =  3Z  -  3d  =  96,  or  Z  -  J  =  32  ; 
Z  -  3(i  +  Z  -  4rZ  +  Z  -  5i  +  Z  -  6cZ  =  4Z  -  18cZ  =  86,  or  2Z  -  9'Z  =  43  ; 
2Z  -Od~  43,  and  2Z  -  2d  -  64  .-.  7i  =  21,  and  d  =  3,  whence  Z  =  35 ; 

*N0TE.— The  student  must  here  read  n  as  number,  n  -  1,  one  less  than 
number,  &c.  Thus  taking  n  =  3,  then  n-l  =  2,n-2,  —  l;  if  7t  be  taken 
as  4,  we  should  have  to  take  four  addends  as  above. 
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and  inverting  tbe  series  35,  32,  29,  2G,  Lc  ,  vrz  have  2,  5,  8,  11, 

l-l,       1     (,       -J,       _J,      -VJ,      _J,      0_,      O.J 

2  4.  /  =  5,  and  I -^d  =  7  .*.  tbe  sixth  term  or  last  term  but 

"T  4-  5 
one  -  I  -  d  =  —- —  =  6,  and  the  series  is  found  by  reversing  the 

series  5,  C,  7,  8,  9,  10,  U 

n  n 

2a.  S  =  bn-\-cn-=  (b +  c:i)n.- (21)  i-2cn)— =  (25  + 2c  +  2fn- 2c)— 

=  [2(6  +  c)  -f  (n  -  l)2r}^.    But  by  formula  S  =  [2a  +  (n-  l)d}j, 

whence  it  is  evident  that  a,  the  first  term  of  the  series  =  6  +  c; 
d,  tlje  common  difference  =  2c.  Then  the  i^^  term  =  a  +  (t  -  Vjd 
=  b^c^{t-  l)2c  =  5  -  c  +  2c^ 

26.  The  (7?i  -  ny^  term  =  f/  -f-  (?n  -  7?  -  l)d; 
the  (?«  4-  n)th  term  -  a  ■\-  (ni  +  n  -  1),Z  .-.  the  sum  of  the  two 
terms  =  2a  +  (2m  -  2)d  =  2{a  -f  (m  -  l)f/|.     Also  the  m*-^  term 
=  o  +  (m  -  l)'f.     Therefore,  &c. 


l'^term  =  c  +  (/>-f  5-l)rf=7>i1  Tn-n 

i..'.  2qd  =  m-n.\d  =  —z — 
)^^ieTm^a^(p-q-l)d=nJ  ^         ■ 

But  (I  -^  (q  -  l)d  +  pd  =  m  .-.  a  +  (q  -  l)i  =  m  -  pd  -  m  - p 


2 7.  {p  +  qY^  term  =  c  +  (/> -f  5 -  l)rf  =  7>i" 
(/)  -  5)'^  term  -a-\-{p-q- 

m  —n 

V 
=  VI  -  (m  -  7^)— ;    but  a  i-  (q  -   1)1  =  q'^  term   .-.  9*''  term 

P 
=  vi~-  (m  -  n)— 

28.  :?/h  term  =   7  -  y  =   ^   _  |.  +  ^    =    1^3   _  (^  .    i)i 

=  -.2^  +  (p  -  1)  X  -  ^  ;   but  ^^^  terra  =  a  +.  (;j  -  l)d,  when  -e  a  =  -/, 

n 

and  d  =  -  t.     Then  sum  of  ?i  terms  =  5  =  {2a  +  (n  -  1)^}-^ 


n  n  n         /2'1        n\  n 

{13  +  (,.  -  1)  X  -  Jj-  =  (13  .  _  .  Oy  =  (y  -  yjy 

-(27-rz) 
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29.  Let  :r-;/,  X  and  a; +  ?/=  the  numbers  :  then  (x-y)"  +  x(a:-Li/) 

=  x~  -  Ixy  + 1/2  -f  a;2  +  xy  -  2i-  -xy-\-y'^=  16,  and  x--\-  {x  -  y)(x  -f-  y) 

-  x^  +  X'  -  y-  =  Ix^  -  y^  -  14.     Subtracting  the  second  from  the 

2?/  -  2 
first,  2f/2  -  xy  =  2^  ov  x  =  ~ .     Substituting  this  for  x  in  the 

2(2?/2  -   2)2 
equation   2x'^  -  y'^  =   14,    we   have   — ^ y^  =    14, 

or  7?/*  -  30?/''' =  -  8,   1962/*-  840 j/^  +  900  =  -  224  +  900  ^6761 
14y2-  30  =  ±  26  ;  14?/-  =  56  or  4,  y^  =  4  or  f  ;  rejecting  this  latter 

8  -  2        6 

value  we  have  y  =  +  2.     Hence  a;  =  — —  =  -—z  =  i  3,  and  the  three 

+  2       ±  -i 

numbers  are  1,  3  and  5,  or  -  5,  -  3  and  -  1 

30.  Let  X  -  3y,  x  -  y,  x  +  y  and  x  +  3y  represent  the  numbers  ; 
then  X  -  By  +  X  -  y  +  X  +  y  ■{■  X  +  3y  =  4x  =  20  .'.  X  =  5  ] 

1111  4x'-20x?/2 

+  + 


X  -  ?,y  '  X  -  y  '  X  ■{■  y  '  x  +  3y  ~  x'^  -  lOx^  4.  9^4  -  24 
.-.  25(625  -  250y2  +  &(/4)  =  24(500  -  100?/-)  ;  or  9?/*  -  154/  =  -  145  ; 
324?/* -55442/2+ 23716  =  -  5220  +  23716  =  18496  .'.  182/2-154 
=  +  136 ;  18y2  =  290  or  18  .-.  2/2  =  1  or  -ij^',  and  y  =  +  1  or  +  ^145 
Rejecting  the  latter  value,  we  have  5  +  3,  5+1,  5  +  J  and  5  +  3  ; 
that  is  2,  4,  6  and  8  or  8,  6,  4  and  2  for  the  Sfcriea. 


Exercise  LX. 

1.  6''*  term  =  3x3'  -  3  x  243  =  729 ; 
S(3«  -  1)       3x(729-  1) 

2.  9'b  term  =  1  x  2«  =  1  x  256  =  256  ; 
1(2«    -  1)     512  -  1 

3.  7t»i  term  =  f  ^  2^  =  ?.  >.  54  =  i^s  =  igi; 
?(2'  -  1) 
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4.  12^1  term   =   3x(-2)ii   =   3x-   2048   =  -  6144 

3[(- 2)^^-1}       3(4096  -  1) 
S,,  =  -  -i^^Tj—  =   ^r^--  =  -  403d 


o. 


6th  term  =  4  x  (  -  f  )5  .  4  x  -  tiff  =  -  W^  =  -  12^ ', 


15625  -  4n9( 


« j_v -w ^    _        X   t.-^» ^    _       1024   ^    _  1  0  2  4 


6.  8^^  term  =  30  x  (  -  1)"  ^  30  x 

SOU  -ay] 

S 5. vi^J  _  12.75  -.  iQ^a 

^8   -  1  +  1  -      (i4      -    1^64 

-  u         -  ^      -  ^ 

2  2 

8     S      =  ~^~  =  J-  =  &  -  11 


.!_  - 3  Q. 


i 

_      7     _ 

64  64 

10.    S^    = 


1  1  7 

64  64         64 


l-(-0 
11.    5^.    =  T^^^  = 


12.  5:,  =  Y 


_as.3- 

l^"^0          62  3 

1 0  0  0  - 1 

~    Jl^'2-   ~    9'9  9 

1000 

13      S       =  .1.  +      *°-^"      =  ^3-  4-  -^-^^^  =  JL-  +  -IL,  -  5  57. 

■^'■''  OC  10^1 i_  10'       _99  ]O~990~9y0 

•■•         1  U  0  100 

^^*    '-cx        luoo  ^  1 i_       i»uO  ^      jy.      ~  1000  •   99000  -  9900 

■^100  100 

1  ('3«  -  1 )       3'*  -   1 

15.  s„  =  -'j^rr  ".  ~Y~  -■  '^^*'-  i> 

2[(  -  2)«_  1}       2[l-(  -  1)'^} 

16.  s„  =  -^4f ^  -  -^ — Y~~  =  -r[i  -  ( -  m 

H     c     -  2[(V2)"  -  1}  _  2(32   -   1)  _       62       _  62V2  +  62 
!'•    -^10-         ^2-1  ~       V2-1       ~V2-1~        2TI~* 

62(1  +V2) 

_  o^Kfl^)*^  -  ] }  _  «P(a«™  -  1)  _  a^r^^P-gP 
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[jj         =GD'=5  .-.  sen 


19.  r  =  (  ^  1  =  (^D'  =  5  •••  series  =  1  +  ?  +  ^  +  ^r  +  V 

20.  r  =  (I2i5  3)y^~i  =  (65G1)^  =  3  .-.  series  =  2  +  G  +  18 
+  54-1'  102  +  480  +  1458  +  4374  +  13122 

/L\5---T  , 

21.  r  =   [  y  j  =  (:,ii)*  =  i  .-.  series  =:  9  +  3  -h  1  +  1  +  ^ 

22.  Let  X,  xi/,  xy-  and  xy^  represent  the  four, numbers  ;   then 

X  ^  xf  -  x(l  +  t/2)  =  148,  and  xy  +  xf  =  a-?/(l  +  f)  =  888 

148  888       148       888 

...  1  +  7/2  =.  ,  and  1  +  y~  =  .-. ■  =  .-.  148?/  -  888 

^         x  '  -^        xy  X  xy 

148 
.'.  ?/  ^  6 ;    then  1  +  ?/-  =  1  +  30  =  37  =  .-.  37x  =  148  .-.  x  -^  4, 

and  the  series  is  4,j24,  144  and  804 

23.  Let  Xj  xy,  xy-  and  xi^  represent  the  numbers  ;  then  x  +  xy 
=  1 5  (i),  and  xy^  +  xy^  -  y\x  +  xy)  =  60  (ii).  Dividing  (n)  by  (i) 
we  have  y^  =  4  .-.  y  =  ±  2,  and  since  x(\  +  y)  =  15,  vre  have 
X  ~  kfj  or  r^-'i  =  5  or  -  15  ;  hence  the  numbers  are  5,  10,  20  and 
40,  or -15,  30,-60  and  120 

24.  Let  xy^j  2y  and  x  represent  the  number  of  dollars  they 
severally  had  ;  then  xy^  =  a;  +  135  (i),  and  xj/  ■{■  xy  ■{■  x  -  315  (ii) 

135 

.-.  xy  -r  2x  =  180  (in).     From  (i)  x  =     ^  _  ^,  and  from  (ni) 

180  135  180  3  4  ^ 

x  = .-.  -^ r  =  .-.  -J— r  =  .-.  4?y-  -  3v  =  10, 

y-b  2      y-  -  I      y-f2       2^-1       y+  2         -^        ^ 

180  180 

whence  ?/  =  2  or  -  f ;  hence  x  = =  isQ  =  45,  or  a:  -  ^ — ^ 

y  +  1  "  ~  'i 

180 
=  -;^-  =  240 ;  hence  the  shares  were  $180,  $90  and  $45. 

Taking  the  negative  value  as  above,  gives  us  x  =  §240,  and  the  sba/cs 
would  be  $375,  -  S300  and  S240,  which  implies  that  the  second  receives 
$300  less  than  nothing  for  his  share,  or  in  other  words,  instead  of  receiv- 
ing  anything  he  gives  $300  to  be  divided  in  addition  to  the  $315  among 
the  other  two, 
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25.  Let  X  =  the  first  number,  and  y  -  the  common  ratio  of  the 
1st  three  numbers  ;  then  the  numbers  are  ar,  x\j,  xy'^,  xy''  +  xy,  and 
xy^  +  2xy 

And  xy  +  xy^  +  (xy-  +  xy)  +  (xy^  +  2xy)  =  Zxy^  -r  Axy  =  40  (i)  ; 

also  xy(xy^  +  2xy)  =  xh/  +  2x Y  =  64  (ii).     Multiplying  (i)  bj 

xy  and  (ii)  by  3,  and  subtracting,  we  have  2x^y^  =  192  -  40x?/ 

.-.  arV  +  20x?/  -  96  ;  whence  xy  =^ov-  24.     From  (i)  xy(Zy  +  4) 

40 
=  40  .-.  32/  4-  4  =  —  =  \Q  =  10  .-.  Zy  =  6,  and  7/  =  2  .-.  x=  2; 
xy 

hence  the  numbers  are  2,  4,  8,  12  and  16 

26.  S  =  a  +  (a-i-  b)r  +  (a  +  2b)r-  4- fa  +  (n  -  1)6|/'^- 1 

Sr     =gr  +  (a  + 6)7-2+ {a  + (7i-2)6}r'^- H  {a  +  (n- 1)6}?-" 

S  -  Sr=       a  +  br'+  br^  +  6r^  + 67-^~i  -  {a  +  {n  -  l)b\r'^ 

5(  1  - r)  =  a  +      ^  _^ — ^  -  {a  +  (?i  -  l)6|r™ 

a  br{\-r''-'^)       {a  +  (n-l)6|r" 

"^  ""  1  -  r  "^  ~(l~^r)^       ~  i^' 

a  -  fa  +  (n  -  1  )h]r'^       br(  1  -  9-"  "  i) 
S  =  ^z:j.  +  -(1  — ,:)i- 

27.  (i)  a'-^  +  62  +  c2  -  (a  -  /;  +  e)^  =  a^  j.  j2  ^  ^2  _  ^„2  4.  52  +  ^2) 
+  2a6  +  26c  -  2cic  =  2a6  +  26c  -  2gc  =  2a6  +  26c  -  26^,  (since 
ac  =  62)  =  26(a  +  c  -  6).  Now  (a  +  cf  -  h^  =  a^  +  2ac  +  c"  -  b^ 
=  a2  +  262  ^  ^2  _  ^2  _  „2  +  52  ^  ^2  jj  positive  quantity  .-.  (a  +  c)~  >  6', 
and  .-.  fl  +  c  >  6,  and  .-.  a  +  c  -  6  is  a  positive  quantity,  and 
.'.  26(a  +  c  -  6)  is  positive,  .-.  a''+  b^+  c'^-  (a-b  +  c)^ is  positive, 
.-.  a^  +  b-  +  c^>  (a-b+  c)2 

(n)  (a  +  6  +  c  +  (/)2  =  (a  +  6)2  +  (c  +  df  +  2(a  +  6)(c  +  dj  ;  but 
a_6        c        a+6     6+c     c+d      (a  +  6)(c  +  d)      (6  +  c)^ 

6(/ 
.-.  (a  +  6)(c  +  d)  =  -^(6  +  c)2  =  (6  +  c)2  •.•  6cZ  =  c2 .-.  (a  +  6  +  c  +  d)^ 

=  (a  +  6)2  +  (c  -t-  dy  +  2(6  +  c)2 
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28.  (i)  (p  +  q)'^  term  =  ar^  +  ^-i  ^  j,^ 
(p  -  qy^  term  -  ar^-^-'^^n 

.    ^a^2p-2  _  y^^  .-.  ar^'i  = -y' /««=/>'*>  term 
1  p 


(n)  Also 


i(i 


•'•  t'^c  9"  terra  =  a^^-i  =       ^j.       =  ^  =  m  x  —  =  7«  f  -  1 " 

29,  Let  X,  xy  and  xifvQ\nezQVit  the  numbers  ;  then  x-Vxy-\-  xy~ 
=  3.'),  and  xy  :  xy"^  -  x  ::  2  :  3  .-.  y  I  y^  -  1  ::  2  :  3, 
or  3y  =27/2-2  .-.  2i/2  _  3y  =  2,  whence  y  =  2  or  -  ^ 
.-.  X  -{-  xy  +  xy'^  =  X  -T  2x  +  4.x  =  lx  =  35  .'.  X  -  5  ]  or  x  ■{■  xy  +  xy"^ 
=  X  -  ^x  +  ^x  -  ^x  =  35  .-.  X  =  J-AG.  =  4Q5^  hence  the  numbers  are 
5,  10  and  20  ;  or  465,  -  23^  and  11§ 

30.  Let  a-,  zj/ and  r;/- represent  the  digits;  then  100x+  10xy-\-xy^ 
=  the  number,  and  x  +  xy  -{-  xy'^  =  sum  of  its  digits ;  then 
lOOx   +    lOxy  +   xy-    :    x   +   xy    +  xy^    ::     124    :    7,    that    is 

100+  lOy  +  f 


100  -}-  10!/  +  Tj-  :  1  +  y  +  y-  ::  124:  :  7,  whence 


1  +  y  +  2/- 


124  99+9y  117  ll+;y  13 

=  ~'-'     •'•    Art.     106,    z — , ; 5  =  -^,    or  ^— ; z  =  —- 

t  ^    I   +  y  ■{■  y^         7'         I   +  y  +  y^        7 

.-.  77  +  7j/  =  13+  13^+  13y2,  or  I3y^  +  6y  =  64;    whence  y  =  2. 

Also  100a-  +  lOxy  +  xy-i-  594  =  I00xy-+  lOxy  +  x  ;  or  99x  -  99a:/ 

=  -  594  ;  or  x  -xy^  =  -6]  or  x  -  4x  =  -  6  ;  or  -  3x  =  -  G  .'.  a;  =  2, 

hence  lOOx  +  lOxy  +  xy'^  =  248,  the  number  required. 


EXBRCTSE  LXL 

1.  (I)  Jl.S.  =  7,  5,  3  ;   hence  d  =  -2  .-.  13,  11,  9,  7,  5,  3,  1, 
1,-3  inverted,  give  H.S.  -^j,  -,\-,  ^,  |,  i,  ^,  1,  -  l,  -  J 
(II)  J.S.  =  18,  14,  10 ;  heuce  d  =  -  A  .-.  30,  26,  22,  18,  14,  10, 

.  -J.  -1-    I    I    _  1 

if     I  47     I  U)    6>    2>  2 
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(III)  A.S.  =  2,  4,  G ;  henoe  i  =  2  and  -  4,  -  2,  0,  2,  4,  6,  8,  10, 
12  iu  verted,  give  H,S.  -  I,- \,  oc^  \,  \,  \,  I,  -j^,  -f^- 

(IV)  A.S.  =  -1-,  ,^,  it ;  hence  d  ^-  -h  and  -  \%  -  H,  -  -,V,  -i,-, 
n-,  \h  tf,  -if  and  f4  inverted,  give  H.S.  -  Lf,  "  H,  "  2,  U, 
U,  II,  ^^,  M  and  1^ 

(V)  J.S.  =  V,  f,  -  i  ;  hence  rf  =  -  |  and  ^^  ^,  ^,  V",  f,  "  i, 

-  i,Q  and  -  y  inverted,  give  H.S.  =  ^2,  I,  tV,  A,  U,  -  Is,  -  h 

—  ^        5. 

"1  7"?  -2  -I 

(vi)  ^.5.  =  -  2,  0,  +  2  ;  hence  cZ  =  2  ;  then  -  8,  -  G,  -  4,  -  2,  0, 
2,  4,  G,  8  inverted,  give  H.S.  =  _  i,  _  i,  -  .1,  _  1,  oc,  i,  i,  i,  i 


2.  (i)  Insert  3  J.  means,  between  5  and  J-.     Here  d  =  ■  _ 

-  — 5  _. L-.   henrf   /?    <?pr;p=?  -  ^    ^J-    J-^    -?-    -^- -  1    J  1  -?-   2    l 

4  24  ,     "C"*^-  ''-'•    acuta   -    2}   '^4,    24,    24,    ,i4    ~    2,    24,    12,  8,   3, 

and  .-.  H.S.  =  2,  ft,  l^  |,  f  =  2,  2^-,  2|,  2|,  3  ^^  _  ^ 

(n)  Insert  3  j1.  means,  between  i  and  i.     Here  cZ  =    '       '^ 

=  ~T^  =  "  A"  5  hence  ^.S.  =  jf,,  |g,  ^g,  4^  and  -}[;,  and  invert- 
ting  these  we  have  H.S.  =  5,  5-fj-,  5^,  C-/,-  and  7 

(III)  Insert  3  A.  means,  between  -j^^  and  h.     Here  d  =  -^  _  '  '■ 

-  'j  =  -3%;  hence  ^.S'.  =  ^,  f^,  -fa',  3^,-,  ^,  and  inverting  these 
we  have  H.S.  =  11,  6f,  4?,  3§,  3 

(iv)  Insert  3  j1.  means,  between  ^  and  ■^.^.     Here  c/  =  -^  __-  , 

--2-5. 

A      ~       792  ,  nence   ^.o.  -  7y^,    -yj,,    792,    79^^,    795;    anu 
inverting  these,  we  have  H.S.  =  2^  +  2  /Jl,  +  2  -s^i-  +  2  |?f  +  3f 

_  5-  _  -l 

(v)  Insert  3  A.  means,  between  |  and  -  |.     Here  d  =  "yrT^ 
_  I 
^  -4-  =  -  §  ;  hence  ^.-Sr.  =  i,  -  i,  -  |,  -  -V",  -  -g-,  and  inverting 

these,  we  have  H.S.  =  G,  -  2,  -  f,  -  i\,  -  | 

3.  Corresponding  J.S.  =  |,  1,  f.     Hence  (2  =  ^  5    5'^  term  of 
./?.5.  =  i  +  (5  -  1)1  =  I  +  '/  =  Y ;   hence  5^1^  term  of  H.S.  =  ■^^- ; 
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n^^  term  of  .15.  :.  ?  +  (11  -  l)|  =  |  i-  se  =  3^3.  ■  hence  IP^  term 

ot'H.S.  =  /.;  nth  term  of  ^.S.  -  |  +(/i-  l)i  =  §  +y  -  ^^  =  ^  j 

5 

hence  7i^^  term  of  iif./S'.  =  ;; 

3/i  —  1 

4.  Of  corresponding  ^.S.  -^j,  -^j,  -^^j  the  G'^^  term  =^  f  j  +  (g  -  l)-,i3 
=  i^+-nf  =  A;    10t'^term  =  ,3.+  (io-l),i3=YV  +  T=^  =  il,  and 

n  2  +  n 

n'^  term  =  -j^-  +  (^  -  1)  iV  =  1^3  +  J^  "  "iV  =  "J^  •••  required  6'^ 

13 

lO^i^  and  ?i^^  terms  of  iJ.S.  =  1| ;  l-jig  and  — — r 

5.  Of    the    corresponding    jI.S.    10,    12,    14,    the   4'^    term 

^  10  +  (4  -  1)2  =  16,  and  the  8th  term  =  10  -f  (8  -  1)2  =  24 

.-.  the  4'h  and  8^^  term  of  the  H.S.  =  -X  and  .h 

1  -  i       5 

6.  Insert  2  ^5.  means,  between  i  and  1.     Here  d  -  .—z  -  ~  =  I 

hence  A.S.  =  i  +  3  +  I  +  4,  and  inverting  these,  we  have 
if. S.  =  4  +  2  +  1^  +  1  ;  hence  unknown  terms  are  2  and  \l 

1        1 

Y.  Of    the     corresponding    ^.iS".     — ,     -y-,     the     8'^     term 

1  / 1        1  \        1         7         t         7        6        Ya  -  66 


/J_     J_\       _1_       _7_        7 
l6        a  J  ~    a         b         a 


.,  \  )\      h  n      ]  n        '         h  „  \y  (I  (if) 

ah                           1                  /  1       1 
hence  8tb  term  of  H.S.  =  ^^  _   t  ;  7itb  term  ^  — ^■  (ri-\){-r 

1  /I        1\        1        1        2        1        n       71      2 -n     71-  I 


bajbaabba  a  b 

6(2 -n) +  a(7i- 1)  ab 

^ •••  -^'  ^--  "^  ^■'-  =  6(2-n)+a(.-l) 

2  2 


2ah  iri^  -  ri^  7/1^  -  r?  1 

^-  "^^•^^-  =  ^1~6  =      1  1       "  2m         "  "t/T 

m  +  7i      m-7i         m^-n^ 

9.  ./^-ilf.  =  ^(a  +  6)  =  i(4  +  0)  =  »2^  =  6i  ;    G.ilf.  =  V«6  ^  V4  x  9 

—  lab         2x4x9 

=  V36  =  6;  /f.M.  =  ^^  =  -^-^T^  =  if  =  5^3 
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10.  .i.M.  =  i(6  +  4|)  =  I  of  10 L  =  S.^ij ;    G.M.  '=  ^/6~^  -  V^ 

2x6x4^        50 
-o,H.M.-      g^^,        _  ^^^  _  ^^-^-  _  4-,T 

11.  a:c::a-b:b-c.'.ab-ac  =  ac-bc.'.  2ac  =  ab  +  6c  -  b(a  +  c) 

2ac  f  1ac\*  /  2acY 

.-.  6  -  — —  .-.  262  =  2  ( \     .^  ^^2  ^  J.3  _  252  ^  ^^2  +  c-  -  2  ( ) 

u  +  c  \ai-  cj  \a+  c  J 

[  2ac  Y  r  4(/c    ■) 

=  fr  -  2ac  +  c^  +  2ac  -  2    — r~      =  (a  -  c)-  +  2a<:«J  1  -   . — ■ — rr,  K 

\ai-  rj        ^  ^  I  (a  T  c)-j 

f(a-c)-] 
-  (li  -  cf  4-  2a<:.i  - — 7 — :.\  -  a  positive  quantity  if  a  and  c  have 

like  signs  .-.  a^  4-  c-  >  26^ 

12.  6  =  \{a  +  c),  and  mb  -  ^jac-^    substituting  the  value  of  6, 

m  —        m^ 

we  have  ~{sl  +  c)  =  ^Jac  .-.  ~t~(^  +  0^  =  ^<^  •'•  ?«^(«  -r  i^)"  =  4ac, 

4a  c 
and  dividing  each  by  a  +  c  we  get  m^{ci  +  c)  =  ~ — ,  but  a  +  c  =  26 

4ac  2ac 

.-.  'lbui^~  — ; — ,  or  bm^=  — ■ —  :  hence  Art.  261,  bin^  is  the  H.M. 

between  a  and  c  .-.  a,  bm^  and  c  are  in  H.  Prog. 

13.  Let  cr,  6  and  c  be  any  three  quantities  in  H.  Prog.,  and 

let  X  be  the  quantity  which,  when  subtracted  from  each,  leaves 

remainders  in   G.P. ;    then  (a  -  x){c  -  x)  =  (b  -  xy^  that  is 

ac  -  ex  -  ax  +  x'^  =  6^  -  26x  +  x'^  .-.  2bx  -  ex  -  ax  =  6-  -  ac 

6^  -   ac 

.'.   X   =    XT ;     I'ut   since    a,   b   and   c   are    in    H.P., 

26   -   c   -   a  '  '  ' 

a  :  c  ::  a  -  b  :  b  -  c  .-.  ab  -  ac  =  ac  -  be;   ab  =   2ac  -  be 

ab 
e  =  ^^  _  ^.     Substitute  this  for  c  in  the  above  value  of  x, 

2«62  -  63  _  ^26 


2a  -  6  2a  -  6 

a:^b       b(2ah  -  b'^  -  a-)        6 


4a6  -  26'^  -  2a2  ~  2(2a6  -  6^  .  a^)  ^    2 


=  I  of  middle  terra. 
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14.  .l.M.  --  i(a  +  ^0,  and  G.M.  =  '^'ab  .-.  l{a  +  5)  +  V^^  ^  16  (i) 
and  ^(a  +  6)  -  ^~^  =  4  (ii).  From  (i)  a  +  2'/ab  i-  6  =  32 
.-.^/ui-^b  =  ±  4V2.  From  (ii)  a  -  2^Jab  +  6  =  8  .-.  V«  -  V^  =  i  SV^ 
.-.  lyja  =  +  Gv/2,  whence  a  =  18  j    and  2V6  =  +  2V2,  whence  6  =  2 

2ab  Ab 

15.  J.M.  =  \(a  -r  b),  and  RM.  =  ^^-^  .-.  i(2  +  6)  =  ^  >^  :rr6 

646 

=  TT^-tT:  •■•  28  +  146  +  146  +  762  ^  j286  .-.  76-  -  1006  =  -  28,   or 
14  +  76  ' 

2500-196       • 

=  +  K"^  .-.  6  =  14  or  f 

2rt6  2a6 

16.  a  +  6  =  30,  and  ^7-7  =  13^   .-.  -^ztt  =  13J   .-.  2a6  =  400 

'  a  ■{■  0  ^0 

a^+  2a6  +  6'-^=  900,  and  4c/6  =  800  .-.  u?-  2ab  +  b'^^  100,  or  a-6  =  ±  10 
a  +  6  =  30,  and  a  -  6  ^  f  10  .-.  2a  =  40,  or  20  ;  a  =  20  or  10 
26  =  20  or  40  .-.  6  =  10  or  20  ,-.  the  numbers  are  20  and  10 

17.  a  -b  -  161,  and  sjab  -  9,  since  the  G.M.  between  the  A. 
and  H.M.  of  a  and  6  =  G.M.  between  a  and  6,  (see  Art.  261) 
Then  a=^- 2a6  +  6?=  as^s^  and  a6  -  81  .-.  4a6  =  324;  a--f  2a6  +  6^ 
=  is|^  +  324=  Sfaa  ...  a  +  6  =  Y-  Hence  a  -  6  =  55^  and  a  +  6 
=  "-}  .-.  2a  =  V-  .-.  a  =  V  =  20i  ;  26  =  3^^  :=  8  .-.  6  =  4 


Exercise  LXII. 

1.  Tg  =  l-2-3-4-5-6=  720 

2.  (i)   F^  =   8-7-6-5  =   1G80;    (11)    Fg  =  8-7-6-5'4'3  =   201G0; 
F,  =  1-2-3-4-5-6-7-8  =  40320 

3.  We  are  to  find  the  permutations  of  13  letters  of  which  5  are 
a's,  4  are  6'3,  and  3  are  c's 

!^  l-2-3-4-5-6-7-8-9-10ni2'13 

Then  N-  1^^-^  =     ,.2.3.4.5.  1.2.3-4X  12-3      =  ^^^^^^ 
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4.  Fi2  =  1-2-3-4-5-6-V-8-9-10-11-12  =  whole  number  of  changes 

l-2-3-4'5-6-'7'8-9-10-ll-13 

— -  49896   =  number   of  days   rec^uirea 

=  136  years  222  days. 

5.  Fg  =:  n(n  -  l)(/i  -  2)(n  -  3)(rt  -  4),  and  F3  =  n(n  -  l)(n  -  2) 
Then  n(n  -  l)(n  -  2)(n  -  3)(ti  -  4)  =  6  x  n(n  -  })(n  -  2) 
.-.  (n  -  3)(n  -  4)  =  6  ;  that  is  7r  -*Iji  =  ~  Q,  whence  n  =  6 

6.  Fjo  =  1-2-3-4-5-6-7-8-9-10  =  whole  number  of  days 
.-.  l;2-3-4-5-6-8-9-10  -::  518400  =  number  of  weeks  he  had  to 
board  them,  and  since  board  is  worth  $5  per  week  for  one  per- 
son, it  is  worth  §50  per  week  for  10.  Hence  total  value  of 
board  =  $50  x  518400  =  $25920000  ;  and  §25920000  -  $5000 
=  $25915000  =  loss  when  the  $5000  is  not  paid  till  the  expira- 
tion of  the  term  of  the  board.    And  amount  of  §5000  at  6  per  cent. 

3628800 
for  •    g  >j^ —   years,    i.e.   for   9935-112   years   =   5000(1   +   n) 

^  5000(1  +  596-112)  =  5000  x  597-112  =  $2985533-60. 
Hence  his  loss  when  the  $5000  is  paid  at  once,  and  put  out 
at  interest  until  the  expiration  of  the  term  =  $25920000 
-  $2985533-60  =  §22934466-40 

7.  F„=  15-14-13 (\o-n^■  2)(15  -  .1  +  1) 

and  F„_i=  15-1413 {15  -  («  -  1)  +  1} ;  then 

15-14-13- •••(15 -71+ 2)(15-7i+l)=15-14-13'---(15-Kf2)x  10 
.'.  cancelling  same  factors  of  both  sides,  we  have  15  -  ?<  +  1  =  10 

.-.  71=  6 

8.  (i)  Permutations  of  14  letters  whereof  2  are  o's,  3  are  n's, 

\n  1^2-3-4-5-6-7-8-9'10-ll-I2-13-14 

and  two  are  Vs  =   j^-j^  =  1-2  x  1.2-3  x  1-2 

=  3632428800 

(11)  Permutations  of  12  letters  whereof  5  are  i's 
h         1-2-3-4-5-6-7-8-9-10-11-12 


\p    ~  1-2-3-4-5 


=  3991680 
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(III)  Permutations  of  8  letters  whereof  4  are  o's 
li^        1-2-3-4-5-6  %-S 

(iv)  Permutations  of  13  letters  whereof  3  are  o's  and  3  are7A'3 

\n  l-2-3-4-5-6-7-8-9'10-lM2-13 

-   =  172972800 


\p    \q  1-2-3  X  1-2-3 

9.  (?)  Permutations  of  7  letters  of  which  2  are  a's 
1^        1-2-3-4-5-6-7 

=  fp  =  —1-^  = '''-' 

(ii)  Permutations  of  13  letters  whereof  2  are  o's,  2  are  tis, 
W          1-2-3  4-5-G-7-8-9-10-1M2-13 
and2arers=j^= 1-2  x  1-2  x  1-2 ="8377600 

(III)  Permutations  of  7  letters  whereof  2  are  fs  and  3  are  o's 
1^  1-2-3-4-5-6-7 


\p    \q    ~     1-2  X  1-2-3 


=  420 


5n/5n       \  /on       \      2n /27i      _\  /2n 


/571  -  2\  /on  -  4\  _    290n  /2n  -  3\  /27i  -  6\ 

or^(5n-2)(5n-4)  =  ^2^-a(2n- 3)(2n  -  6)  ;  or  135(25/i2-.  30n  +  8) 
=  2320(2n2  -  9n  +  9)  ;  or  253^2  -  3366n  =  -  3960,  wbence  n  =  12 


EXEECISE  LXIII. 

10-9-8  10'9-8-7-G 

1.  (I)    C,   =    -^-T^   =    120  ;     (II)    C,    =     ^.2.3.4.5   =   253  j 

10-9 
(III)  C,  =  C,  =  —^  =  45 

15-14-13-12-11 
2.(1)  C,=       ^..3.3.^.3        =3003; 

15-14-13-12-1M0-9 

00   ^^-         1-2-3-4-5-6-Y--^^-^' 

15-14-13 
(III)  r,,  =  C3=      ^.,.3       =  455 
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12-1M0-9-8 

4.  Whole  number  of  combinalions  of  2n  thiugs,  1,  2,  3,  4, 
&c.,  . . .  2n  together  =  22^*  -  1  ;  similarlj  the  whole  number  of 
combinations  of  n  things,  1,  2,  3,  4,  &c.,  . .  n  together  =  2^-1. 

2-'*-  1  2^"-  1 

Then  22*^  -  1  =  (2^  -  1)  x  513  .-.    ^^  _  ^  =  513  ;    or  since  -^^TZTJ 

=  2^+1,  we  have  2^^  +  1  =  513  .-.  2''  =  512,  and  .-.  by  inspection 

71=  8 

36-35-34-33-32 

5.  (i)  C5  =  — 1-2-3-4:-5 —  ^  439824  =  No.  of  diflferent  selections 

(11)  Taking  away  one  man  from  the  36  there  remain  35,  and 

35-34-32-31 
these  combined  together,  4  and  4  give  — pTT;^, —  =  52360  com- 
binations to  each  of  which  the  reserved  man  must  be  attached. 

6.  Number   of  combinations   of  21    consonants,    4  together 

21-20-19-18 
=  — 1  o  o  ^ —  =  5985  ;  also  number  of  combinations  of  5  vowels, 

5-4-3 
3  together  =  =  10.     Hence  there  can  be  formed  5985  x  10 

=  59850  different  sets  of  seven  letters,  each  set  containing  four 
consonants  and  three  vowels.  But  each  of  these  59850  sets 
can  be  permutated,  1-2-3-4-5-6-7  =  5040  ways,  each  forming  a 
different  word  .-.  the  required  number  of  words  =  59850  x  5040 
=  301644000. 

7.  The  different  arrangements  of  9  of  the  persons  while  the 
tenth  remains  fixed  =  9-8-7-6-5-4-3-2-1  =  362880  =  whole  number 
of  different  arrangements  of  the  ten  persons,  so  that  no  one  has 
the  same  neighbours  in  any  two  cases.  But  one  half  of  these 
arrangements  will  be  similar  to  the  otbfr  half  if  the  position  of 
neighbours  on  the  right  and  left  hand  sides  be  not  regaik-' 
as  making  a  difference.  So  that  if  Ji  is  said  to  have  the  same 
neighbours  in  the  arrangement  BAC  that  he  has  in  the  arrange- 
ment CAB^  then  the  correct  answer  will  be  \  of  362880  =  181440 
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n(n  -  l)(n  -  2Xn  -  3) 

8.  7i(n-  l)(n-  2)  :  -^ ^2^4  ••  C  :  1  .'.  caiicel- 

n-  3 
ling,  =  1,  whence  n  =  7 

9.  n(n-l)(n-2)....  (7i-p+l)=10n(n-l)(n-2)  ....  (n-p  +  2); 

or  dividing  each  by  n(n  -  l)(n  -  2) (n  -  p  i-  2),  we  get 

n-^  +  l  =  10.'.  n-p  =  9  (i).     Again 

n(n-  l)(n-2) («-p  +  l)     w(?i-l)(7i-2), .  .(n-p  +  2) 


!;>-i 


:5:3 


or  multiplying  each  side  hy  \p  -  I  we  have 

n(n-  l)(n-2)  ....  (a-p  +  1) 

^ '-^ -'  =  §n(n  -  l)(/i  -  2)  . . . .  (n  -p  +  2), 

and  dividing  each  side  by  n(n  -  l)(n  -  2)  , . . ,  (/i  -  p  +  2),  we 

n-p+  1 
hav€  —  =  -^  ;  or  3/i  -  3p  +  3  =  5;?  .*.  3n  -  8p  =  -  3  (ii). 

Xow  multiplying  (i)  by  3,  and  subtracting  from  (ii),  we  have 
5p  -  30  .-.  p  =  G,  and  similarly  n  =  15 

10.  1-2-3 (n-  1)  =  \n_^,  or  ^l?t-  1  according  as  BJC 

and  Ci^  are  regarded  as  diflPerent  or  the  same  arrangement, 

10-9-8'7-G 


11.  Number  of  5  flag  signals  with  10  flags  = 


1-2-3-4-5 
10-9-8-7 


number  of  signals  with  four  flags  out  of  10  =  „  .  =  210; 

10-9-8  10-9 

nuniberwith3flags=  -r^;,— =120;  number  with  2  flags  =  —^  =  45 

and  number  with  one  flag  =  10.     Therefore  whole  number  of 
signals  =  10  f  45  +  120  +  210  +  252  =  637 

12.  There  are  in  all  nine  coins  and  they  may  be  combined, 
any  number  together,  to  make  a  sum  ;  then  the  combinations  of 
9  thing?  1,  2,  3, 9  together  =  2"-  1  =  2"  -- 1  =  512  -  1  =  511 
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Exercise  LXIV. 

3  3-4  3-4-5  3-4-5-6 

1.  (1  4-  x)-3  .  1  -  -a:  +  — x^  -   j^^-x^  +  ^:^:^:r*  -  &c. 

=  1  -  3a;  +  6x2  _  jq^^.s  ^  ^5^4  _  ^.(,^ 

2  2-3  2-3-4  2-3-4-5 

2.  (l+x)-^=   1  -  Y^+  i^^'^-IT^^^+YT^TsT^^-   '^'C. 

-  1  -  2x  +  3x2  -  4^,3  ^  5^.4  _  ^g^ 

1  1-2  1-2-3  1-2-3-4 

3.(1-  2x)-i  =  1  +  ^(2x)  +  — (2x)2+  1.-2:3(2^)'+  iT2T3T4(2.^)'  +  &C. 

==  1  -!-  2x  -!-  4x2  ^  8x3  +  ig^.4  +  ^^(._ 

5  5-6        ,     5-6-7  5-6-7-8 

4.  (1  -  ix) --  =  1  +  y (ix)  4-  -(ix)2  +  y:^(^^)^  +  Y:^:3r4(i^)* 


2  2-3  2-3-4  2-3-4-5 

5.  (I  4-  3x)  ■  2  =  1  -  -(3x)  4-  - (3x)2  -  — 3(3x)3  4-  j:^^CS.)^ 

-  &c.  =  1  -  6x  4-  27x2  -  108x3  4-  405x4  -  &c. 

5  5-6        ,     5-C-7  5-6-7-8 

6.  (1  -  2x)  -  ^  =  1  4-  •-(2x)  4-  —(2xy~  4-  ^r^P^y  +  1^:^4(2^)* 

+  &c.  =  1  4-  lOx  4-  60x2  ^  280x3  4-  1 120x*  4-  &C. 

4  4-5  4-5-^  4-5-6-7 

7.  (1  -  x)-4  =  1  +  yx  4-  -x2  4-  ^^-3x3  4-  j:^:^^x^  4.    &c. 

=  1  4-  4x  4-  lOx'-  4-  20x3  J.  05^4  ^  4c^ 


1              1               l-(-l)                l-(-l)(-3) 
i.   (1  -  4x)^  =  1  -  y(4x)  4-  -Y^7^(^^y~  -  -^1-7^.^:^ (4^) 


l-(-  1)(  -3)(  -5) 
4-  1-9-3-4-16 ^^^^   -  &C.  =  1  -  2x  -  2x2-  4^3  _  jox^  _  &c. 

.1  2  2-5  2-5-8     ,       2-5-8-11     ^ 

9.  (14-x)  ^  =  i--3-^  +  i:^^^-i-:^:^-x=+ 1-7^:^:^1^^- &c. 

^  l-^x4-^x='-^a:r3  4-ii^x4-&c. 

4  4  4(-l)  4(-l)(-6) 

10.  (i-ix)^  =  i-yax)--A^:^ax)2,  ^.3.3.^25  (^•^)' 

4(-  l)(-6)(-  11) 

+  — r^¥44k— (^^)'-^^- 

-  1   _  n^ .9_r2  _  -2  7    -^3  _  _  SOL—r*  «  Jtr 
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1  1  l(-2)        „      l(-2)(-5)   ^    ^, 

11.  (1  +  ix)-  =  1  -^ -(Sx)  +  -^^7^(1^ f + —.2.3.27  o^y 

1( -2)(-5)(-8) 
^-        1^3-4-81  (i^)^^^C- 

4  4-9  4-9-14      ,       4-9-14-19     ^ 

12.(1-0:)    ^  =  1+T^  +  i:^^''- 1^:^125^  +  1.2-3-4-625^' 

-f  &C.  =   1  +  Ax  +  |?X2  +  -3/.x3  +  3||x4  +  &C. 

13.  (a-x2)-3  =  |a(i_a-ix2)}-3=a-3(l-a-ix2)-3 

3-4  3-4-5  3-4-5-6 

=  a-3{l  -f  3a-ix2  +  6a-2x4  +  lOa-^x^  +  ISa'^x^  +  &c.} 
=  a-3+  3a-4x2  +  6a-5x4+  lOa-^x^  +  15a-"x*  +  &c. 

14.  (a2xx3)-i  =  {a-(l  4-a-2x3)}-i  =  a-2(l-a-2.r3)-i 

1       ^  ,       1-2  1-2-3  1-2-3-4 

=  a  =^{1  -  Y(a  2x0  +  ^(«-'^')'-  i:^3(«^'-^')' V  ^T^:3:^(a-2x04  +  &c.| 

=  a-2(l  -a-2x3  +  a-4x6  -a-Sx^  +  a-»xi2-  &c.) 
=:  a-2_a-*x3  +  a-6x6  -a-^x?  +  a-i^x^^  _  &c. 

15.  {J  -  xO"'=  {aKl-a'^^')}"^  =  a-i(l-a"^x^)'' 
(  2/    _i    i\         2-3/    _i    i\2         2-3-4/    .J    i\3 

2-3-4-5/    -1    '\4       ^      I 


=  a-i{l  +2a"^a-^  +  3a-ix^  +  4«"2x  +  5a' ^x^  +  &c.  } 

3     1  2  5.  4. 

=  «-i  +  2a    2x5  +  3a -^x^  +  4a"  ^x  +  oa'^x^  +  &c. 

IG.    {a^-x^y  =    {a*(l -a-4x3)p  =  a3(l_a   ^x^^ 
«  2  2(  -  1)  2(  -  1)(  -  4) 

=  «Ml-y(«-^^^)+  -ryg-C^"^')'-         1-2-3-27        C^-'^-^)^ 

2(-  1)(  -4)C-  T) 
^     ^      1-2  3-4-81        \-^-^^y-^c.l 

=  a^fl  -§a-4x3  +  ia-?x^  --/i-a-i^xS  -  ^^^a   I'^x^^  -  &c.} 
=  a^  -  §a    ^x3  -  i,a     ^  x^  -  -^\-a     3  ^^  -  j^-^a     ^  xi2  _  &o. 
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17.  (a^  +  x-^-*  =  la\l  +  a-3j;-2)|-*  =  a-i2(l  +  a'^x'^)-* 

4  4-5  2  4-5-6         ,       ,3 

=  a-i^{l    -  y(a-^x-^)    +   —  (a  -  ^x  -  ^')'    -    1^3^^"'^"') 

4-5-6-7        ,  . 

"*"    1-2 •3-4^^ "^-^""^    ""^^-^ 

=  a-i2(i  _4a-"x-2+  x0a-6x--4_  20a-^x-6  ^Soa-'^^x'  «  -  &c.) 

=  a-i2-4a-i5x-2+  lOa-i'x--*-  20a-2ix-6  +  SSa-^^x-^  -  &c. 

_  _i.  1  .1  1-4  _  i  1-4-7  ,  a 

=    a     ^^{1   4-  -(ax)     ^    +    j:^(ax)     ^    4-     i:2:^:y7(ai)     ^ 

1-4-7-10  _4_ 

+  r2^3^i(«^'>  '-^^-^ 

=  a"^^l  +  ^(ajc) '  ^  +  l(ax)  '  ^  +  iK«^)  "  ^^  +  "a^^VC^^)  '  ^  +  &c.} 

L  _-t L  72  "23  13        A 

19.  \ahn   -X*)  =      |a-//i(l   -   a  "  ^m  -  ix^ )  } 

=  a"^//i'^(l   -   a-hn    ^x^)'^ 

_i    -U  2/x^\  2-5  /x^V  2-5-8    /a:^  V 

=  a    ^m    '\1+Y\a^ij     "-    l^W     +    r2^-3^7W 

/    i  \  * 
2-5-8-11    /  x^*  \ 

+  1-2^3-^4^1  W    "-^'-^ 

2/x'^\     5  /    X    \     40  /  x2  \     110  /  x2 


'        3  V  a-m 


/x^X     5/    X    \     40/  x2  \     110/  x^  \ 
[d^ij  "*■  9  (^^^  J  "*'  81  \^^y  "^  243  (^^^  j  ■*■  ^^'J 

la       _5.    1  _  LR       _  S  _22       _11    3 

+   I    a-  ■^  111    ^x*    +   B^     ^  m    ^x  +  l^a     ^m     3  j;2 


^-\\la~"^m'  '3'*x2  +  &, 


20.   (a   +  x-^y    =   {a(l    -f   a-ix-3)p    =    a<(l    +   a'lx-^)^ 

'n    .    V— ^   4-    -<^   -   ^>/  ^  V  a.  2(  -  3)(  -  8)/   1 
"  i^  "^  b\ax^)   "^       1-2-25     l^fix^y     '         1-2-3-125       [ax-^ 

2(-3)(-8)(-13)/  1  y 
+   1-2-3-4-625         U^j    +^'^-J 
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?         2/J_\        3/    1    \        8    /    1    \       26  /    1_\ 

=  aS  +  |a "  3a: - 3 _  .z^a 'h'^  +  yf- a"  ~^^x~9  -  ^^a'  ^^x '  12 
21.  {a  -  hx)''^   =  {a(l  -  a-iJx)]  '  ^   =  a  "  ^(i  _  a-i^x)  "  ^ 
_i        l/6x\      1-3   /6x\2     1-3-5   (hx\^     1-3-5-7    /6x\* 

=  ^^  ^^  +  2(tJ  ■  r^U)  ■  l-2-3-8(  J  ^-^2^3:^6^)  +^^-1 
.1  l/6a:\        3/62x2\         5  /6V\         35  /i^ar^X 

=  "^  •!'  ^  2(7)  +  al^j  '^  ret^j  Ms(l^;  ^  ^-! 


Exercise  LXV. 

1.  Gen.  term  of  (1  -  a;)"'  =  -^ ^  ^^ ^ -V 

3-4-5"--(2 +r) 

=  p^ -x" 

(11)  Since  general  term  =  the  (r  4-  l)th  term  =  6th  term  .-.  r  =  5 

3-4-5-6-7 
Htnce  eth  term  =  .  ^  ^  .  .3;^  =  21a;5 
l-2-3-4'5 

,   ,  n(/i+l)(7i+2)-"(^4-r-l) 

2.  (i)  Gen.termof  (l  +  x)-*  =  (-l)''x^ r^-^ -x" 

4-5-6---(3  4-r) 
=  (-l)'-x ^ ^x" 

(11)  Since  general  term  =  6th  term  =  (1  +  r)th  term  .-.  r=  5 

4-5-6-7-8 
Hence  6th  term  =  (-!)'  x  x^  =  -  56x' 

3.  (i)  General  term  of  (l-a:)"^ 

K7^   +   9)(P   +    2(/)    -' [p    +    (r    -    !)<?{ 

=  (  -  1)     .<      ; ;: —  x^ 

^        '  \r  y.  (f 

2-5-8 (3r-l) 

=  (  -  l)*-  X     ^ ^- -x^ 

■        ^  |r  X  3*^ 

(11)  Since  general  term  =  (r  +  l)th  term  =  6th  term  .-.  r  =  5 

2-5  8-1M4  308 

Hence  6th  term  =  (  -  1)^  x  --:^..  ^^^^x^  =  -  ^-x^ 
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4.  (i)  General  terra  of  (1  -  x)^ 

p(p-q)(p-2q)""lp-(r-l)q] 

4-l-(-2)----(7-3r) 

4-l-(-2)('-5)(-8) 
(II)  As  before  r  =  5  .-.  6tb  term  =  (  -  1)=  x ^.^.g.^.-.^^g — x^ 


5.  (i)  General  term  of  (1 -f.x)"=' 

^  P(P  -^  q)(P  +  2q)-  •  "{p  +  (r  -  l)g] _^^ 

^        ^  \r  X  q^ 

7-9-12 (5  +  2r) 

^        ^  \r  X  2"" 

-  7'9-lM3-15 

(ii)  As  before  r  =  5  .-.  6tb  term  =  (  -  1)'  x   ^.2.0.^.5.30^' 


G.  (i)  General  term  of  (I  ^  x)    ^ 

p(p  +  qXp+2q) \p+  (r-l)q] 

=  ( -  ly  X z x^ 

^     ''  If  >^  5 

8-lM4--"(5  +  3r) 

=  (-iyx  ^, xr 

-  8-ll-14'l7-20 

(11)  As  before  r  =  5  .-.  6tb  term  =  (  -  1)'  x    ^.^.o.j.-.oao- 


7.  (a-x)    1  =  {a(l  -  a-ia:)}-^  =  a-i(l  -  a'^x)  "i 

n(n-r  1) (n  +  r-  1) 

.-.  (i)  Gen.  term  of  (a  -  x)'^  =  a"!  x  -^ r^^ (a-'^xy 

l-2-3-"-r  ~ 

=  a-i  X  i a-*"x'"  =  a-i  +  a"'*x'"  =  a-'^*^'x^ 

(11)  .-.  6tli  term  =  a"  ^x^ 

8.  (a  -f  ix)5  =  {a(l  -f  ia-ix)}^  =  a-^  f  1  +  ^  ) 

(I)  .-,  Gen.  term  of  (a  +  ix)5 

%      P(P  -  qXP  -2q) {p-  (r  -l)q]fxy 

=  «•  X  -^V^r \Ya) 
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6-l-(-4)(-9)--'-(ll  -5r)  /  x' 


s  a"   X 


6-l-4--"(5r-  11) 


2' or  J 


5  6-1-4-9-U 

(II)    .-.    6th    term    =    (  -  1)'  x  a-  x  p2-3-4-5-lQH'^'  "^ 

=  -   ftS   X  -  75  &000«  "  '^^     =    -  25^0  Oofl  '  "^'^2:3 

WC/1+  I)(n  +  2) (n  +  7*  -  1) 

9.  (i)  Gen.  term  of  (1- 2a;)- 2=-^ '-^ '— ^ -(^2xy 

2-3-4 (r+1)  2-3-4 r(r  +  1)     ~ 

.r  p-^ 2^x^  =  1.2-3..../  2'-x'-  =  (r  +  l)2'-x'- 

(ii)  Since  general  term  =  (r  +  l)tb  term  =  5^^  term  .*.  r  ^  ii 
Hence  5tt  term  =  (4  +  l)2*a:*  =  5  x  16a:*  =  SOz* 

5 

10.  General  term  of  (1  +  gx^)    •■i 

-  C      U    X  |r  X  g'-  (^x  ) 

5-7-9----(3  +  2r)     2'"x2'-  5-7-9 (3  +  2r) 

=  (-iyx — ^^^^, —  ,_  =  (.iy,____i^__V 

5-7-9-11 
(ii)  As  before  r  =   4   .-.   5th  term  =  (  -  l)*  x    ^.^.^.^.g^js 

=  +  lx|f^x8  =  |^^x8 

11.  (a-2+x^)   '=  {a-^(l+a2x"^)}     '  =  a^(l +aV  ^)'' 

_  2      -  5 

.-.  (i)  General  term  of  (a~^  +  x    ^) 

5       ^       ^^^     K?  +  g)(P  +  27)' ---{p  4-  (r  -  l)gj^    ,    -3^'• 
=  a^  X  (  -  l)^x  ■ ^^^, ^-{a^x   ') 

i  2-7-12----(5r-3)         .  L- 

^        ■'  jr  X  5*^ 

2-7l2----(5r-3)  ,    -?r 

=  (  -  l)--  X    j }z -V'-  +  5X      3 

2-7'12-17  4    .R        119  14      s 

(„)  .-.  5.b  term  =  (  -  1)«  X  i...3.,.g,.«'  *  Ix    »  =  — a  =  x    , 

12.  (a    '-X    ^)     =  \a    =*(l-a^x    ')]     =a(l-.Jx~') 

_  1  -  i  -  '^ 

/.  (i)  General  terra  of  (a    ^  -  x    ') 
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n(n+ l)(n+ 2)""(M  +  r- 1)     i    .  i  »• 
\r  ,    ^  ' 

2-3-4'--'(r-H)^  i  .1/          l-2-3-4----rx(r+l)^  i  .i  r 
=  'ix [7— -(^'^  ')  =<^x n-S-i'-'-r ("  "^     > 

ir  +  i    _i: 
=  (r+l)<z2       X    2 

13.  r"  =  1024        14.7-^  =  128        15.013  =  0        16.  r^^  =  4096 

17.  r    is   the  least  integer  equal  to  or  next  greater  than 

X  2 

(n  +  1)— — :»  or  (4  +  l)rT^>  or  5  x  |  or  k-]  but  the  first  integer 

>  ^a~  is  4  .•.  the  greatest  term  of  the  expansion  is  the  4th  term 

=  32 

X  ^ 

18.  ris  the  least  integer  =  or  next  >(n-l)r-^  ;  or(5-l)r-^; 

or  4  X  1 ;  or  4  .'.  r  =  4tli  term  =  5tli  term  =  4f 


19.  r  is   the  least  integer  =  or   next  >  (n  +  1)  — 


Of 


3 


(20  +  l);7:j7^ ;  or  21  x  | ;  or  %^  which  is  13  .-.  the  greatest  term 

is  the  13^1^  term  =  125970  x  2«  x  3^^ 

X  I 

20.  r  is  the  least  integer  =  or  next  >(n-  1)^; ,  or  (7-  l)^j — : 

i.  —  X  1  ""  > 

or  6  X  I ;  or  9  .-.  the  9tb  term  =  m^UP  =  the  lOth  term 


3 


Exercise  LXVI. 

1.  1x<35.'.x<5     2.  16x-84>108,  or  16x>192  .-.^^  12 
3.  4x<12.-.x<3     4.  4x4- 10  >x- 20;  3x>- 30  .-.  x>- 10 

5.  ax  +  obx  -  oah  >  a^ ;  ax  -  a-  -r  5bx  -  5ab  >  0  ;  a(x  -  a) 
+  5b(x  -  a)  >  0 ;  (x  -  a)(a  +  56)  >  0  .-.  x  -  a  >  0  .-.  x  >  a. 
Also  hx  -  lax  -{-lab  <  b'\  hx  -  b^  -  lax  -f  lab  <  0,  6(x  -  b)  - 
U(x  -  6)  <  0,  (6  -  7a)(x  -  £)  <  0  .-.  x  -  i  <  0  .-.  x  <  6 

6.  a^+  1  >  a2+  a,  according  a^+l>a(a+  1);  or  as  a^-a+  l>a; 
or  as  a2  +  1  5  2a.  Now  if  a  =  1,  a^  +  1  =  2  =  2  x  1 ;  but  if  u  >  1 
then  Art.  134,  a^  -f  1  >  2(z  .-.  a^  -f  1  >  a^  +  a.  aff-nrHinrr  aa  a  ^  I 
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7.  As  above  a^  ■{■  1>  a^  +  a,  if  a'^  +  1>  2a]  but  Art.  134  for 
alt  values  of  a,  except  a  =  1,  a^  +  1  >  2a  .- .  a^  +  1  >  a^  +  a,  when 
a  is  a  negative  improper  fraction. 

8.  y  +  —  >  2,  if  a2  4-  J2  >  2ab  ;  but  a- +  b^  >  2ab  by  A?t.  134 

9.  Multiplying  each  by  12,  and  reducing,  we  have  7x  +  6  <  6x 
+  12,  and  1x  -i-  6>  6x  +  10  .-.  x  <  6,  and  x>  4  .-.  x  =  5 

10.  a^  +  62  >  2ab,  Art.  134  ;  also  a'  +  c^>  2ac,  ^nd  6^  +  c^  >  26c. 
Then  by  addition  a^  j.  52  ^  ^2  4.  ^  ^  52  ^  ^2  >  2ab  +  2ac  +  26c ; 
that  is  2g2+  26^+  2c2>2a6  +  2ac  +  26c  .-.  a2+ 62+ c2>a6 +  ac  +  6c 

11.  d^  >  d^  -  (6  -  c)2,  since  (6  -  c)^  is  necessarily  positive 
.-.  a^y  (a  -  b  +  c)(a  +  6-c),  these  being  the  factors  of  a^-  (b-cy 
similarly  6^  >  (a  +  6  -  c)(b  -he -a),  and  (^>  (ai-c-  6)(6  +  c-a). 
Multiplying  unequals  by  unequals,  a-6V  >  (a  -  b  +  cy(a  ■\- b  -  c)'^ 
(b  +  c-ay]  extracting  sq.  root  a6c  >  (a  -  6  +  c)(a  +  6  -  c)(6  +  c  -  a) 

13.  Let  6  =  a  +  m,  and  c  =  a  +  n,  a  being  the  least  of  the  three 
quantities  ;  then  ab(a  4-  6)  =  a(a  +  in)(2a  +  m)  =  2a^  +  3a^in  +  am,^ 
ac{a  4-  c)  =  a{a  +  n)(2a  +  n)  =  2a^  +  Sa^/i  +  an^ 
bc(b  +  c)   =   (a  +  7n)(a  +  n)(2a  +  m  +  n) 
=  2a2  +  3a\m  +  n)  +  a(m  +  ny+  mn(m.  +  71) 

.-.  by  addition 

(I)  ab(a  +  6)  +  ac{a  +  c)  +  6c(6  +  c)  =  6a^  +  Qd\m  +  w) 
+  2a(»i2  4-  n^)  +  2a?rt7i  +  mn{m  +  n) 

(II)  Also  Ga6c  =  Qa(a  +  m){a  +  n)  =  6a^  +  6a2(7ft  +  n)  +  6a//iM ; 
subtracting  (11)  from  (i)  we  have  (i)  -  (u)  =  2a(iv?  -  2mn  +  n^) 
+  m7i(m  +  n)  =  2a(m  -  nY  +  mn(jTi  +  n)  ;  but  since  by  supposition 
a  <  b  and  <  c,  it  follows  that  m  and  n  are  positiva  quantities 
.-.  2a(.7i  -  n)2  +  mn(//i  +  n)  is  positive  .-.  ab(a  +  6)  +  ac(ji  +  c) 
+  6c(6  +  c)  -  6a6c  is  a  positive  quantity  .-.  a6(a  +  6)  +  ac{a  +  c) 
4-6c(6  +  c)  >  6a6c 

(III)  Also  2(a3  +  63  +  c^)  =  2a^  +  2(a  +  in)^  +  2(a  +  n)^ 
=  6a3  +  6a2(7n  +  w)  +  6a(m'^  +  n^)  +  2{iri^^  v?)  ;  subtracting  (i)  from 
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(in)  we  hare  (III)  -  (i)  =  AaQn'^-in^)-2amn+2(m^-rn^)~mn(m-{-n) 
=  Aa(}n'-2mni-n^)i-8ainn-2am7i  +  2(in  +  n)(m^-mn-r7i'^)-(m-^n)mn 
~  4c?(7/i  -  ny  +  Qamn  +  {m  +  n){2{ni^  -  mn  -r  n^)  -  ran] 
=  4a(m  -  ny  +  &amn  +  (w  +  n){2{m?'  -  2mn  -^  w^)  +  mn\ 
=  4a(7M  -  n)2  +  Gamn  +  (7/1  +  n)[2(m  -  n^  +  mn]  which  as 
before  is  a  positive  quantity  •.•  a,  m,  and  n  are  all  positive 
.-.  2(a^  +  6*  +  c^)  -  ab(a  +  b)  +  ac(a  +  c)  +  hc(h  +  c)  =  a  posrltive 
quantity  .-.  ah(a  +  J)  +  ac{a  +  c)  +  6c(6  +  c)  <  2(a3  +  6^  +  c^) 

12.  3(1  +  a2  +  a*)  -  (1  +  a  +  a?y  =  2  -  2a  -  2a^  +  2a* 
=  2(1  -  a)  -  2a3(l  -  a)  =  2(1  -  a)(l  -  a^).  Now  1  -  a  and  1  -  a^ 
have  the  same  sign  whether  a  >  or  <  1  .•.  their  product  is 
positive.  Hence  3(1  +  a^  +  a*)  -  (i  +  a  +  a~y  -  a  positive 
quantity  .-.  (1  +  a  +  a^f  <  3(1  4-  a^  4-  a*)  unless  a  =  1 

14.  xV  -    (ac   +   hdy-  =    (d^  4-  fc2)(c2  +   d^)    -    (ac   +   bdy 

=  a^d"^  -  2abcd  +  b-c"^  =  (ad  -  6c)- which  is  necessarily  positive; 

unless  ad=bc;  but  a:  V  -  (^c  +  bdy  =  [xy  +  (ac  +  bd)]{xy  -  (ac  +  bd)\ 

.-.  [xy  +  (ac  +  bd)]{xy  -  (ac  +  bd)]  =  (ad  -  bey  .-.  xy  -  (ac  +  bd) 

(ad  -  bey  ^ 

""  xy  +  ac  +  bd  '  ^  Positive  quantity  .\xy>  ac  +  bd 

15.  ^W:^~P  +  V2a6  -  b'  >  a,  if  V2a6  -  b'  >  a  -  V^^^'; 
or  ii2ab-b->a^-2a'{a^'¥-Va^-h^-,  ov  \i  2ab  >  la^ -  2a^ a:^ - 1^ ; 
orif6>a-V^^;  orifV<?^>a-6 ;  oviia'-lr>a--2ab-{-h'^] 
or  if  2ab  >2b-]  or  if  a  >  6 

16.  Making  the  same  supposition  as  in  Ex.  13 

(i)  (a  +  6  +  c)2  =  (3a  4-   wi  +  n)'  =    27a3  4-   2na\m   4-    n) 
4-  9a(7?i  4-  ny  4-  (m  4-  7i)* 

(11)  27a6c  =  27a(a  4-  m)(a  4-  n)  =  27a^  4-  2la:^(m  +  n)  +  2lajnn 
(III)  9(a3  4-  6^4-  c3)  =  9{a3-F  (a  4-  ?/i)'+  (a  4-  n)^}  =  27a'+  27a2(;7i  +1) 
4-  27a(w2  4-  n2)  4-  9(?ft3  4-  n^) 
,..  (i)  _  (11)  =  9a(7n  4-  ny  -  2lainn  4-  (m  4-  n)^ 

=  9a(m  4-  n)2  -  36a77in  4-  9a»i7i  4-  (m  4-  7iy 

^  da(m  -  7i)2  4-  9a7ft7i  4-  (m  4-  ti)'  =  a  positive  quantity 
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That  is  (a  -r  6  -f  c)^  -  2labc  =  a  positive  quantity 
.  .  (a+6  +  c)3>  2'Iabc 
Again  (iii)  -  (i)  =  27a(?n2-i-  n^)  -  9a(m-\-nyi-9(m^-rn^)  -  (m  +  nY 
=  9a[30n^  +  n~)  -  («i  +  n)-}  +  (m  +  n){9(m'^  -  mn  -h  ir)  -  {m  +  n)-| 
=  9a(27?i2  +  2/1^  -  2??i/i)  +  (//I  +  n){^iin~-  -  Imn  +  8n^) 
-  18a(//i--  »m  +  7i-)-18a7?i7i+18am;i+(/?i  +  n)[(8/n2-  16//in+  Srr) 

=  18a(7?i  -  ?i)-  +  18a/?2n  -^  (m  +  n)[8(m  -  ?/)"  +  9'""} 
=  a  positive  quantity 

That  is  9(a^  +  6^  +  c^)  -  (a  4-  6  +  c)^  =  a  positive  quantity 
.-.  (a  +  6  +  c)^  <  9(a3  -f  6^  +  (r*) 

17.  (a  +  6)(6  +  c)(c  4-  a)  ^  8a6c,  according  as 
a^b  +  ab'^  +  a?c  +  ac^  +  i^c  +  b<^  ^  6a6c 

or  as  (a62  _  2a6c  +  ac^  +  ^(c^  -  2ac  +  a^)  +  c(a2  -  lab  +  6^)  >  o 

or  as  a(6  -  cf  +  6(c  -  ay  +  c(a  -  6)2  >  0 

But  a(&  -  cy  +  &(c  -  a)2  +  c(a  -  6)-  >  0  unless  a  =  b  =  c 

.-.  («  +  Z')(6  +  c)(c  +  a)  >  8a5c 

a:^  +  34ar—  71 

18.  Let     a     2 — ITt'^^'H  thena:2  +  34a:- 71  =  mx^-f  2»ix  -  77/i ; 

that    is    (m    -    l)x^  +    2(m    -    Il)x    =    7//i    -    71,    -whence 

1 

X  =  r[l7  -  771  ±  \/8(w  -  5)(//i  -  9)},  where  if  x  is  to  be  real, 

7/1  -  5  and  77i  -  9  must  both  have  the  same  sign  :  i.  e.  771  must 
be  >  9  or  <  5  .-.  the  given  expression  can  have  no  value  between 
9  and  5 

19.  First   -Vt r-1   >  T,  if  371^  -  37t  -i-  3  >  ti^  +  71  +  1 ; 

71^  +   71   +    1  3 '  ' 

or  if  2/i2  -  4/1  +  2  >  0  ;  or  if  ti^  -  2/i  +  1  >  0  ;  or  if  11^  +  I  >  2n  : 
but  71-  +  1  is  >  2/1  .-.  &c. 

7l2   ^   W   +    1 

Secondly   -r-. tt  <  3,  if  ti^  -  71  +   1  <  3n^  +  3/i  +  3 ; 

or  if  0  <  2/i2  +  4/i  +  2  ;  or  if  0  <  /i^  +  27i  +  1  ;    or  if  0  <  (n  +  1)^ ; 
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but  (71  +  ly  is  necessarily  positive  .-.  0  is  <  (n  +  1)-  .-.  &c. 

n^  -  n  +  1 
Hence  ^- —z  lies  between  3  and  ^ 

Note.— If  n  =  1,  tlie  expression  —  J. 


Exercise  LXVII. 

1.  :; =  1  +  X  +  X-  +  x^  +  &c.  ""ton  terms  =1  +  1  +  1  +  1 

1  -  X 

+  &c. to  n  terms  =  n 

(X  -  a) (x2  +  ax  +  a^)     x^  +  ax  +  a?     a^  +  a^  +  a^     3a-     3a 


2. 


(x  -  a)(x  +  a)  x  +  a  a^  a       ~   2a 

11         1 


[')  X*  a^  1 


Jt  1  1  J.  II  I  o 

(x^  +  a^)(x*  -  a^)       x='+a='        2a*         "^ 

(X  +  7)(x  -  5)       X  +  7  _  12  _ 
(x  +  3)(x  -  5)  "  x+  3  ~  T  ""   ■^^ 

(X-  i)(x-3)       x+  3  31 

(x-i)(x-2)  "  X-  2  ""    ^^    =  -  2^ 

x(x^  +  6)  -  a(x-  +  b)       (X  -  a)(x2  +  6)  ^  a-2  +  6       a^  +  b 
x(x^-  (/)  +  6^"(x  -  a)  ~  (X  -  a)(x  +  6^)  ~  x  +  i^  ~  ^^^^2 

cf(x  -  c)(x  -  c)        a 
6(x  -  c)(x^^^^  ~    6 

x(a  -  x)  a  a 

(a-  -  x)(a3  -  a^x  ~  ux^  +  x""*)  ^  a^  -  a=^  -  a^  +  a^  ^  T  ~  °^ 

rU--a^)  +  2a(x^-a^)     (x+ 2a)(x-a)(x  +  a)     (x  +  2a)(x  +  a) 
"* ■  (X  ^a)(x'-^+ax-12aO  ~  {x-a)(x^-\-ax~12u^)  ~  x^  +  ax'^l 2a* 

3a  X  2a  Ga^  3 

a3+  a2-  12(4=*  "  -  10a2  "  ~  T 


8. 
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Exercise  LXVIII. 

X  3^  "•  2 

1.  Dividing  by  3,  we  have  x  +  j/  +  —  =  3+|  .-.  — ^  is  integral 

=  /  say.     Then  a:  =  3f  +  2  ;  substimting  this  for  x  in  the  given 

equation  we  have  3j/  =  11  -  4(3^  +  2)  .-.?/=  1  -  4^ ;  letting  t  =  0 

we  have  x  =  2  and  y  =  1. 

3V    .  1  +  3?/ 

2.  Divide  by  5, .and  we  have  x  -  2y  -  ~  =  2  +  ^  .-.  — r —  is 

2  +  62/  2  +  y 

integral  .-.  so  also  — ;: —  integral  .-.  — r—  =  t,  w^hence  y  =  5t  -2. 

Substituting  this  for  y  in  the  given  equation,  we  have  5x  =  11 
+  13(5^  -  2)  .-.  a:  =  13^  -  3.  Hence  taking  in  succession  ^=1,2, 
3,  &c.,  we  have  x  =  10,  23,  36,  49,  &c.,   and  y  =  3,  8,  13,  18,  &c- 

y  y- 1 

3.  Divide  by  2,  and  we  hare  a;  +  3?/  +  ^  =  29  +  |  .-.  —r-  =  t ; 

whence  y  =  2t  +  1.  Substituting  this  for  y  in  the  given  equation, 
we  have  2vC  =  59  -  7(2t  +  1;  .-.  x  =  26  -  It,  and  taking  in  suc- 
cession ^  =  0,  1,  2,  &c.,  we  have  x  -  26,  19,  12  or  5,  and  y  =  1, 
3,  5,  or  1 

y  2/  ~  1 

4.  Dividing  by  5,  and  we  have  r  +  2y  +  —  =  5  +  ^  •'•    ~f~  ~  ^  5 

whence  y  =  5t  +  1.  Substituting  this  in  the  given  equation 
for  y,  we  have  ox  =  26  -  11(5?  +  1)  ;  whence  x  =  3  -  lit,  and 
hence  when  f  =  0,  we  have  x  =  3  and  y  =  I 

8y      2        2  +  8?/ 

5.  Divide  by  9,  and  we  get  x  -y-—  =  —, .-.  — ~ —  is  integral, 

y       y  y 

1  +  4?/                                                 7   +  28?/ 
so   also   is    — - —   integral,    .-.   so   also  is ^ integral, 

?/  +  7  y  +  7 

.-.   so  also  is   —^  integral.     Let  —r-  =  t,    then  y  =  9t  -  1 ; 

!»sti'iiring  this  for  y  in  the  given  equation,  we  have  9x 
=  2  +  lT(9i  -  1)  .-.  x=  nt  -  13.  Now  writing  in  succession 
t  =  1,2,  3,  &c.,  we  have  x  -  4,  21,  38,  55,  &c.,  and  y  =  2,  11,  20, 
29,  &c. 
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.     ,    ,  8y  11       8y-U 

6.  Divide  by  13,  and  we  get  x  +  ?/  4-  —  =  6  -f  —  .-.  — rr —  ia 

40y  -  55  ?/  -  3 

integral,  .-.  - — ~ is  integral,  .-.  3y  -  4  -h     ..„      is  integral, 

2/  -3 
.'.       JO     =  t)  whence  y  =  13t  +  3  ;  substituting  this  for  y  in  the 

given    equation,    we   have    13x   =    89   -  21(13^  +  3),    whence 

X  =  2  -  2lt.     Now  writing  ^  =  0,  we  have  x  =  2  and  y  =  3 

5i/  5 

(.  Divide    by   12,    and   we   get  x-3y--rT   =   -l-   — 

5y-5  2/-1  y-1 

.*.    •  is  integral,  .•.  so  also  is  — —  integral.     Let  — —  =  t, 

then  y  =  12i  +  1 ;  substituting  this  in  the  given  equation  for  y, 

we  haA-e  x  =  41(12f  +  1)  -  17,  whence  x  =  41^  4-  2.     Now  writing 

in  succession,  0,  1,  2,  &c.,  for  t,  we  have  x  =  2,  43,  84,  125,  &c., 

and  y  -  I,  13,  25,  37,  &c. 

6v  24       6?/ -24 

8.  Divide  by  37,  and  we  get  x  i-  y  +  —  -  9  +  t-z/.  — 5-^ —   is 

3/  -  4 
integral,  .-.  so  also  is  wLich  say  =  ?;    then  1/  =  37/  +  4 

Then  37x  =  357  -  43(37/  +  4),  whence  x  =  5  -  43/ ;  wherefore 

taking  /  =  0,  we  have  x  =  5  and  y  =  4 

211/        6        21?/ +6 

9.  Divide  by  22,  and  we  get  a:  -  7/  -  -^  =  —  .-.  — ^ —  i3 

21?/+ 6                                22y-2ly-6 
integral,  .-.  so  also  is  3/  -  — xT) —  integral ;  that  is ^ , 

y  -  6 
or  — T— -  is  integral  =  /,  say  then  y  =  22t  +  6.     Hence  22x 

=  6  +  43(22/  +  6)  .-.  x  =  43/  +  12.     Now  writing  in  successiouj 
0,  1,  2,  &c.,  for  /  we  get  a;  =  12,  55,  98,  &c.,  and  ?/  =  6,  28,  50,  &e. 

Ay  2        Ay  -  2 

10.  Divide  by  7,  and  we  have  a;  +  3y  +  -^  =  25  +  —  .-.  — = — • 


8i/  -  4  2/  -  4 

is  integral,  .-.  so  also  is  — = —  integral,  .-.  — —  =  /,  whende 

y  =  7/  +  4.     Then  7x  =  177  -  25(7/  +  4),  whence  a;  =  ll  -  25/. 
Hence  taking  /  =  0,  we  hare  a:  =  11  and  y  -  A. 
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eiy  _         38       61.?/+ 38 

■  "99"  "^  ^  "^  99  ■*'       99 
305v  -f  190 
is   integral,   .-.  so  also  is   ^ integral,    .*.   so  also  is 

8y+  91                                                104?/ 4-  1183 
3y  +  1  +  — tiq —  integral,  .-.  so  also  is ^r integral, 

5>/+  94                                          lOOy  +  1880 
.-..  so  also  is  ?/  +  11  +  — ~ —  integral,  .-.  so  also  is ~ 

y  +  98 
integral,  .-.  so  also  is  y  +  18  +  — ^ —  integral,  .-.  y  =  99f  -  98  ; 

substituting  this   in  the  given  equation  for  y,  we  have  99x 

=  335  +  160(99/  -  98),  whence  a;  =  160^  -  155.     Now  substituting 

in  succession  1,  2,  3,  Ac,  for  t,  we  have  x  =  5,  165,  325,  485, 

&c.,  and  y  =  1,  100,  199,  298,  &c. 

X  2        x  —  2 

12.  Divide  by  4,  and  we  have  Ax  -  y  i-  —  =  5  +  —  .-.  — —  =  t, 

whence  x  =  it  -h  2;  then  4y  -  17(4/  +  2)  -  22  .-.  y  =  IT/  +  3. 
Taking  /  =  0,  1,  2,  3,  &c.,  we  have  a:  =  2,  6,  10,  14,  &c.,  and 
2/  =  3,  20,  37,  54,  &c. 

13.  Multiplying  the  first  equation  by  3,  and  the  lower  by  4, 

and  adding  the  results,  we  have  18x  +  29y  =  123.     Divide  by 

11?/              15       Uy  -  15 
18,  and  we  have  x  -r  y  +  -r^  =  6  +  ^-  .-. r^ —  is  integral, 

55V-75  y-3 

.-.  so  also  is  — Y^ —  integral.  .-.  so  also  is  Sy  -  4  -f  -yr-  integ., 

.-.  y  =  18/  +  3.  Hence  18x  =  123  -  29(18/  +  3)  .-.  a:  =  2  -  29/. 
Now  taking  /  =  0,  we  have  x  =  2,  and  y  =  3,  and  consequently 
z-  4 

14.  Multiplying  the  upper  equation  by  11,  the  lower  by  6, 
and  adding  the  results,  we  get  56x  -  49j/  =  469,  or  8x  -  It/  =  67. 

X  4,  X-4: 

Dividing  this  by  7,  we  have  x  -  y  +  -jr  -  9  +  -=-  .'.  — ^~  =  ^. 

whence  x  =  7/  4-  4 ;    then  1y  -  8(7/  +  4)  -  67,  whence  y  =  8t  -  5. 

^'^ow  taking  /  =  1,  2,  3,  kc,  we  have  x  =  11,  18,  25,  &c.,  and 

V  -  3,  11,  19,  &c. ;  but  since  z  must  also  bo  positive  and  integral, 

K 
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we  find  upon  trial  that  the  only  admissible  values  are  x  =  11, 
and  y  -  3,  and  consequently  z-l 

15.  Let  X  =  the  number  of  $3  notes,  and  y  =  the  number  of 

2v  1        2m -1 

$5  notes  ;  then  3x  +  5y  =  691,  or  x  +  i/  +  —  =  232  +  y  .-.  -^— 

4y-2  y-2 

is  integral,  .-.  — - —  is  integral,  and  .-.  also       —  =  t,  that  ia 

y  =  3^  +  2;  then  3x  =  697  -  5(3/  +  2),  whence  x  =  229  -  5/, 
Hence  5t  <  229,  or  i  <  2-|S-j  i.  e.  <  45^  .'.  the  given  sum  can 
be  made  up  of  $3  and  $5  notes  only  in  45  different  ways. 

16.  Let  X  =  the  number  of  25  cent  pieces,  and  y  =  the  number 
of  10  cent  pieces;  then  25x  +  lOy  =  2730,  or  5x  +  2y  =  546, 

.'.2x  +  y  +  —  =  273  .*.  x  =  2t.  Also  2y  =  546  -  10/  .\y=2l3-  5t, 
Hence  5/  <  273,  or  /  <  54|  .*.  the  given  sum  may  be  made  up 
as  directed  in  54  different  ways. 

17.  Let  X  -  the  number  of  guineas  paid,  and  y  -  the  number 

of  half-crowns  received  in  change;   then  21x  -  —  =  150^,  or 

2x  1        2x  —  1 

42x  -  5?/  =  301,  .-.  8x  -  2/  +  y  =  60  +  y  .-.  — ^ —  is  integral, 

16x  -  8         X  -  3 
.-.   so   also  is    — r —  .-.  — -^ —  =  t,    or  x  =   5/  +   3.     Also 

5i/  =  42(5/  +  3)  -  301  =  210/  -  175  .-.  y  =  42/  -  35 ;  and  taking 
/  =  1,  we  have  x  =  8,  and  y  =  7 

18.  Let  x^  and  y^  be  the  two  square  numbers  required,  and 
assume  x^  + 1/2  =  ^^jj.  _  yy.  -  ^^.-i  _  2nxy  +  y^ ;  then  x^  =  n^x^  -  2nxy  ; 

2ni/ 
or  X  =  TV'x  -  2ny  ,-.  (nr  -  l)x  =  2ny,  or  x  =  — ,  where  n  and  y 

may  be  assumed  at  pleasure,  and  it  will  be  found  that  x^  +  y^  is 

a  complete  square. 

But  if  only  integral  values  are  required  assume  in  the  expres- 

2ny 
sion  X  =  "2 — ^,  that  y  =  n^  -  1^  then  x  s  2n,  where  n  may  be' 


vs^...-*^, 
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taken  -  any  integral  number,  and  it  tfIU  be  found  that  x"^  r  y^ 
is  a  complete  square. 

19.  Let  X"  and  y'^  be  the  two  sqnares  required,  and  assume 
x~-  f  =  (X  -  nyy  =  x^-  2nxy  +  n~y\     Then  y-  =  2nxy  -  n-y'^ ; 

^^  +   1 
or  i/  =  2nx  -  n-y  ;    or  2nx  =  (/r  4-  \)y  .\  x  =       ^^^      x  y,  where 

n  and  y  may  be  assumed  at  pleasure,  and  it  will  be  found  that 
x-  -  7/2  is  a  complete  square. 

But  if  only  integral  values  are  required,  assume  in  the  above 
expression  y  =  2ii]  then  x  =  a^  +  1,  where  it  will  be  found  that 
when  n  is  taken  =  any  integral  number,  a;-  -  y'^  will  be  a  com- 
plete square, 

20.  Assume  that  the  basket  contains  x  parcels  of  4  with  2 
over,  or  y  parcels  of  6  with  2  over.     Then  4a:  +  2  =  Gy  +  2  ;  or 

y  y 

4x  -  6//  =  0  ;  or  2x  -  3j/  =  0  ;  or  a:  -  y  -  —  =  0  .-.  —  =  f  ;  or  ?/  -  2/. 

Also  2x  =  3y  .-.  x  =  3t.  Hence  takin^^  t  =  1,2,  3,  &c.,  we  have 
X  =  3,  6,  9,  12,  <fec.,  and  y  =  2,  4,  6,  8,  &c. 

But  X  and  y  must  be  taken  such  that  both  6y  +  2  and  4a;  +  2 
are  >  90  and  <  100  .-.  ?/  =  16,  and  x  =  24,  and  the  number  of 
apples  =  16y  +  2  =  98 

21.  Let  the  number  =  6x  +  I  =  8y  +  5  =  lOz  +  9 

y       2 
Then  6x  -  8y  =  4 ;    ot  Zx  -  4y  =  2  ;    ovx-y-~~-— 

.'.  y  =  3t  -  2,  SLud  X  ^  At  -  2 

Also  Ox  +  1  =  lOz  +  0;   or  6x  -  lOc  =  8  ;    or  3x  -  5z  =  4,  but 

2t 
x  =  4t  -2  .-.  3(4«-  2) -or  =  4;  or  12^-5:  =  10  .'.2t-z+-^2, 

whence  t  ~  51'  and  z  =  Ut'  -  2.  Then  x  =  4/  -  2  ^  20^  -  2  ; 
y  ^3t  -2  =  15r  -  2,  and  z  =  12/'  -  2,  whence  taking  i'  =  1,  we 
have  X  =  18,  y  =  13,  and  z  =  10,  and  .-.  the  least'number  divisible 
as  required  =  6x  +  1  =  (18  x  6)  +  1  -  108  +  1  =  109 
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X  y  X         y        3S 

22.  Let  T-r  and  77  be  the  two  fractions,  then  77:  +  —  =  ^rr  : 

iU  15  10         10        60 ' 

X  1 

or  clearing  of  fractions  3x  ■{■2y  =  19  .-.  x  +  y  +  --  =  9  +  --,  and 

consequently  x  =  2t  +  1,  whence  y  =  8  -  3t.     Now  taking  ^  =  0, 

1  and  2,  we  have  x  =  1,  3  or  5,  and  2/  =  8,  5  and  2 

.-.  the  required  fractions  are  -f^  and  -1-5- ;  -j%  and  y\  ;  and  -A(j  and  -p^- 

NoTE.— AVe  canuot  take  ^  =  3,  since  then  ?/  =  8-3<  =  8-9  =  -l^a 
negative  quantity 

23.  Let  x,  y  and  z  =  barrels  respectively  ;  then  x  ■}-  y  +  z 
=  50  (i),  and  2x  +  5//  +  4c  =  250  (11).  Multiplying  (i)  by  2,  and 
subtracting  the  result  from  (11),  we  hare  3^  +  2z  =  150,  whence 
y  =  2t  and  z  =  15  -  3t 

Also  X  =  50  -  ?/  -  2  =  50  -  2^  -  (75  -  30  =  ^  -  25 
.  Then  in  order  that  z  may  be  positive  75  -  3t  must  be  positive, 
and  .-.  3t  <.  75,  or  i  <  25,  and  in  order  that  x  may  be  positive. 
t  -  25  must  be  positive,  that  is  <  >  25  ^  therefore  t  is  both  less 
than  and  greater  than  25,  which  is  impossible. 

24.  Let  X,  y  and  z  =  the  number  of  pieces  respectively  ; 
then  X  +  y  +  z  =  100  (i),  and  lOOx  -r  20y  +  5s  =  2000  (11). 
Dividing  (11)  by  5,  and  from  the  result  subtracting  (1),  we 
have  19i:  +  3y  =  300,  whence  x  -  3t  and  y  =  100  -  10/ 
.-.  2  =  100  -  X  -  2/  =  100  -  3i  -  (100  -  190  =  It;^-  ^ow  taking 
/  =  1,  2,  3,  &c.,  we  have  x  :=  1,  6,  9,  12  or  15  ;  y  =  81,  62,  43,  24 
or  5  ;  and  2  =  16,  32,  48,  64  or  80 

25.  2x  +  3y  =  25,  whence  x  =  11-3/,  and  y  =  2t  +  I.  Now 
taking  t  =  0,  1,  2  or  3,  we  have  x  =  11,  8,  5  or  2,  and  ?/  =  1,  3,  5 
or  7,  and  hence  the  parts  are  2x  and  3y  =  22  and  3  ;  16  and  9 ; 
10  and  15,  or  4  and  21. 

26.  Let  X,  y  and  z  be  the  three  parts  ;  then  x  +  ?/  +  2  =  24  (1), 
and  36x  4-  24y  +  82  =  516  (11).  Dividing  (11)  by  4,  and 
multiplying  (i)  by  2,  and  taking  the  difference  of  the  results, 


Ex.  Lxviii.]  ALGEBRA.  149 

v-e  have  Ix  +  4y  =  81,  whence  x  =  At  -  \,  and  y  =  22  -  If 
.'.  z  =  2i-  (it  -  1)  -  (22  -  70  =  3  +  3t.  Xow  taking  t  =  1,  2 
or  3,  we  hare  x  =  3,  7  or  11 ;  y  =  15,  18  or  1 ;  and  c  -  6,  9  or  12 

27.  Assume  y'^x  to  be  a  perfect  number;  then  its  divisors  are 

1,  ?/,  r,  .•••  2/%  ^,  ^y,  2^r,  ••••  ^y'^'''  •■•  i/''^-  =  i  +  ?/  +  y' 

+  ....  y"  +  X  +  xy  +  xi/2  +  . . . .  ari/"  '  i.     Now  1  +  ?/  +  2/^  + v'^ 

yn  +  l  _   I  ?/^  -    1 

=       y_^     ,   and  X  +  xy  +  a-?/2  +    ....    xy^-i  =   V^"  "^  ^ 

7/^  +  1    _     1     a.    (,yn    _     1)^ 

.'.   w"x ; ;    or   clearing   of  fractions 

^n  +  ij,_^n^  _  yn+l_  1  +  y^x  -  X  ;    OF  l/^  +  ^X  -  2!/"x  +  X  =  J/"^  + 1  -  1 

•■•  ^  =    n  +  1  _  „  n  _  1  •     Now  in  order  that  x  may  be  a  whole 

number,  let  y^  +  i-  2^^=  0,  or  y  =  2  ;  then  x  =  2^  +  ^-  1.  Alio 
let  n  be  so  assumed  that  2"  +  ^  -  1  may  be  a  prime  number ;  then 
it  will  be  found  that  2/"x  =  2"  x  (2™  +  ^  -  1)  will  be  a  perfect 
number.  Thus  if  n  =  2,  we  have  2^  x  (2^  -  1)  =  4  x  (8  -  1) 
=  4x7  =  28  =14 +  7  +  4+2  +  1=  sum  of  all  the  divisors  of  28. 

28.  Let  the  number  =  lOx  +  7  =  12?/  +  9  =  14:  +  11  ;  then 
lOx  -  12y  =  2,  or  5x  -  Gy  =  1,  whence  x  =  6^  -  1,  and  y  -  bt  -  I. 
Also  lOx  -  14c  =  4,  or  30f  -  72  =  7,  whence  t  =  7^,  and  z  -  30^'  -  1 . 
Then  X  =  Gf  -  1  =  42/'  -  1 ;  y  =  5/  -  1  =  35/'  -  1,  and  z  =  30/'  -  1. 
Now  assuming  /' =  1,  we  have  x  =  41 ;  y  =  34 ;  and  z  -  29. 
Hence  the  least  odd  integer  =  lOx  +  7  =  410  +  7  =  417. 

20.  Let  X,  y  and  z  represent  the  numbers  respectively  ;  then 
x  +  y-rz=  100  (i),  and  50x  +  30y  +  2z  =  500  (ii).  Dividing  (ii) 
by  2,  and  from  the  result  subtracting  (i),  we  have  24x  +  14y  =  150, 
'.vhence  x  =  7/  +  1,  and  y  =  9  -  12/ .-.  z  =  100  -  (7/  +  1)  -  (9  -  12/) 
-  90  +  12/.  Now  /  must  be  <  1  •.•  y  =  9  -  12/  must  be  positive  ; 
also  /  must  bo  >  -  1  because  x  =  7/  +  1  must  be  positive,  and 
since  x,  y  and  z  must  be  integral,  /  can  only  =  0.  Hence,  when 
/  =  0,  we  have  x  =  1,  y  =  9,  and  z  =  90. 


ICO  Ki:Y  TO  [^s.  Ex.  1-7. 


MlSCELLAXEt)US   EXERCTSES. 

1       a       a       1      VI  ~  1\a 

2.  {(x2-a:-2)+l}2-{(x2-:r--0-lf 

=  (a:2-  a:-2)%2(r2-  x'^)  4-  1  -  {(x^  -  x--2)'-2(x2-  a;-2)  +  l} 
=  4(x2-  x-2) 

3.  The  G.C.M.  of  the  first  three  quantities  is  evidently  a  +  b, 
and  as  it  is  also  a  measure  of  the  remaining  quantity,  it  is 

their  G.C.M. 

b'  V-  b^'-h^^ab         ab 


4.  Since  a*  =  r ,  x  -b  =  t -  6  = 


6-  a''  b  -  a  b  -  a  b  -  a' 

W  b^-ab  +  c? 


and  X  -  a-  i a 


h  —  a  b  -  a 

X  -  b      X  -  a         b  b-  -  ab  +  or     b^  -  b^  -h  ab  -  a^     ab  -  a"- 

*'•      a     ~     b      ^  h  -  a  ~  ~{b  -  a)b     ~        (6~^~a)6        ~  5(6 -a) 

0(6  -a)        a 
^  6(6  -  a)  ""  T 

5.  X  +  y  -h  z  =  15  (i),  X  -y  ■\-  z  =  0  (ii),  -a:-?/  +  c  =  3  (iii) 
Adding  (i)  to  (iii),  we  have  2z  =  18  .-.  c  =  9 

xidding  (i)  to  (ii),  we  have  2x  +  2z  =  20  .-.  2x  =  2,  and  x  =  I 
Hence  a;  +  ?/  +  c=l+y  +  9-15.-.  ?/=5 

6.  5^27  x~5  -  3?j8~>r5  +  2^125  x  5  -  4^64  x  5  =  15^'5  -  6-^5 
+  10-^5  -  16^5  =  (15  -  6  +  10  -  1C)'^'5  =  3^^5 

1 

7.  X*  -!-  I  =  0.     Divide  each  side  by  x^;    then  x^  +  —  =  0 

1  1 

.-.  x2  +  2  +  —  =  2  .'.  X  +  —  =  ±  V2  ;    clearing   of  fractions 

x2  +  xV2  =  -l;  a:2  +  xV2+  f— j  =  i  -  1  =  -  i  .-.  a;  + -- =  ^;^ 
Hence.  =  ±-i-^ 


Mis.  Ex.  8-11.] 

ALGEBRA. 

a        b 

8.  -r-  =  —  = 
b         c 

c 

a  +  b       b  +  c 
then      6      -       ,      . 

a  +  b 
'  b  +  c  ~ 

b 
c 
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b         c         a  +  b       b  +  c 
"^     c     ~      d     "  c  +d  ~  1'       ^c~~d''b  +  c~c+d 
Hence  a  +  b  :  b  +  c  ::  b  +  c  :  c  +  d 

9.  a  :  c  ::  2a  -  b   :   2b   -  c   .'.   a  :   2a  -  b  ::  c  :   2b  -  c 
a  c  2a  2c  2a         2c 

•'•  2^^^  =  2b~^  °^  2^r^n>  =  w^^c  •'•  T  ~  3^^^^^^^-  ^^^^ 

a  c 

Y  ~  3c-  Ob  •'•  ^^  ~  ^^^  ~  2"^  '    °^  ^'^^  =  be  +  2ab  =  6(c  +  2a) 

b  ac  «  X  |-       2&       2a  X  |-  26 

«  +   2  «  +  ¥ 

c  26  c 

mean  between  a  and  ^  •'•  «)  y  s^i^d  —  are  in  H.P. 

10.  Sum  to  n  terms  "when  r  is  a  proper  fraction 

«(1    -  r")  I     "    V     "  WJ  g 


-7)'     "'{■-(■-!)'} 


Sum  to  oc 


a  a  pa 


=  P  times  the  sum  to  n  terms. 

11.  a;2    -X     J/X2    -X     2  \x"  +   1  +  ar  "** 
s«  « 

•  xT  -  xT 


fi                           3>. 

X2      -    X  "     » 

gca    -  x"   a 

X  '  T 

-  X       a 

n 

X  '  T 

-   X  "    » 
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0  11  "N't  52  "'/- 


a-'X'^  + 


±  1  2       2 

x^  +  a^x  +  a^x^ 


a'x  +  a-^ 


-  a^x  -  wx^  -  ax^ 

2       2  1  "       i 

2  2  i  4; 

a^x^  +  ax^  +  a* 

12,  I^"=  trial  dir.    =  147a;* 

1^'  comp.  div.  =  147x*-  63x^?/ +  9xV 
2°"^  trial  div.  =  Utr-  -  ]2Gx7  ~  27xV 
2nd  comp.  div.  =  147x-i  -  I26x^y  +  lllx^^^^  36x2/^+  16^ 

2  o     ^2J7i  -n  +  2n-p  +  2p-ni  _    -j.m  +  n  +  p  .    .  y  ^.j)  -2+g-r+  r-p 

'      a  be 
=  abc  X  x^  =  abc  x  1  =  abc 

14.  1(2x2+  ix-y)  +  2/}{(2x2+  ix- 2^2)  _  ^1  ^  (o^2+  hx-Yf-y'^ 
=  4x*  +  2?/"'^  +  |x  -*?/*-  2/^  =  4x*  +  2/2  +  |x -  •*?/4 
{(x2  +  6-)  +  ax|{(x2+  6^)  -  ax}  ^  (x^- +  b'^f  -  a-x'^  =  x*  +  &*+  262x2-  o2x2 
(x'"  +  yP^x'^  +  7f)  -  x"»  •  "  +  x'^i/^  +  x"i/P  -^-y^"-^ 

(3V5   -    2V3)2       (2V5    -   3V3)(3V5   +    2V3) 

15-  33  ■"    33 

=  -3'3(45  -  12VI5  +  1  2  +  30  -  9VT5  +  i^'TE  -18)=  3^(69  -  17V15) 

1  1  1  12x2+1 


16. 


17. 


1  4x  24x^+  6x         24x^+6x 

^"^  "^  12x2+1        2x  +  f^p— -J  12X-2+  1 


4x 
2x  +   1   -  (2x  -   1)  2x  +  1 


4(4x2-  1)  2(2x  -   l)(4x-'  +   ])        2(4x2  _  j^ 

2x   +    1  (4x2   +    1)    X    (2x    +    l)(2x    +    1) 


2(2x    -    l)(4x2   +    1)  2(4x2  _    ]^-)(^4j-3  ^   ly 

4x2  ^  I  J.  43.2  +  42:  -u  1       4,r2  +  2x  +  I 


2(4x2-  i)(4x^+  1)  16x*-  1 
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x(a  -  c)  a  -  c  X  1 

■  ^^  (x  +  a)(a;  +  c)  '"  x  i-  a-  c  '  '  {x  +  a){x  +  c)  ~  x  ■\- a  -  c 

a 
' .  x"^  -TT  ax  -  ex  -  x'^  ^  ax  -r  ex  +  ac ;  2cx  -  -  ac  .'.  x  -  -  ~ 


(ii)  ^{x  -  \){x  -  2)  -  2  =  V(x-  -  3)(a;  -  4);  squaring 
(X  -  iXx  -  2)  +  4  -  4V(x  -  l)(a:  -~2)  =  (x  -  3)(x  -  4) ; 
.-.  2Vx2-3a;  +  2  =  2a:  -  3  .-.  4x''-  12x  +  8  =  4x^-  12x  +  9  .'.  8  =  9 
which  is  absurd  .-.  the  equation  has  no  possible-roots. 

1  1  1  _ 

^"^^  (xT3)(x~5)  "^  {X  -  5)(x  +  7)  "  (X  +  3)(x  -  IG)  ~  ^ 

.-.   (X  -   TXx  -  16)  +  (X  +  3)(x  -  16)  -  (X  -  5)(x  +  7)  ^  0 

x^  -  9x  -  112  f  x^  -  13x  -  48  -  x2  -  2x  +  35  =  0  ;    x^  -  24x  =  125, 

whence  x  =  12  +  '/269  • 

6  +  c     1  b - c 

19.  Since  n  -  -. ,  —  will  =  r- — ;    then  H.  mean  between 

b  -  c^    n  b  i-  c' 


^  .     ^.    But  a:6::  6;r 


also     o  .  . .,  is  the  H.  mean 


I 

between  n  and  — 
n 

20.  Let  w  =  work  and  x,  y,  z  =  timea  in  which  ./5,  B  and  C 

can  separately  perform  it  ; 

Then  — -  =  ^'s  daily  work  -f  B's  dail)'  work  (i) 


w 

(( 

+  Cb 

" 

(") 

C 

(( 

+  Cs 

<( 

(III) 

W              W 

-B 

s  " 

-    C'3 

(( 

(IV) 

(in)  and  (iv), 

we 

to 

have 

a 

T 

w 

c 

=  2B's 

KEY  TO 

tMi8»  Ex.  20-26. 

w 

2           111 

Hence  —   =   —  -  -r  +  — 

7/          a          b          c 

be  —  ac  -h  ab 

abc 

2abc  2abc  2abc 

and  y  =  i ; — ;  ;  similarly  x  = r r,  and  z  =  — r- j- 

^      bc-ac  +  ab^  ^         ac  +  bc-ab^  ab  +  ac-bc 

a"  b^  c2 

21-  oT^T^x^^)  -^  (c-bXa-b)  -  {a-cXc-by  bj  changing 
signs.     Hence  I.  c.  m.  =  (a-  b)(a  -  c)(c  -  b) 

a'(c  -  b)  +b'^{a  -  c)  -  c\a  -  b)     a^c-d'b-^ab^-c^- ac^  +  bc' _       -1 
(a  -  fc)(a  -  c)(c  -  b)  ""  ci'c  -  a% -^  aV' -  cb^  -  ac' +  bt^  ~  ^ 

/a2+462-9c2\2     /       a2  +  462-9c2\  /       a'  +  4.b''-9c'\ 

''■  "^-  \r^r-)  -'  ("+  — r-j  (" 1—) 

a^  +  4crJ  +  4^2  -  Qc^       Qc^  -  o^  +  4a6  -  46^ 


46  46 

(a  +  26)" -(3c)-       (3c)2  -  (a  -  26)^ 
=  ^[6  "^  46 

(a  +  26  -I-  3c)(a  +  26  -  3c)       (3t'  +  a  -  26)(3r  -  a  +  26) 
=  46  ^  46 

(a  +  26  +  3c)(a  +  26  -  3c)(a  -  26  +  3c)(26  -  a  +  3c) 
^  __ 

23.  a*  +  2a262  +  6*  -  2a262  =  (a'-^b'^f  ^  (aiV2)2 
=  (a2  +  a6V2  +  62)(a2  -  a6V2  +  6^) 

Similarly  a*  +  2a262  +  6^  -  3a26^  =  (a^  +  i^)^-  {ab'^Zf 
=  (a^  +  62  +  a6V3)(a2  +  6^  -  06-/3) 


24. 


25.  G.C.Jf.  of  (X  +  ny)(x  -  4y),  and  (x  +  23/)(x  -  4^),  and 
(x  -  yXx  -  ^y)  is  X  -  4?/  .-.  I.  c.  m.  =  (x  -  y)(x  +  22/)(x  -  42/)(x  +  7y) 
=  X*  +  4x=*y  -  27xY  _  ^^^xy^  +  5Qy^ 

a(r'^-l)  a(P-l) 

26.  When  r  =  +  1,  the  formula  S  = t-  becomes  S  =  —, — r- 

=  a(l"-i  +  l"-2  4, 1^-3 +  &C.  to  71  terms)  =  c(l  +  1  +  1  +  &c.  to  » 
terms)  =  na 


xy  +  ?/2  -t-  a;2 

y 

X 

xy  i-  \/  +  X' 

2/ 
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When  r  =  -   Ij    S  ~  — -_         becomes   iS  =  — ITTri — 

=  q{(-  1)«^1  +  (-    1)^-2+  (_  1)^-3  +&C.)} 

=  e(l  -  1  +  1  -  1  +  1  -  1  +  &c.  to  71  terms)  =  a  if  n  is  odd,  and 
=  a( -1  +  1-1  +  1-1  +  &c.)  =  0  if  n  is  even. 

2  7.  (i)  at  =  a-r  (t  -  l)i;  then  by  same  notation  a„  =  a+ (tti-I)^, 
a„  =  a  +  (?i  -  l)d,  ap=  a  +  (p-  l)d,  and  a^  =  a  +  (g  -  l)d.  Then 
(p-q)(m-n)d=  (in-n)(p-q)d .'.  (p~q)[a-h(m-l)d-a-(n-  l)d] 
=  (7n  -  72)[a  +  (p  -  1)^  -  a  -  (q  -  iyj\ ;  since  we  have  merely 
added  a-d-a^-d-Oto  each  of  the  2'^'^  factors. 
•••  (P  -  9)(«m  -  ««)  =  im  -  nXcip  -  a,) 

(ii)  Since  a,  =  ar'-^;  therefore  by  same  notation  a„  =  ar'^''^, 
a„  -  ar'^~^,  a^  =  ar^  '^,  and  a^  =  ar^  '^.     Then  since  (p  -  q)(m  -  7i) 

=  (m  -  n)Cp  -  o);  r^  '  I'C^-'^)  =  r''^  -  ^^^P  ^  ^^  .-.  (r"^  -ny-q-  /^.?  -  q^m-n 

But  r"*  -  ^  =  — ,  and  r^ " ^  =  -^.  Also  since  —  =  ^  =  0,  multiplying 

/^m-i\p-q       /j.p-i\m-n  /ar^-'i-\P-i 

by  the  latter,  we  have  {z^xj        =  W^^iJ  •''  (^^^^^f^i ) 

arP-i\m-n  /a„\P-'i        /a„\™-" 

-^-,)        ;thatis(-)        =(^) 

28.  On  V^  morning  the  watch  is  behind  the  clock  by  lis., 
and  45  hours  afterwards  it  is  only  23.  behind  .-.  the  watch 
gains  upon  the  clock  to  the  amount  of  93.  in  45  hours,  or  ^  sec. 
in  1  hour. 

Let  X  =  gaining  rate  of  watch  per  hour  ;  then  since  the  gain- 
ing rate  of  the  clock  is  -,^  s.  in  24  h.,  or  1  s.  in  240  h.,  it  is  -f^-^  s. 
in  1  h.  .-.  X  -  ^^^  is  the  gain  of  the  watch  on  the  clock  per  hour 
•■•  ^  -  lio  =  5>  whence  x  =  i  +  ^i^  +  -^4%;  hence  watch  gains 
per  day  2^,%  ^  24  ■-=  |^  =  4.9  g. 

29.  (i)  5  to  12  terms  =  -    .  _  ^     ^  =  16{(|)i2  -  1}  =  2059|f^ 
(11)  S'-'i  term  =  a  +  2d  =  4,  and  Gt'»  term  =  a+  5d-^ 

..3d=  i|-4  =  -|f-;  hencerf=-|f  .-.0  =  4-2^=4  +  ^^2  =  5l{ 
'.  A  series  =  b\\  +  4^^  +  4  +  3^,-  +  &c. 


15G 


KEY  TO 


[Mis.  Ex.  29-31. 


•'•  ^^  =  2T ;   whence  r  =  §.    And  a-  =  —  =  4  f  f  =  9  .-.  G.  series 
=  9  +  6  +  4  + 2§  +  &c. 

30.  Let  X  =  length,  then  a-  -  60  =  breadth  in  yards,  and 
x(x  -  60)  =  5500  ;  that  is  x^  -  60x  =  5500,  whence  x  -  110,  and 
x-60  =  50  .2 

31.  (I)  (x3  -  ff  ^  (x  -  yy  =  (^^)  =  (x2  +  ^y  +  2/'r 
=  x*  +  2x^2/  +  3a,-Y  +  2xf  +  y^ 

(II)  1 
+  0 
-  2 
+  1 


7  +  0+     0  +  0+     5-     4 

+     0  + 

3+9 

+  0+     0+0+     0+     0 

+     0 

-14  +  0  +  28-14 

-  66  + 

64 

+  7  +     0-14 

+     7  + 

33  -  32 

7+0-14+7+33-32 

-  59  + 

100  -  23 

(III) 


7x5 
-  x~ 


14x3  ^  ^j,2  ^  23x  -  32  - 


23 


+  x^' 


+   X'' 


x-*+  2x  -  1 

-5   +    x^^-T   ^    jm 


&c. 


X  -  X  "  1 

We  observe  here  that  each  term  is  derived,  from  that  preceding 
it  by  dividing  by  x'^.  Let  us  now  assume  that  this  is  true  to  r  -  I 
terms,  and  we  have  then  left  as  remainder  x"*  -■'^  -'"■'  -  x  ■^. 
Dividing  this  by  x  -  x  '^j  and  we  get  as  first  term  .of  the  quotient 
X™  -  ^C  -^  1)  which  will  be  the  r^^  term  of  the  quotient  of  x"*  -  x  "» 
■f  X  -  X  -1.  But  x'^-2'-  +  i  ='x^-vr-i)^x  ^  a;2  ^  (,-  _  i)th  term  +  x' 
.-.  if  the  law  is  true  for  7-  -  1  terms,  it  is  true  for  r  terms, 
Now  it  evidently  holds  for  5  terms  ,•.  for  6  and  .-.  .for  7  terms 
and  so  on,  and  /.  it  is  generally  true,  and  since  the  first  term  is 
x'"  ^,  and  each  term  is  derived  from  the  preceding  by  ^  by  .r- 
/.  the  r^'iterm  is  x"*-i-2r»--i;  =  x"*-  2r+i^  jf  ^  be  an  even  number 
the  quotient  will  contain  an  even  number  of  terms,  and  will  be 
a:^!^  x™-3+  x™-5  +  &c.  +  x"»"(-'*-i)  +  x^^-C^^-^)  +  x"*-("*  +  '') 
^  a-m  +  i-zn*  _  x'»(x-i  +  x-3  +  x-'5    +   &c.    to   xi    "^) 


+  &c 

+  X-1+  x-^  +  x'^  +  &c.  to  x^-"^ 

-  second  part  x  x"* 


first  part  of  quotient 
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32.  (i)  Let  V37  +  20V3  =  V^  + Vy;  then  V37- 20V3  =  V-^- V^ 
.-.  Vi^^9~-  1200  =  Vl^9  =  13  =  X  -  y.  Also  37  +  20V3 
=  X  +  y  +  2V^  .'.  X  +  y  =  37 ;  hence  x  =  25,  and  y  =  12. 
Then  V^  +  V^  =  V^  +  Vl2  =  5  +  2V3 

(II)  Let  V4x  +  2V4x2  -  l  =  *Jx'  +  Vy  ;  then  V4a:  -  2V4x^  -  1 
=  ^x'-sjy  .-.  Vr6x2-16x2+4:  =  V4  =  2  =  x'  - y.  Also  4x  +  2V4x2^  1 
=  X'  +  y  +  2v'x^  .-.  x'  4-  y  =  4x  .-.  2x'  =  4x  4-  2,  or  x'  =  2x  +  1,  and 
2y  =  4x  -  2  .-.  y  =  2x  -  1 .     Then  V-c'  +  Vv  =  a/2xT1  +  V^x"^ 

33.  (a-i  -  X*)"'  =  {^4(1  -  a-4x-4>|'^  =  a-i2(i  _  a-4j;-4)-3 

3  3-4  3-4-5  3-4-5-6 

=  a-i2(i4---a-4a;-4+       a-8x-^4-.-^a-i2x-i2+-— — a-iox-16 

i  1-2  i*ii"o  l"4o"4 

3-4-5-6 
+  &c.)   Hence  S^h  term  =  a  "  ^^^  a  -  I'^x  -  ^^  -  a  -  x^  x  15a  '  ^^x  "i^ 

=  15-2»x-i6 

28  X  27  X  26  X  25  X  24  X  23  X  22 

34.  C,  =  r.2.3-4-5-6-7 ^  =  ^^^^^^^ 

35.  (x*  -  4x2  +  10  _  12X-2  +  9x-4)2  ^  ^^^^,4  _  4^2  ^  4^ 
+  6x-^(x2-2)  +  9x-4|»  =  f(x2-2)2+2  x3x-2(x2-  2)  +  (Sx"  2)2^2 
=  x2-2  4-  3x-2 

36.  Letx  =  ^l;  thenx3=  1  andx3-l  =  0  .-.  (x- l)(x2  +  a,-l- 1)  =  0 
,-.  X  -  I  =  0  orx=  1.  Alsox2  +  x  =  -  1,  whence  x  =  |(-  1  Ji\J  -Z) 
.-.  -^i  =  1,  or  i(  -  1  ±  V^^)-     Also  12  =  I,  and  {K  -  1  +  V~3;}2 

=  i(  -  1  +  V^^)  .-.  1^  +  [K  -  1  ±  V"^)F  =  1  +  K  -  1  +  V"^) 

=  1  +  |(  -  I  +  V-3),  i.  e.  sum  of  the  cube  roots  of  unitv  =  sum 
of  their  squares. 

37.  (i)  bx  +  ay  =  ab  =  ax -a^  +  bij-b'^;  ax  -  bx-ai/  + by  -  u~+ b-, 

a2+62      6(a2  +  62) 
orx(a-6)-7/(a-6)  =  a2+62j  ^_y+___  _.^      ^_^ —  +  hy  +  ay^ab 

ba^^b^  ba^+b^  b\aA-b) 

.-.  -^^^y  +  2/(a  +b)  =  ab-   y(a  +  b)  =  ab  -  -^^—^  =  -  —  -^- 

-  b\a  +  6)  i2  j2  ^2  4.  12 

=         a-b         •••  y  =  -  ^^76  =  ^:r^'  and  X  =  y  +  -j^^ 

62  a2  +  62 


6-a        a- b    ~         a-b         ~  a  -  b 


158  KEY  TO  [Mis.  E:c.  37-42. 

(ii)  If  iu  these  equations  we  write  x  for  y^  we  shall  obtain 

values  of  x  and  ?/,  which  will  simultaneously  satisfy  the  given 

equations.     Thus  x'^  =  6a;  +  4x  ;  or  x^  _  10.r  =  0  .-.  x'^  -  lOx  is  a 

factor  of  the  reduced  equation  in  x.     Now  from  first  equation, 

x^  -   Gx  ,  . 

y  ~ ;    substitute  this  for  y  in  the  second  equation. 

/x2  -  Qx\  2  3(a;2  -  6x) 

Then  (  — ^ —  J    ^  4x  +    ^     ^  .-.  x^  -  llx^  +  12^2  +  80x  =  0. 

But  we  have  shown  that  x^  -  lOx  is  a  factor  of  the  left  hand 
member  of  this  .-.  (x^- I0x)(x2- 2x  -  8)  =  0.  Hence  x^- lOx  =  0  ; 
whence  x  =  0  or  10.  And  x^  -  2x  =  8  ;  whence  x  =  4  or  -  2. 
Then  x  =  ?/  =  0,  or  10,  or  -  2,  or  4 

38.  Let  X  =  yds  B  sold  for  $1 ;  then  x  +  ^  =  yds  A  sold  for  $1 ; 

—  =  what  B  received  for  1  yard,  and  — tt  =  what  A  received. 

X  X  f  3 

90         40 

Then  —  4- 7  =  42  ;    whence  21x2-  53^^  _  15    ,^  a;  =  3,  and 

X        x+  J  '  '     ' 

x  +  i  =  3^ 

l-a     '7-2       5 

39.  Insert  5  A.  means  between  2  and  7  ;  rf  = =  ^ — ,  =  — . 

'         n—\      < -  1      b 

Hence  A.  series  is  2  +  2^-  +  Sj  +  4^  +  5^  +  6V  +  7;  that  is 
2  +  V  +  -3^  +   2  +  ¥  +  ^6^  +  *^'     Therefore  the  H.  series  is 

40.  The  I.  c.  m.  of  denominators  =  (a  -  6)(x  -  a)(x  -  b)  ;  then 
clearing  of  fractions  (a  +  c)(x  -  i)  -  (6  +  c)(x  -  a)  =  (x  +  r)(a  -  6)  ; 
or  ax  +  ex  -  ab  -  be  -  bz  -  ex  +  ab  +  ac  =  ax  +  ac  -  hx  -  be  ] 
ax  -  be  -  bx  -h  ac  =  ax  -  be  -  bx  +  ac.  Therefore  the  given 
expression  is  an  identity. 

41.  Vx2+  1  =  1  -  Va?  .-.  x2  +  1  =  1  -  4V^  +  6x  -  4xV-^  +  ^^ 

...  _  4^x  +  ex-  Ax^Jx  =  0  .-.  2\/x(2x  -  3V"C  +  2)  =  0  .-.  2'Jx  =  0, 

whence  x"=  0  ^         , — -^  ., 

/3  i  V  -  7\  

Also  2x  -  3^/x  =  -2,  whence  x  =  f ^ J    =  1(1  ±  V  -  7) 

42.  ah  -  (a6  +  6c  -  Sac  -  a&  +  2ac  -  26c)  =  06  +  6c  +  ac 
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43.  f  a;2  -  ^xy  -  -^%y^  -  vix  +  ny  +  Iz^  +  xy  -  '^\-y^  +  px  -  qy 
=  i-^x2  +  ixy  -  lly-'  +{p-  m)x  +  (n  -  q)y 

And  Ix'^  -  Ixy  -  -i%y  ^  mx  +  ny  -  ix^  -  xy  +  .ty  -  px  +  qy 
-  T2^^  -  3^  y  -  sW  -  (m  +  p)x  +  (n  +  q)y 

(X  -  8)(x  +  6)(x  +  1)(x  -  4)       X  +1 


44. 
45. 


(j-4)(a;  +  6)(x-8)(a:  + 5)       x  +  5 

X  a  h 


(x-a)(x-b)       (a  -  b)(x  -  a)  ^  {a  -  b){x  -  b)  a-b 

.-.  I.  c.  m.  of  denominators  =  (x  -  a)(x  -  b)(a  -  b).  Hence 

x(a  -  b)  -  a(x  -  6)  +  b(x  -  a)  =  (x  -  a)(x  -  b)  ;  that  is 

ax  -  bx  +  ab  -  ax  +  bx  -  ab  =  x"^  -  ax  -  bx  +  ab  :  that  is 


a;2  -  (a  +  b)x  =  -  ab  .*.  x-  -  (a  +  b)x  + 


ra  +  by    /a  +  by 


a^  -  2ab  +  b^             a^  -  2ab  +  b^  a+  b        a-b 

-  ^ ab  = .-.  x  -  — ^  =  ±  -— ,  whence 

X  =  a  ov  b 

(III)  Multiplying  by  168 

168  +  Q3x  -  48x  +  8  =  186  .'.  15x  =  10  .-.  a;  =  § 

46.  Multiplying  by  (x  -  ?/),  (y  -  z)  and  (z  -  x)  respectively^ 

we  have 

a;3  _  7/3  =  37(x  -  y)  \ 

y^  -  z^  =  28(2/   ~  ^)  /    •■•  ^7  addition   18x  -  9y  ^  9z  =   0 

z^  -  x^  =   19(z  -  x)) 

,'.   2x  -  y  =   z;    substituting  this   in   third   given   equation, 

(2x  -  yf  +  x(2x  -  y)  +  x2  =  19  .-.  Yx^  -  5xy  +  7/2=  19  ;    subtract 

from  this  the  first  equation,  and  we  have  Qx'^  -  Gxy  =  -  18 

x^  +  3 
.'.  y  = ;  substitute  this  in  the  first  given  equation,  and  we 

,      /x2+3\  /x^+sy        ^        ^  /x2+3\2 

have  x^+  [-^J''  +  [~irj    =  ^'+  ^'+  3  +  f-^)    =  ^7 

clearing  of  fractions  ;  2x*  +  9  +  9x^  +  x*  =  3lx^  .-.  3x*  -  28x2  _  _  9^ 

x^  +  3       9+3 
whence  x''  =  9  or  J  /.  x  =  ±  3  or  ±  J  V3  j  y  =  — t"^  -  —r^  =  i  4. 
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^  +  3  10  ^         4  10V3 

^'±T73=rV3  =  rV3  =  "^~'    z=^  2^^2/  =  +  6  +  4  =  i2, 

3 
or  =  +  §V3  +  ^V3  =  +  W3 

47.  The  question  amounts  to  finding  the  least  real  value  of  ar, 
which  will  satisfy  the  given  equation 

62^2  _  2ahx  -  m  -  o}b^  -  Id^h  -  20^,  where  ?n  represents  the  least 

2a        m-  a^b^  -  2a%  -  1d^ 

la       a-       a-  +  m-  a'^b'^  -  2a%  -  2a^       m  -  a%'^  -  2a-h  -  a- 


h        62 


a 


±'^m  -d~{U^-\-  26  +  1)  a  ±  \Jin  -  a''(b  +  \)- 


•.  X  = 


•■   -^        b    ~  b  '■  -^  "  b 

Therefore  the  least  value  of  m  that  will  render  x  rational,  is 

m  ~  a\b  +  \y,  and  .-,  the  least  possible  value  of  the  given 

a 
expression  is  found  when  ^  =  -j-,  and  is  therefore  fl\6  +  1)^ 

48.  {(x^P  -i-  6  +  9x-  ^P)  -  AxP(x^P  +  3x  "  ^P)  +  4x^P]^ 
=  \{x'^P  +  3x  -  ^Py  -  2  X  2xP(^x^P  +  3x  -  ^P)  +  (2x-^)'^]^ 
=    x^P    +    Zx-^P    -    2xP 

49.  (1)  S={2a^  (n  -  l)d}  ^  =  {6f  +  (8  -  l)^f  ||  =  (66  +  20)4 
=  4x20^^=  10  7f 

a(l  -r")       8Ui2|l  -(-.|x-2«/)^| 


(II)   S  = 


1-r      ~         l-(-lx'y) 

256x-  '6y' 


^   r    _  n56x-^Y\\ 

y  y  243  X  27  J  J 


Mx^Ul    -       -ZTTT. ^M.  243x1  M  1 


243a" 


243  X  27 
1    +   Ix-hj  ""  3x^  +   2y 

256x-2y8 

27  6561x14  _  256x-2v3 


3x-  +  2y  81x2  +  54y 

243xi4{I-(-§x-^y)^{     243[l-(-i)''} 
(III)  6^  =  as  above ^^^.^^ . ^-^^ ■ 

243  X  1        243 
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a(r^-  1)  ar^(r^  -  1) 

50.  : —  =  sum  of  first  three  terms,  and , —  -  sum 

r  —  1  '  r  —  i    . 

ra(r3-l)^        ar^(r^-l) 
of  nest  six.    Then  72  .j — j — |»  = -. — ,  or  dividing  each 

arr^-l)  L    ^  J 

by  — :rT~'  ^®  S®*  "^^  ~  ^(^^  "^  ^^'  ^^6°ce  r^  =  8  or  -  9  .-.  r  =  2 

.*.  any  series  having  r  =  2  will  answer. 
5 1     a;"*** "  '"^  +  wp  -  mn  +  T^p -  np  _  ^o  -  i 

(X*    +    2X^    +     1)     +    X(X-2    +     1)  (X2    +    ■l)2_+_X(x2    +     1) 

^^*   (X*   +    2x2   +    1)    _   x(x'   +    1)     ~     (xM~l)^   -    x(x-'   +    1^ 
(X2+  I)(x2  +  X+  1)    _    X2  +  X+  1 
"    (X2+   I)(x2-X+  1)    ""    X2  -  X  +  1 

53.  x2-2(a  +  6)x  =  Sa^  -  10a&  +  362;  complete  the  square 
x2  -  2(a  +  b)x  +  (a  +  6)2  =  Sa^  -  10a6  +  362  +  a^  +  2ab  +  b^ 
=  4a2  -  8ab  +  46^  -  4(a  -  6)''*  .-.  x  -  (a  +  6)  =  +  2(a  -  6)  :  or 
X  =  a  +  6  ±  2(a  -  6)  =  3a  -  6  or  36  -  a 


54.  Because   ^ij-x  \  V20  -  x  ::  2:2    .-.  V7-^  -  V20  - -^ 
,  t/  -  X  =  20  -  X  ;  hence  y  =  20.     Then  from  first  given  equation, 


Vy  -  V^O  -  X  =  V20-X  .'.  V^/  =  2V20  -  X,  and  hence  «/  =  80  -  4x, 
but  y  =  20  .-.  20  =  80  -  4x,  or  4x  =  60,  and  x  =  15,  and  y  ~  20 

55.  {(x2  +  1)  -  2x}{(x2  +  1)  +  2x|  +  2(x2  +  2x  +  1) 
=  (x2+l)2-4x2+2(x2+2x  +  I)  =  x4+2x2+  1  -4x2+2x2+4x4-2 
=  x*+4x  +  3; 

(X*  +  2x2y^  +  2/3) (x*  -   2x^=3/2    ^  f)   -   2y\x^  -   2x2y^    +  y^) 

=  (^^  +  !/^)'^(a:2  -  yf  )*  +  2^(x4  -  2x^2  +  y^) 

=  (X*  -  ff  +  2x*j/3  -  Axy^  +  2y6 

=  x3  -  2xV  +  2/®  +  2xV  -  4a:y*"  +  2yff  =  x^  -  Axy*  +  3y^ 

56.  Multiply  2°"*  given  equation  by  3,  then  3x2y  +  3x^2  _  3^3 
Add  thiS  to  1^^  given  equation,  and  we  get 

x^  +    3x2y  +   3x1/2  +  2^  =   a=*  +   363    .'.   X   +   2/   =    3/;jr— "gp^ 

63 

But  xy(x  +  y)  rz  b^  ...  xy(^a^  +  36^)  =  6'  .•.  xy  r-.   -_=^_ 

h 
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Then  x^  -V  2xy  -V  f-  -   (a^  +  3b^y,  and  4xy  =    -, 

463  ("'  +  36^^ 


•.  x^  -  2x1/  +  2/2=  (a3  +  36^)^ r 

(^3  +  363)3 


Then  x-p  =  ±  y/(a^  -i-  36^^  (l  -  ^^?j 


1    /a'-   b' 
x-y  =  ±(ia^  +  3bry/^^^^, 

X  i-y-  (a^  +  36^) 
.-.  x=  ^(a 


36^ 


^^^■^)\i±V^^T36-3) 

35 
57.  Let  X  =  number  at  first,  then  —  -  what  each  had  to  ^.a}' , 

but  two  left,  therefore  the  number  remainining  =  x  -  2,  and  con- 

35                                                          35         35 
consequently  ~  -  what  each  paid.     Hence -  —  +  2 

X  —  It  X  —  ^  X 

.-.  X-  -  2a:  =  35 ;  or  a:^  -  2a;  -J-  1  =  36  .'.  x  -  1  =  +  6,  and  x  =  7 


58. 


(a^  +  l^Y  =  a^(l  +  a'h^^) 


4    _  1   1       4-3/    .1   i\2       4-3-2/    i   i\3 


/  4      _1     1  4-J/     _1     1\2  4-c5-:i/     i     I\ 


+  &c. 


Hence  4*^  term  =  a- x  — -— i^a    ^6^j    =  ^^  x  4a    -6^  =  4a'6' 

59.  (  -  2a2a:*)^  =  4a'^x^     -  2o?x'^  x  -  Sax''  x  2  =  Ua^x'^^ 

-  ^ax^  X  lax*^  X  2  =  -  ia^x^     -   x^   x    ^ax^    x    2   =  -  ax^^ 

ax   X  -  3ax'  x  2  =  -  6a^x«  (I2a^  -  a)x^^ 

=  -  -L/a2_j.»  ._  coef.  of  .t"'^  =  (I2a^  -  a) 

(4a*  -  \-^a-)x'^  .-.  coef.  of  x'-  r.  (4a4  -  ^a^) 
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60.  Let  X  and  y  be  the  numbers,  x  being  the  greater ;    then 
X  :  y  ::  X  +  y  :  a,  and  x  :  y  ::  x*-  y  :  b  .-.  y(x  +  ?/)  =  ax, 
and  y(x  -  y)  =  bx 
xy  +  y'^  =  ax 

xy  -  y^  =  bx  ' 

2xy       =  ax  +  bx]  or  dividing  by  2x,  we  have  y-=  i(a  +  b) 

2y^         2(a  +  by^       (a  +  by 
2/  =  «x  -  6x  =  (a  -  6)x  ...  a:  =  ^^-^  =  IC^ITfr)-  =  20^:^6) 

1  4x  -  3         30a:  -  23 

•^  '  4X-3 

/x2  +    1\  /x^  4-   2   +  x-^\    _    /x^  +   1\  /(x   +   X   1)^ 
("^    [x^  -    l)\      x'  +  x-^      J   ~   \x^-  -   lj[^    x^  +  x--' 
X^+IX/        X  +  x~'^        \  x^  +  x  +  X  +  x~'^ 


X^    -     \j  \x^  -     1     +    X~'^  ]  X^   -    X'^   -r    1    -    X^  +    1    -    X' 

x3+2x  +  x-i  x^+2x^  +  x  x(x2 -f  1)^ 

X*-  2x^  +  2  -x-^  "  x*^  -  2x*  T  2x^  -  5  ~  x*^  -  2x^  +  2x^  -  1 

x+6  x-4  x+2 

62.   7 


^x  +   7)(x  -  5)        (X  +   7)(x  +  3)        (X  -  5)(x  +   3) 
.-.  I.  c.  m.  of  denom.  =  (x  +  1)(x  -  5)(x  +  3)  ;   then  reducing  to 

(X  +  6)(x  +  3)  +  (X  -  4)(x  -  5)  -  (X  +  2)(x  +  7) 

common  denom.  = ; — tttt^ tct — 7~^ 

(x  +  7)(x  -  5)(x  +  3) 

x2+9x+  18  +x2-9x  +  20  -x2-gx-14  x^  -  9x  +  24 


x^+ 5x2- 29x  -  105  x^+5x--29x- 105 

±     y_    \ 

y        X  "  2 


»{(?.-S)-=-.(f-iHO}' 

(II)    {{X^  -  2x3  +  x2)  +  1  (x2  -  X)  +  -ij|^ 

{(X-'  -  x)3  +  2  X  |(.t3  -  x)  +  (i)-p  =  a'2  -  X  +  i 


04.   (x"»  -   2y")(x"'   -  ]/^)     =    x-'^   -    2x'^y^  -  .t™!/^   +    2?/^ 
s  x^  -  3x'"2/^  +  2j/2'»  ; 
{x*^-^  +   (ax"»  -  ft^jx"*^  -   (ax^'  -  6)}  =   (x"'')^  -  (ax'"  -  ^)^ 
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65.  (i)  12(x4  _   04)    ^    3(x   -    2)    ^    4(x^  +   2x^  +   4x   +    8) 
=  4^3  +  8x2+ 16x  + 32 

(II)  4  -  2  +  1)20  -  22  -t-  11  -  3(5  -  3  .-.  quotient  =  bd'h^  -  Zab"^ 
20  -  10  +    5 


12  +    6-3 
12+    6-3 


GG.  hat    a  :  b  ::   b  :  c  ::   c  :  d;    then   a  :  d   ::   a^  :  b'^. 

a       a       b       c  a       b        c         a       a       a       a      a^ 

For  T  =  ~r  >^  —  X  Ti  and  -:-  =  —  ""T-"-~r  =  -rx~r>^~r  =  T^ 
d       b       c       d'  bed         d       b       b       b      b- 

.-.  a  ;  fi  ::  a^  :  i^ 

G7.  x^  <  lOx  -  16,  or  X-  -  lOx  <  -  16,  or  x-  -  IQx  +  25  <  9,. 

or  a:  -  5  <  ±  3,  or  x  <  8  or  >  2  .-.  values  are  3,  4,  5,  6  and  7 ;  or 

tbu3(-a;2-i-10x-16)>0;   -(x2-10x  +  16)>0;  -(x-2)(x-8)>0, 

.-.  X  -  S  must  be  negative,  .*.  x  <  8  and  x  -  2  must  be  positive, 

.-.  x>  2 

1  1 


68. 

By 

Art 

.    lOG 

(> 

-II)     - 

26 

26 

4Vx— 5 

20 

.  5  = 

VF 

^; 

or  X 

-5 

=  25 

.-.  X  =  30 

69. 

a 
T 

h 

f — 

a 

>2; 

if 

2^  +  6 

2  >  2ab,  but 

a^ 

Vx-5 


2a6  by  Art.  134,  Note  2,  .-.  y  +  —  >  2 

70.  Let  n  -  1,  n  and  7i  +  1  be  the  three  numbers  : 
then  (n  -  1)^  +  ?i^  +  (/i  +  1)^  =  the  sum  of  their  cubes 
=  n*  "  3ji-  4-  3/i  -  1  +  n^  -i-  n^  +  3n-  +  3:i  -^  I  =  3n^  +  6n  =  3n(?r  -i-  2) 
which  is  evidently  divisible  by  3n,  i.  e.  by  three  times  the 
middle  number. 


71.       1 
-  5 

+  4 


1  +  0-4+       7+       Oj-         5+         6 
-  5  +  25  -  125  +  690    -  3950 

+     4  -     20  +  ICOj  -     552  +  31G0 


1  -  5  +  25  -  138  +  790[  -  4507  +  3166 


4507a  -  3166 
.-.  quotient  -  a^  -  5a^  +  25a^  -  138a  +  790  -     ^"^^5^-4" 
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(II)    (X^     -    X-3)^     V     (X     -    X-lf     =     (X2    +     I     +    3.-2)2 

72.    It    is    evident    that    the    (n    -    1)'^    factor    of 
(x^-  -f  a'){x^  +  a^J   &c.,   that  is  the  7i^  factor  of  the  given 
series   is   x^^^        -f  a^^^      ,  and  that  the  term  before  this  is 
x^^^       +  a^^'      ,  and  so  on.     Hence  the  series  is  the  same  as 

(/»"-'  -  „(»"-')  (.(0"-=  +  „a)»-')  (,(»"-'  ^ ,(»— ) 

\x^  +  a^j.    Now  the  product  of  the  first  two   terms 

/i\n-2         (i\n-2 
^  x^'-'       -  a^"^'       ;  and  the  product  of  this  by  the  third  factor 

/I \n- 3  /i\rt-3 

~  x^"^'         -  a/^^^       ,  and  so  on.     Hence  the  product  of  the 

first  71-1  factors  will  be  \x^  -  a^J,  and  the  product  of  this 

by  the  7i^^  factor  \x^  +  a^ )  will  he  x  -  a  which  .-.  =  the  pro- 
duct of  the  given  factors. 

N(jTE.— All  this  ^rill  be  perhaps  more  evident  to  the  student,  if  he 
takes  a  numerical  example,  and  examines  how  the  indices  arc  affected  by 
i/j'iltiplying  them  as  in  the  above  question.    Thus  suppose  u  —  5. 

Then  {.<»'-'  -a«)'-'!{x«)'-Sa«)'-'l 


^      13(2x  + 3)  -  7(2x-3)         a;-4    _     12x  +  60  x-4 

'^'  12(4x--  9)  ~  4x^  +  9  "^  12(4x--9)  ~  4x"2T9 

x  +  5  x-4        4x3+  20x2+  9x  +  45  _  43.3+  16x2+  9x  -  16 

4'x^^  "  4x2+9  '  "^      16^^-81 

30X-+  18x  +  9 
16x*-  81 
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74.  (0  {(|a:=  4-  gr)  +  ^xr/}{(ix^  +  If)  -  Ixy]  =  (ix^  +  y^f  -  ^xY 

^"^   (2x'    +    3y^){2x^   -    3y^){{Ax^    +    9yO    +   6xV} 

=  (4x^  -  dy^){lGx  +  72x^i/^  +  Sly  -  Sex^y^) 

^  {ax^  -  0y^){l6x  -i-  36x^y^  +  81?/) 

=  64x'^  +  144a-y^  +  324x*y  -  144x1/^  -  324x^7/  -  "729^^ 

=  64x^  -  729?/^' 

75.  Multiplying  first  equation  by  V2,  and  second  by  -^3,  we 

have  2x^J6  -  6y  =  6V2  (i) ;    3x^/6  -  6y  =   SVTS  =    15V2  (ii). 

9V2       9VT2 
Subtracting  (i)  from  (ii)  x^/6  =  9V2  .-.  ^  =  T/g    =  ~^  '-  3^/3  ; 

then    2xV3   -   3y^2    =    6V3   x  ^3  -   3y\j2    =    18   -   3yV2  ^  6 

12 
.-.  3yV2  =  12and.-.2/  =  ^2  =  V2 

76.  6\  of  1  4-  3  +  5,  &c.,  -  {2  +  (/i  -  1)2|y  =  (2  +  2n  -  2)y  =  n^ 
6^   to   \n  terms  ^  {2  +  (^i  -  l)2}y  =  (2  +  n  -  2)—  =  \n--^ 

then  sum  of  last  half  of  the  series  -  ^^  -~r  ~  \^^  ~  3  times  \n^ 

a-  +  2ah  ■\-h'       (a  +  5)^ 

77.  The  A.  mean  is i =  r — ,  and  the  H.  mean 

a-  -  2ah  +  6^       (a  -  by  

is -^ =  ^-^—  ;    then  Art.  262,  the  G.  mean  =  'J AH 


W 


(a^b)\a-by       (a  +  fe)(a-6)       a^  -  6^        a 


a^6-  o6  a6  b         a 

2ac  2ac 

78.    By   Art.   260,   it  appears  that    H  =  ——  .-.   b  =  — — 

substitute  this  for  6 

a  +  c  I  1  a  +  c  a  +  c 

Then  -  ' '   '■  +  •'-« 


rtc  2ac  2ac  a(c   -   o)       c(a   -   c) 

a+c  a  +  c   ~ 


iUS.  E:s.  78-81.]  ALGEBRA.  1^' 

X  1  I  dc  -  a^  +  ac  -  c^ 

•*•  "ac  ~  a{c-  a)      c(a  -  c)  ~  ac(c  -  ay{a  -  r) 

2ac  —  a^  —  c^ 

.-.    1  =  z r-r 7   ••.    2ac  -  a^  -  c^  ~  2ac  -  a^  -  <?.     Ncrw 

(c-a)(a-c) 

reversing  the  steps  of  this  operation,  we  Bhall  have  proved 

the  point  required. 

X  mx 

79.  V  =  r  +  s  i- 1,  and  s  =  in — ,  and  t  =  nxy^  .'.  v  =  r  +  —  +  nxf- 

8  =  r  +  7?i  +  27n  \  From  these  equations  r  =  1,  m  =  - 1|,  and  n  -  -^^ 

1  =  r  -i-  0  +  0       ) 

mx  X 

...  y  ,;.  +  _-  +  nxy-  =  1  -  [7y  +  -^.^xf 

80.  |(a  +  h)x  +  (a  -  6)|{(a  +  h)x  -(a-  b)]  =  (a  +  bfx"^  -  (a  -  i)2 

^  iab  .'.  (a  +  6)2x2  =  Aab  +  (a  -  by  =  (a  +  by  .-.  a;^  r:  1  .-.  x  ^  +  1 

ax       b  b 

Cii)  ^-  -  —  =  X  +  —  .-.  a^x^  -  i'-^x  =  a6x2  +  b^ :  a^x^  -  abx'^  -  b'^x 
^   ^    b        a  ax  ' 

=   6^ ;    (a2  -  a6)x2  -  fc^^    =   b^  ;    x^  -  ^^^  _  ^y 


a  (a 

62 

6)' 

a(a 

62 

b) 

a{a  -  6)    ^    4a^(a   -   6)-^         ^d\a  -  6)2 
6*  4a62(a  -  6)       6^  +  4a262  -  406^ 

"  4a2(a_6)2  "^  4a:\a  -  by  ^        4^a  -  6)2"~   •''  ^  "  2a(a-"6) 

+  6V^^  +  4a2  _  4fiZ>  _  6(6  i  V62  +  4a^  -  4a6 

^  ~      2a{a  -  6)  '•  ^  ~  2a(a  -  6) 

81.  Product  of  first  two  factors  =  a^  -  62;  hence  product  of 
first  three  factors  =  a*  -  6*,  aud  product  of  first  four  factors 
=  a*  -  6^.  Hence  it  is  evident  that  the  exponent  of  a  or  of  6  in 
first  term  is  2",  in  product  of  first  two  terms  2^,  in  product  of 
first  three  terms  22,  of  four  factors  2',  of  five  2*,  and  so  on  ;  hence 
the  exponent  in  the  product  of  first  n  factors  will  be  2""^,  and 
of  the  series  to  n  +  I  factors,  the  exponent  will  be  2^.  Hence 
the  required  continued  product  is  a^"  -  6^'* 
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82.  1,1  ~  (a  +  b+p)  +  (ap  +  bp-c  +  q)'  (aq  +  bq-  cp)  -  qt 
+  ;?     +         p  -  (ap  +  bp)  -  cp 

-  q\  -         9  +  (^Q  +  ^9)  +  9^ 

1  -  (tt  +  6)         -         c  ~+         0  T^ 

Hence  quotient  =  x^  -  (a  +  b)x  -  c 

83.  {(a^xs  +  2abx^  +  6V)  +  (2fl<:x2  +  26c)  +  c^x  -  ^^ 
=  1(0x3  +  bxy  +  2  X  ex  -  1(0x3  +  bx)  +  (ex  -  i/J^  =  0x3  +  6x  +  ex  - 1 

(X  -  q)(x  4-  i)  +  (x  +  a)(x  -  6)     (x  -  a)(x  -6)  +  (x  +  a)(x  +  i) 

84.  (^-a^)(x^-6'0  ^  (x2  -  o^Xx^  -  6^) 
x2-flx  +  ix-o6+x2+ax-Jx-a&                 (x^  -  o2)(x2  -  i^) 

(x^  -  a2)(x2  -  6^)  x''*-ax-6x+a6+x'''+ax+6x+a6 

2x2  _  2a6  ^  a:2  -  06 
"  2x2+  2ab  '  x2  +  06 

85.  G.C.M.  of  (x2  +  ;)x  +  i)2)(x2  -  ;)x  +  p^),  and 
(x2  +  px  +  j)2)(x2  +  j3x  -  J32)  jg  evidently  x^  +  ^x  +  p'^. 
Otherwise  by  ordinary  rule,  thus : 

x^  +  p^x'^  +  p^)x*  +  2px^  ^pH"^  -  p\l  x^+px^  p^)x^-p\x  ^p 

x*  +  p^x^ +p*  x3  +  px^  +  p'^x 

2px^  -  j3*  =  2p(x^  -  p^)  -  px^  -  p^x  -  p^ 

x3-p3)x*+^2x2  +  p4(x  -px'^-p^X-p^ 

x^-p^x 

p^x'^  +p^x  +  p*  =  p^{x^ +px+p'^.\  G. CM.  =  x2  +  px  +  f 

86.  i(x  +  5)(x-4);  la^Cx  -  6)(x  +  5);  and  V(x  *  6)(x  -  4). 
Hence  l.c.m.  =  ^^dx  +  5)(x  -  4)(x  -  6)  =  V(^' -  5^2  -  26x  +  12C) 


2(06  +  1) 


_62        ^       2(06  +  1)      /a6  +  1\2 


/a6  +  1\2       1  -  62      a262  +  2a^  +  1  +  a2  -  a26^  -  1  +  62 

\a^-l  )    ■*■    a2-l    "^  (a2-  1)^ 

a2  +  2a6  +  62  06  +  1         a  +  6  _  06  +  1  +  (o  +  6) 

"7^"rr)~  •■•  ^ "  "^^"^nr "  ±  ^^^'  ^^^  "^  ~      ^2^ri 

(a6  +  6)  +  (a+l)  _  6(a+l)  +  (a+l)  _  (6  +  l)(g+l)  _  6jJ. 
a2^1  ~      (a  +  l')(a  -  1)     ~  (a-l)(a+l)  ~  a^  ' 

06-6-0+ 1  _  (6  -  l)(a- 1)       b^l 
P  =         ^2_  1  =  (a+  l)(a-  1)  ^  oTl 
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88.  Multiply  both  numerator  and  denominator  of  the  first 
factor  by  x  ;  then 

r'^  +  x-^+2(x^+l)     /j^-iy     x-\x'^  +  l)-h2(x^+l)     /x~-l^^ 
«Ti-x---  2(a;2_  1)  '  [x'^+ll    ""  x   \x^  -  1)  -  2(x^ -  1)  '  \^H~1 
'X-  -(0:4 -x2+  l)  +  2\  /^■'^-A  _  fx'^-l^x-^  +  2\/a,-2-l 

/ jg  +  1  +  3;  -  ^  /x^  -    1\  _  /3;4  +  a;2+  IN   /xg  -    1\  _  a;6  _  1 

'    i^J^Vl  +  X  -  y  1^X3   +     ly    -   [x^  _  x2  +    ly  (^x2   +     ly)   ~    X^    +    1 

n-1 

89.  Let  n  repiesent  any  square  number;   then  — r—  will  be 

A 

n+1 
half  the  next  lower  number,  and  —r—  will  be  half  the  next  higher. 

'n-l\2  7i2-2n+l      4n  +  n2- 271+1      7i2  +  2;i+l 

Then  n  +  (  —r-  )    =  7i  + 


=m' 


90.  Let  X,  ?/  and  s;  represent  the  number  of  hours  taken  by  A^ 
B  and  C  respectively  to  fill  or  empty  the  cistern ;  consequently, 

in  1  hour  A  will  fill  — th  of  it,  B,  — th  of  it,  and  C  will  empty 
X  y 

1 
— th  of  it. 

z 

Then  3  (  —  -—)+  :^  =  1 


5 1  —  -  —  1  +  77.  =  1  /  i'  6.  once  the  contents  of  the  cistern 
5       1 

7        3  27      5  5        1 

Hence2---=l;^--=l,and3^  +  2^=l. 

Multiplying  the  first  of  these  by  -},"and  the  third  by  f 

35     ^  _5^  ) 

6x"T~   3    I  _7_     _5__    7        5       11 

35      7      _7^  (     •'•  4y  "*"  T  ~  T  "  T  ""  T 


Also  %l  -  ^  =1 


■•  4^  =  i^  =  V  ;  whence  -//  =  |,  or  y  =  3 


ITO 

KEY  TO 

[SIis.  Ex.  90-93. 

Then 

27 
4!/" 

5 

27 

"  12  " 

5 

=  1  .■ 

5 

27 
l2-l 

15         1        1 

Also 

7 
2^~ 

3 

7 
~  2^" 

3 

T 

=  1  . 

7 
■  2x  ~ 

7 
T5  ^^ 

1 

'  2x'' 

1 
-.•.x  =  2 

91. 

2x^ 
3 
\6x^ 

+  2x4 

-  &x^  +  4x2  _ 

9 

3z*  + 

Zx'. 

-  lOx^-^ 

4-3' 

+  6x* 

-15x^ 

+  12x' 

^-  27(2x 

> 

/6x5 

+  6x4 

-20x3 

-    2x: 

2+    6x 

5x3+14x^-    6X-27 
3x4  +  3^3  _  10x2  _  ^  ^  3^3j,  _  27 
5 


5^  + 

14x2- 

.  ex- 

■  27'> 

^15x4+  15x^. 
'  15x4 +  42x3. 

-  50x2 . 

-  18x2 . 

-  5x  +  15 
-81x 

-27x3. 
5 

-  32x2 . 

f  76x  +  15 

-  135x3  - 

-  160x2 

+  380X  +  75 

-  135x3- 

-  378x2 

+  162X  +  729 

218x2 

+  218x-  654 

\5xs+14x- 

-6x 

-27(5x  +  9 

:  218(x 

2  +  X  -  3) 

y5x3  +  5x=^- 

15x 

9x^  + 

9x- 

27 

9x2  4-  9a;  _ 

27 

92.  /.  c.  m.  of  (ax  +  h){px  +  5),  and  (ax  +  h){qx  -  p) 
-  (ax  +  b)(^px  +  q)(qx  -  p) 

=  apqx^  +  (aq^  +  bpq  -  ap^)x^  -  (apq  +  hp"  -  hq^)x  -  bpq 

I.  c.  m.  of  x(x  -  y)-,  (x^  +  y^)\x^  -  y^)\  and  y(x  +  y), 
that  is  ofx(x^  -  y''){x^  +  xhj  +  y^)  ;  (x^  +  y^'){x'  -  y''), 
and  y{x^  +  y^')\x^  -  x^^/  +  y^)  =  x(x  -  ?/)(x  +  y)y 
=  xy(x2  -  y^)  =  x3j/  -  xy3 

93.  (i)  Multiplying  by  273,  we  have 

91x-  182a  =  78x  +  234a  -  21x  -  42rt;   or  34x  =  374a,  whence 
X  =  11a 
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(ii)  Reducing  first  member,  and  also  the  second  member, 

ic-  5       X-  5  11 

-y-  =  ^23y ;    or  dividing  by  x  -  5,  we  have  y  =  ^2  _  p 

whence  x^  -  I  =  6,  or  x-  =  1,  or  x  =  ±  ^^1 


(ill)  Squaring  each  side,  x  +  4  +  2*j2x^  +  I4x  +  24,  +  2x  +  G 
~  3a;  +  34  .-.  2^1 2 x'' -V  14x  +  24  =  24  ;  or  V2j:^  +  14x  +  34  =  13 
.-.  2x2  ^  14J.  ^  24  =  144,  or  x^  +  7x  =  60  ;  x^  +  7x  +  {If  =  60  +  \a 
=  2^a  _.    .J.  ^  7  ^  ^  Y-  .-.  X  =  5  or  -  12 


(iv)  x'^y   -    x^  +    3x2?/    _    3j^    =:    ^x^  +    3j/,    but    x^*/    =    5 

.'.  5  -  x2  +  15  -  3y  =  ^/x'+  3y,  or  20  -  (x^  +  3y)  =  ^Jx^T~3y 

.'.  (x2  4-  3?/)  +  ^x'^  +  3y  =  20  .-.  (x^  +  3y)  +  (x^  +  3?/)*  +  1=^4^- 

.-.(x^^Syy  -i^-^=4or-5;  squaring  these,  x^^- 3r/ =  16  or  25. 

5         5 
But  since  xhj  =  5,  x^  =  —  .-.  —  +  3y  =  16  or  25.     Hence  3y^  ~16y 

=  -  5  ;  or  3(/2  -  2oy  =  -  5.     From  first  of  these  equat.  y  =  5  or  ^. 
Hence  x  =  1  or  +  ^JT5 

94.  (X   -   2)(x   -   3)(x    +    2    -   V~^~3)(x   +    2    +    V~^^3) 
•^  (x2  -  5«  +  6)(x2  +  4r  +  7)  =  x*  -  x3  -  7x2  -  9x  +  42  ^  0 

95.  a-a  +  m  +  a-m-rm-a-m 

96.  a«  4-  69  =  a^  +  2a%^  +  6»  -  2a464  ^  (a^  +  b'^f  -  {a''b^.j2f 

=  (a*  +  64  +  a262^2)(a4  +  fc*  -  a262V2) 

2a6  

97.  Since  Art.  260,  A=  \{a  +  h)\  H=  — -^,  and  G  =  V^-^  ^- 

have  by  substituting  these  values  for  A,  H  and  G 

2ab  f  2ah  \f  lab 

a  +  b  \a  +  b  /  \a  -h  b 


a  +  b  ab 

2 

4«6  (2ab  -a^-  ab){2ab  -  b^  -  ab) 

^^   (a  +  6)2  ^  ^  "^  a6(tt  +  6)^ 

4a6  a6(a  +  6)2  +  (ab  -  a^^ab  -  b^) 

^^   (a  +  672  ^  ab(a  +  6)2 

a6(a  +  6)2  +  ^(6  -  a)(a  -  6)6       ab(a  +  6)^  +  a6(6  -  d)(a  -  6) 
.   ^(iif  _ « _  . : 

ab  ab 
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.-.  4c6  =  (a  -k6)2  4-  (6  -  G)(a  -  6)  =  a^  +  2ab  -i- b^  ^  ab  -  b^  -  a--h  ab 
or  4:0.b  =  Aab 

08.  Let  X  =  minute  divisions  the  hour  hand  passes  over ;  then 
12x  =  divisions  passed  over  bj  minute  hand.  Also  60  +  x 
=  minute  divisions  passed  over  by  minute  hand  between  two 
successive  transits  .-.  12x  =  60  -f  x ;  or  llx  =  60  .-.  x  =  5,'\- 
=  minute  divisions  passed  over  by  hour  hand,  hence  time  in 
minutes  =  5-/^1-  x  12  =  1  h.  5-j^,  m. 

99.  Let  X  and  y  =   sides   of   rectangle  ;    then  xy  =  arej^ 
(x  +  a){y  -h)  -  xy  ■>r  ay  -  bx  -  ha  =  xy 
(x  +  c)(y  -  d)  -  xy  +  cy  -  dx  -  cd  =  xy  -  e 
ay  -  bx  =  ab       T        ady  -  bdx  -  abd 
cy  -  dx  =  cd  -  ej   '    bey  ~  bdx  =  bed  -  be 

.'.  (be  -  ad)y  =  bed  '-  be  -  abd 
b(cd  -  e  -  ad) 
^1^^^^^  y  =        be -ad 
Also  aey  -  bcx  =  abc 

acy  —  adx  =  acd  -  ae 


whence  x 


{be  -  ad)x  =  acd  -  ae-  abc 
a(cd  -  e  -  be} 


be  -  ad 

If  ad  =  be,  and  be  +  e  =  cd 

a\ed  -  (&c  +  e)}       axO        0 
Then  x  =  ^^  _  ^^ =  —^  -  -^'  =  any  value  wnatevef 

b(cd  -  e  -  ad)       b(cd  -  e  -  be) 
^^^0    y  =  ft^-^r-^^d "  hn.ad 5    Since  ad  =  be 

b{cd  -  («  +  be)]  _  6x0 
be  -  ad 


/       a-hy  3(a-b)  x  -  6  a-b 


Then  (1  -  yf=  1  -  y^  ;    ov  I  -  3y  +  3/-  f=  I  -  ^^ 


alLrr^X.  1.0O-102. 
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-3-^3.v-y2  = 


3 

a  -6 
or  2y^-y^^  0  .-.  2^^  =  y^.  or  2  =  y  .-.  ^^ 

OT  2x  =  a  +  b,  whence  x  =  ^(a  +  b) 


3  +  3!/  -  z/2  -  3i/  +  3!/-  -  y' 


=  2  .-.  2x  -2b  =  a-'b: 


101. 


+  2 
-  3 


0+0-3+0+1+      0+ 


+  10+20+10-46 

-15-30-15  +  69 


-  122  -  104+  15S  +  G28 
+  183  +  156-237-942 


5  +  10  +    5  -23-61  +  70 

I-  61  -  52    +    79  +  314  +  391 
61.r  -  70 


5x3  J.  10x2  X  5r  _  23 


X-  -  2x  +  3 

or  5x3+  102,2^  5^  _  23x'3  -  61x-i-  52x-2  +  79x   ^ 
+  391X-5  +  &c. 


314x' 


102.   G.C.M.    of   (y  -  3)x2  +    (y^  -  9)x  -  t/(2y2  _  3,/  _  9) 
and  (y  +  l)x2  +  2(y  +  Ifx  -  y(3y^-  -f  5?/  +  2) 
=  G.C.3/.  of  (y  -  .3)x2  +  (y  -  3)(y  +  3)x  -  7/(2/  -  3)(2y  +  3) 

and  (y  +  l)x2  +  2(y  +  l)2x  -  y(y  +  l)(3y  +  2) 
=  G.C.M.  of  x2  +  (y  +  3)x  -  y(2y  +  3)  and  x^  +  2(?/  +  l)x  -  y(3!/  +  2) 
=   G.C.M.  of  (X  -  ?/)(x  +  2?/  +  3)   and  (x  -  t/)(x  +  3y  +  2) 
=  X  -  y.     See  Algebra  Art,  73 

If  the  student  does  not  clearly  understand  this  method  of 
factoring,  he  may  obtain  the  G.C.M.  by  rule. 
Thu3x2  +  (y  +  3)x  -  y(2y  +  3))x^+  2(7/  +  l)x  -  f/(3y  +  2)(l 

x2  +     (y  +  3)x  -  y(2y  +  3) 
(y  -  l)a:  -  y(  y  -  1) 
=  (y-l)(x-y) 
Then  x  -  y)x2  +  (^  +  3)x  -  y(2y  +  3)(x  +  (2y  +  3) 

(2y  +  3)x  -  y(2y  +  3) 
(2y  +  3)x  -  y(2y  +  3) 


Hence  G.C.M.  =  x 
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When  y=  I,  the  given  quantities  become  -  2^2  -  8x  +  10,  and 
2x^  +  8j:  -  10,  of  which  the  G.C3I.  is  evidently  x^  +  4x  -  5 


103.  a  = 

w6%  and  c^  =  7j6=^  .-.  c  =  7i^6'^  .• 

.  ac  =  inn'b^ 

.-.  ac  oc  b^ 

104.  (a* 

/  +  (m^)'  =  (a*  +  77i4)(a«  -  a%4  4-  ni^)  =  (a2  +  am^j^ 

+  7/1O 

(a^  -  mn^: 

I  +  wi2)(a4  +  a 

2mV3  +  ni4)(a4 

-  a^mys  + 

7«4). 

See 

problem  2^ 

5  in  Miscellaneous  Exercises. 

105.  — - 
(m 

-   (:p  -  qY 
+  qY  -  p' 

[m    i-    (p    - 

-    9)}{'^    - 

(P    - 

•    q)\ 

{(m    +    q) 

-  :?}{('«   + 

q) 

+   Pi 

(in  +  p- 

q)(m-p  +  q) 

m  +  p  -  q 

(m-p  + 

q)(mi-p  +  q) 

m  +  p  +  q 

p^-(q  -  V 

ly          (p   -   q 
q'    -    (m   +    p 

+   m)(p   +   q 
.   -   q)(m   +  p 

-  m)        p 

+  q 

-  7n 

(m  +  pr- 

+   q)    ~    m 

+  p 

+  q 

q-  -  (m  - 

VY          (q  - 

m  +  p)(q  +  m 

-  P)         9 

+  m 

-  p 

(p   +    qY  - 

-  m'         {p  + 

q  +  m)(p  +  q 

-  m)         p 

+  q 

+  m 

.-.  snra  of 

m+p-jq 
three  fractions  -       ,       ,      + 
m  +p  +  q 

p  +  q-m 
m  +  p  +  q 

q  +  vi-p 
p  +  q+  m 

VI  +p  -  q 

J  +  p  +  q -m  +  1 

q  +  m  —  p       m  + 

p  +  q 
p  +  q 

an+  p  +  q 

~  m  + 

106.  2  X 

2*+  2^  =  80  .• 

•.  22^  +  2(2')  + 

1  =  81   .'.   2'+  1 

-■-  9 

2*  =  8  -  2^  . 

•.x  =  3 

t      . 

107.  Let 

x^-  -  8x  +  22 

=  7W,  then  x^  ■ 

-    8x    +    16    : 

=    7)1    - 

-  6) 

or  a:  -  4  =  +  V"^  "  <5>  a,nd  x  =  4  ±  Vm  -  6,  in  which  7n  -  6  cannot 
be  negative  if  a;  be  real,  that  is  m  must  not  be  less  than  6 

108.  If  fl,  bj  c  had  each  oc  d]   then  a  =  md,  h  =  nd  and  c  =  pd 
r.  abc  =  mnpd^,  that  is  abc  oc  d^ 
Jfow  by  hypothesis  a  oc  rf^  .'.  a  =  md^  .-.  a^  =  7n^d^ 
Also  6^  oc  Tia^  .'.  b^  =  nd'*' 

1  ^ 

And  c^  oc  -J-  .-.  c^  =  jpcZ~* 

.-.  a^iV  =  m^npd^ 
Then    taking    cube   root  of   each   side,   abc  =  ^m^np  x  cP 
.-.  a&c  oc  ff^oc  as  if  each  of  the  three,  a,  b,  c,  varied  directly  as  d 
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--W9.  S.^  of  1  -r  3  4-  5  -f  Ac.  =  n^.     (See  Ex.  LIX,  Example  13). 

S^  of  (2/H  +  1)  +  (2m  +  3)  +  (2m  +  5)  +  kc.  =  {2(2/n+  1)  -r  (u-  l)2}y 

n  n 

■=  (4/»  +  2  ■\-2n~  2)—  =  (4//1  +  2n)-—  -  {2m  +  n)n  =  2mn  +  n% 

and  it  Is  manifest  that  the  latter  sum  exceeds  the  former  by 
2/n??,  i.  e.  by  twice  the  product  of  m  and  n 

110.  Let  )3  and  7  be  the  roots,  then  /Sly::  ^Ji  :  n  .-.  — ■  =  — 

h  c 

And  Art.  208  Cor.^  /3  -f-  7  =  -  — ,  and  /Sy  =  — 

)3  +  7     7n  +  n        ~a      m  ■\-  n 
Then  Art.  lOG, = ,  .-.  —  =  • 

'7  7i      '  7  •« 

6         n                    m            m         b         n           b        m 
,-.  y  ~  -  —  X  — — - ,  and  /3  =  —  xy  ~  —  x-  —  x :^ x  

f     b         n    \    f     b         m    \     b-         mn  c 

,-.^y-  [ X X X =  -7  X  ,     ,     ..,.    But  fiy-  — 

c       b^        inn  (re         mn  b^      (m  +  n)'^ 

'  '  a  ~  a'^    (ill  +  7i)- '        ^  ~  (ill  -  7i)-  ■  ■  ac~      mn 

111.  The  denominator  =  a-(b  -  c)  +  V^c  ^b(?  ~  b-a  +  ac^ 

=  a\b  -  c)  +  bc(b  -  c)  -  a(62  -  c") 
-(b-  c){a^  -  a(b  +  c)  +  be] 
=  (b  -  c)(a  -  b)(a  -  c) 
Similarly  th*  numerator  =  a*(b'^  -  c'O  -J-  b^c"^  -  b-c"*^  -  a-b^  +  a-c^ 
=  a^(b^  -  c2)  +  bh\b-  -  c~)  -  a\h^  -  f4) 

=  (62  _  ^|,^  _  g2Q,2  +  ^2)  +  i2^2{ 

=  (P-  c'')(a:'  -  62)(a2  _  c2) 
(i^  _  0^(0^  -  b^Xa"  -  c2) 
^'^'^      (b-eXa-bXa-e)    '  =  <«  +  ^^^  +  ^)C^  +  ^> 


176  KEY   TO  LM18.  Ei-.  112-llS 

112.  (11)  Every  number  is  of  the  form  of  Sn  or  3n  +  1  .-.  everj 
square  number  is  of  the  form  of  9n^  or  9;i^  +  6n  +  ] ,  the  former 
is  evidently  divisible  by  3,  and  the  latter  becomes  so  when 
increased  by  2. 

(i)  Of  any  three  consecutive  integers,  one  must  be  divisible 
by  3,  and  since  every  even  integer  is  divisible  by  2,  and  two  of 
the  given  integers  are  even,  it  is  manifest  the  latter  of  the  two 
even  integers  is  divisible  by  4,  and  hence  that  the  product  of 
the  three  given  integers  must  be  divisible  by  3  x  2  x  4  =  24 

113.  {n(n  +  l)f  -  {n(n  -  l)f  =  n^{(n  +  l)^-  (n  -  l)^) 
=  iiXn  +  1  ^  n  +  iXn  +  I  +  n  -  1)  =  n^  x  2  x  2n  =  in^ 

1  +  a  2  2(1  +  a?) 

114.  a;  = .-.  a;  +   1   = -,    and  x^  +   1   =    — -y^ 

1  -  a  1  -  a'  {I  -  a)' 

l  +  b  2  (l+tt)(l  +  6)  2(1  4- aft) 

'^=1^6  •••^+1  =  136' ^'id^y=(i-a)(i-i)---^y+^  =  (T::^^) 


r2(l    +    a2)-] 


2 


{ah  +  l)(x^+l)     x+1  _  L  <.^    -   «>>  j        l-g 

'^^^^("^^Tr)(a^+l)"y+l"  J     2(l+a6)     1  ~""       2 
\(l^a)(l-6);^"+l>       1-b 


2(ab   +    1)(1   +    a2) 

(1-a)^ 

1    -   6 

2(1   +  ab)(d'  +    1) 

1    -   a 

(1   -  «)(1   -   6) 
1-6       1-6 
l-a-l-a=^ 

(1   -  a)(l   -  6)       1    -    b 
(1   -  a)^         "^  1    -   fl 


115.    1J7  +  21  +  33  +  35  +  21  +  7 
-1'    -    7-14-21-14-7 


1 

-  1 

-  1 


tTl4  +  21  +  14  +  7  =  7x*+  14x^1/ +  2  lxV+  14x2/3+  rjyi 
7  +  14  +  21  +  14+7 
-7-7-7 
-    7-    7-7 


7  +    7  +    7  =  7x^  +  7xy  +  7y* 
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IIG.    8  +  4-6-  1  -f-  i)T2^36-68-  16  r  16(9 
T2  +  36  -  54-    9  -f    9 
-  U-    7+     7 
-  7)   2+    1  -    1 

2  +  1-1)8  +  4-6-1-7- 1(4  +  0-1 

8  +  4-4 


177 


+0-2-1+1 

-2-1^-1.-.  G.O.M.  =  2x^tX-\ 


117.  (2j2  +  X  -  l)(9x2  -  4)  =  (2x  -  l)(x  +  l)(3.r  +  2)(.^x  -  2) 
(2x2  4.  ^  _  i)(4^2  _  1)  ^  (^2x  -  l)(x  +  l)(2x  +  l)(2x  -  1) 

118.  l.cjn.   of  denominators   =   8(1   +  x-)(l    +  x)(l   -  xy 
.-.  the  given  expression  = 

6(l  +  3:)(l+x2)  +  3(l-xXl+a:)(l+3;-)  +  (l-a-)2(l+x2)-2(l-a-)^(l+3:) 
8('l  +  x)(l  +  x^Xl  -  xy 
8  +  8x  +  8a;2  1  +  x  +  x^  I  ■{-  x  +  x^ 


^  8(1 -x^)(l  + x^)(l  -x)        (l-u;4)(l-x)        l-x-x'^  +  x^ 

/  oa\  f         3a\ 

119.    (^  ■<•  Y  )  (^  -  ~  1    ■''    "-^   =    (^  +   ^^0(-^  -  3c/)   +   Hi 

15a  15a 

.'.x'^\-lax--^-x^\-1(ix-Voa\\\\  ;  2(/a:-2ax  =  15t/--7--  lU 

45a  -  45                       45a  -  45          45a   -  45 
.-.    x(2a   -    2a)    =    — ^—    .-.    x  =    J^^^T^T^  =   0^ 

.  .    it  is  an  indeterminate  equation.     If  a  =   1  it  becomes  an 

identity. 

1      1  1 

I'.IO.  (i)  Tf  a,  b,  c  are  in  IT.  Prog'.,  — ,  -r  and  —  are  in  A.  Prog. 

1  1  1  1  I         1        /  1        1  \        /  1        1  \ 

,-  —  =  —  -—•  but  -r-  —  =-r  +  —    -— ^~ 

!>         a         c         6  '  b         a       \b       c  J       ya       c  J 

c       a  -V  c 
ac 

c     ~     b     ~    \^c  a  J    ~   yb  c  J 


-r  r        a  -T-  c 
he  ac 

a  +  c       a  +  h 


'    -  ■■    '        '    "-  -    '  ac  lib 


178  KEY   TO  [Mie.  Ex.  120-124. 


a-i-c     a+b     b  +  c     a+c       a+b  a+c         b+c 

.'. 7-  =  —J — .-.  — 7-, and  -T —  are  in  A.  P. 

ac         ab         be         ac  ab  '    ac  be 

ab        ae  be  • 

Aud  — — Ti  ~~; —  and  j—. —  are  in  H.  Prog. 
a+  b'  a+  e         b  +  e  ^ 

1111 

(ii)  Since  -r-  -  —  =  —  -  -r-,  we  have  multiplying  hj  a~  b  ^  c 

a  +  b  +  c       a  +  b  +  e       a -i-  b  +  c       a  +  b+  e 


b  a                   c                    0 

a+c  b+c             a+b             a+c 

—  +  1 1  =  +  1 — 

o  a                  c                   b 

a  +  c  b  +  c       a+b       a  +  e 


b  a  e  b 

+  c  a  + 

,      - —  and  

a    '       b  e 


b  +  c    a  +  c  a  +  b 

and  are  in  A.  Prog. 


c 

121.  A  cc  b  and  c  oc  cZ  .*.  a  =  mb.  and  c  -  nd.  .'.  d-  — 

'  '  n 

m 
Then  ad  =  — be  .-.  ad  oc  be 
n 

122.  Area  of  circle  varies  as  (radius)^  .*.  area  =  ^(radius)^ 
.*.  area  of  circles  =  m9  +  m9  +  ml6  +  m25  +  7?i36  +  viAO 
-  by  addition  to  ml44  =  m\2'^  .-.  radius  of  resulting  circle  =  12 

n  3 

123.  5={2a  +  (n-l)rf}-T-  =  {22 +  (3- l)(i]y  =  sumof  P^S  terms 

9 
=  |22+(9-l)(/}—  =  sum  of  1''^  9  terms 

.-.  (11  +d)3  =  (11  +  4(i)9;    11  +  d  =  33  +  Ud  .'.  lid  =  -  22 
or  d-  -  2  .'.  series  is  11,  9,  "7,  5,  &c. 

124.  Let  m=  the  m^^,  and  n  ~  the  n'^  terms  of  a  G.  series; 
also  let  a  =  I-*  term,  and  r  =  common  ratio,  then  m  =  ar'^'i  aud 


—  = -  ^.m  - 1  -  n  + 1  _  ,.m  -  71 
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m  -  I    m  -  1 


1\  VI  -  n 

,  and  common  ratio 


—  1  ,  where  m  -  the  m^^  and  n  the  n^^  terms  of  the  series. 

If  one  of  the  terms  be  taken  as  the  first,  the  above  becomes 


125.  rt  =  3  ;  «r*  =  }/:  .-.  r*  =  11  .-.  r  =  ±  t.     Art.  254,  r  ^  — — ^ 
2^7-3         -if  2  .       .  ^^  4        s'    16 

126.  .S,   =    {2a   +   (u   -    lyiy;     ^2^   =    {2a   +    (2/i   -    l)d\n 

3n 
and  63^  =  {2a  +  (3;i  -  l)./}-:^.     Then  latter  half  of 

S-m  -    S,^  -    ^\   =   {2'X  +   (2/i   -    l)'/|/i   -   {2a   +    (n  -    l)J]j 

3  ni  7ZfiJ  /i 

=  fl/i  +  Y?r<i  -  Y  =  a/i  +  (3/1  -   1)y  =  {2a  +  (3n  -   l)r/}y 

1  3n 

127.  Since  5^i  and  5*2  arc  each  to  n  terms,  we  have 
-S>\  +  iSg  =  1  +  5  +  9  +  &c.  to  n  terms  +  3  +  7  -I- 11  +  &c.  to  n  terms 
=  1  +  3  +  5  +  7  +  9  -f-  11  +  &c.  to  2.1  terms  =  (2/2)-  =  4n^. 
Also  S^  -  S.;,  -  {(1  -  3)  +  (5  -  7)  +  (9  -  11)  +  &c.  to  n  terms} 
.-.  (S  -  S^y  =  {(1  -  3)  +  (5  -  7)  +  &c.  to  n  terms}-  =.  (  -  2  -  2  -  2 
-  &c.  to  n  terms)=  =  (  -  2«)-  =  -In^  .-.  5,   +  S^  =  (^j   -  S.^y 


3  -f-  5  i-  7  +  &c.  to  (2.'i  -  1)  terms  ^  (2;i  -  ])• 
(.S'l  -  S.J-  =  {I  +  (5  -  3)  +  (9  -  7)  +  &c.  to  (n  -  1)  term?}- 
fc  {1  +  2(n  -  1)}^  =  (2/2  -  1)'^  .-.  S,  +  8^  =  (5,  -  ^2)2 


180  KEY   TO  [Mis.  Ex.  12S-133 


128.  General  term  of  (1 -r  a; -2)"* 

,      , ,,     ViV  -  9)(p  +  2g)   ••••{/;+(;•  -  1)9} 

2-5-8 {2  +  (r-l)3{ 

2-5-8 (3r-  1) 

M-i)"-x  ^r^^^ -'.- 

When  (?•  -f  l)''i  term  =  V^  term,  r  =  6 

2-5-8-IM4'r7  2618 

.     7!h    term    -    (    -    V\^    x -t  "  12  _    y-\2 

^  ^^  1-2-3-4-5-6   X  S-^-^  6561^ 

When  (r  -  l)^!^  term  =  lO'^^  term,  r  =  9 

2-O-8-11-14-17-20-23-26  559130 


•   10'-^  term  =  C- IV' X -r-i?--.- 

•  ■  '^     ^         1-2-3-4-5-6-7-8-9  x  S'-*  "^        "     1594323" 

129.  (X  -  l)(.r  -f-  l)(x  -  2)(x  4-  2)(x  -  3  -  ^j~^l){x  -  3  -f  V^^) 
=  (x2  -  l)(x-  -  4)(x-  -  6x  +  11)  -  x-^  -  3x-5  4-  6x4  ^  30^3  _  51^.2 
-  24x  4-  44  =  0 

130.  (X  +  l)(x  -  l)(x  -  1)  =  x3  -  x2  -  X  +  1  =  0  ;  then 
x'  -f  2x4  _  3_j.3  _  3j,2  +  2x  +  1  4-  x^  -  x^  -  X  4-  1  ^  x'-^  -f  3x  +  1 
.-.  x2  4-  3x  4-  1  =  0  ;  or  x2  4-  3x  r^  -  1  .-.  x^  4-  3x  4-  {^f  ^  t  -  1  =  4 
.-.  X  4-  3  =  +  \\lo,  and  X  =  i(  -  3  i  V5) 

a  4-  X      4c 

131.  Let  X  =  the  quantity,  then  rr —  =  -r  .'•  ad-\-dx  ~  ibc~  4cx: 

o  4-x      a 

Abe  -  ad 
or  '/x  -  4cx  =  46c  -  ad  .-.  x 


132. 


d-Ac 
2  -  V3       4  -  2V3        /V3  -  1^  2 


2  4-  V3        4  4-  2V3         \^V3  +   1 

^       A/3-l\^      rA/3-n2/  /o  ,  1X2      /Q_n5 


.    ^^J:y^^  '  ,  /V3-l\  '  ^  (V3-l)nV34-l)='_(3-l)^  ^  _  V2_ 
•■'^2  4-  VSy         \^V3  +1/  '   V3  +  1  V3  +  1      V3  + 1 

133.  Multiplying  the  lower  equation  by  2  and  subtracting, 

y  1        y-1 

we  liave  lij  -  2z  ^  13  (111)  .-.  3y  -  z  +  —  =  6  ^  —  .-.  — ;y—  is  int. 

Let  — —  =  t]    then  y  -  1  =  2f,  and  y  =  2/  4-  1.     Substitute  this 


Mrs:Ex.lQ8-jS6.j  ALGEBHA.  181 

in  (III  .  :m,.!     c  =  Y^  -  13  ^  14f  +  7  -  13  -  U^  -  6  .-.  c  =  7/  -  3, 

acd  y  =  2f  +  1.     Then,  i    ^  =  1,  ve  have  j/  =  3,  and  c  =  4,  and 

cc  =  2 

j.n  +  i_y«i-l      2;n.[.-j.n-iy^-j.n-2j^2j.^n-3j^3^^P  .j.Q^j.j.1  terms 

134.  -n-n^-^T^)  =  ^V^ 

x"  -f  a;'^  +  x™  +  x-^  +  &c.  to  (/I  -f  1)  terms 
=  when  7/  -=  X   to    "2,^ 

1  -!-  1  +  1  -f  &c.  to  n  -r  1  terms       n  -^  1 


a;"  X" 

135.  Let  771   be   their   G.C.M.,    and  ^  and  g'  the  quotients 
arising  from  dividing  them  by  this  G.C.M.    Then  mq  +  inq  =  45 

7715    -r    777^'  ?     +     9^  45  15 

and    7?!0(7'   =    168.       Therefore    -, —  =  -r~  =  T7-o  ~  T~- 

^^  viqq  qq  IbS        5u 

Whence  by  solving  the  quadratic,  or  bj  inspection,  7  =  T  and  q 

45  45 

-  8,  and  771  = =  -—  =  3  .-.  the  numbers  are   7x3-21, 

q-r  q        \j 

and  8x3  =  24 

1     x'^-2x-Z       1     x2-2x-15        2     a''^-2a:-35       92 


13G. 


5     x^-2x-S       9     a;^-2a:-24      13    2;^-2a;-48      58; 


1     1/-4        1     2/ -16        2    y-36        92 

Let  (x  -  1)2  =  y ;  then  -r- ' -„-  +  — r^  -  tt:  '   7?,  =  v  .- 

^  ^       ■^'  5y-9         97/- 2o        13^-49        5Sd 

1  1  2         S2 

Now  -r-  +  --  -  rr  =  -"^^  •"•  subtracting  corresponding  terms* 
5         9        13       o8o  °  ^  ° 

1  1  2       _  11  1  1 

7/  -  9  "^  7/ -25  ~  7/-  49  ""      '   °^  7/-9  ~  V-^^  ~  V/-49  ~  //  -  2! 

y- 49 -7/ -1-9  7/ -25 -7/ 4- 49  -40  24 

^''   (y  -  9)(y  -  49^  "  (.y  -  25)(y  -  49)  '    ^''  '1/  -  9    "  ^-^ 

or  57/  -  125  +  3?/  -  27  =  0  ;    or  By  =   152    .-.  7/  =   19.     Then 

(x  -f  l)'-^  =  19,  a:  =  1  =  ±  v'lg  and  x  =  1  +  V^ 


"''5'y-9     5"^9'2/-25~9     13  '  7/ -49 "^13      585 ~  5      9  "^13 
1  Ll  ^-y  +  ^  j_  1      y  -  16  -  y  +  25  _    2^  y  -  30  -  y  +  49  _ 

°''5  y-9  '9*  y-25  13  y-49  "" 

1  5       ^1  9       _  2       13      _ 

^'*    5   ■  ]/  -  y  ~   9"  '  y-  25  ~  13  y-49  ~    ' 


182  KEY   TO  [Mis.  Ex.  137-139. 

137.  Let  X  =  y  +  r,  aud  y  =  v  -  z  •.  theu  2xy  -  Ay"^  +  x^ 
=  2(r2-  z-)-  4(^2-  2vz  -^  c-)  +  r-'+  2rc  4-  c^:::  4  .-.  lOi'c  -  V--  5:-=  4 
Also  X"  -y-  =  v'^  +  2vz  +  z"  -  v^  ~  2vz  -  c'-  =  Avz  =  36  .-.  vz  =  9 
.-.  IQvz  -  I-  -  5z^  =  90  -  V-  -  5i2  =  4  .-.  v^  -l  5;"^  =  86 
.-.  v~  ±  2i-cV5  +  5c'-  =  86  4-  18^5.  Extracting  square  root  (rigbt 
hand  member  by  inspection,  and  left  hand  member  bj  Art.  189) 
we  have  v  ±  z^Jo  =  9  i  V^  •'•  ^rt.  186,  u  =  9,  and  +  z^Jo  -  ±  V^ 
.-.  c  =  1  .-.  X  =  10,  ?/=  8 

1  1 

138.  —  .r  —  =  9-2  ^  (10  -  l)-2.     Expanding   by  binomial 

theorem,  vre  have  (10  -  1)'- =  lO'^  -;-  2  x  10'^  +  3-10 "*  -f  &c. 
-f  V-IO    1  +  8-10-9  +9-10-1^  +  10-10-114-  &c. 
+  17-10-1^  +  18-10-19  +  19-10--'^  +  20-10-^+  &c.  to  infinity. 
Now  8-10-9  +  9-10-1'^  -T-  10-10-11  +  11-10-1^  -f  12-10-1^ -f  Arc. 
-8-10-9  +  9-10-1^^  +  1-10-1^  +(1-10-11  X  M0-1-)  +  (MO-i- 

+  2-10-i'^)  +  (1-10-1^  +  &c.) 
-  S-10-9  +  10-10-1'^  +  10-11  +  2-10-12+3-10-1^+  &c. 
=  8-10-9  +  MO- 9  ^10-11  +  2-10-12  + 3-10-13 +  &C. 
=  9-10-9  +  0-10-1"  +  1-10-11  +  2-10-1^  +  3-10-13+  ^g_ 
Similarly  for  18-10  "i'^  +  19  10-^^  +  20-10 " -i  +  &c.  and  generally 
for  (107i- 2)10-10"  +  !,  &c. 

.-.  (10  -  1)-^---  10-2+  2-10 -3  +  3.10-4^  &c.  +  7.10- '^  +  9-10-9 
+  10-11  a.  2-10-12  +  &c.  +  7-10-1"  a.  9-10-1^  a.  10--0  +  2-10--1 
+  &c.  to  infinity  =  •012345679012345679,  &c.  10  infinity. 

Note.— The  point  in  this  oiieiation  is  tlie  sign  of  multiplication,  and 
not  the  decimal  point. 

139.  ax^  -  bx  =  a-x  -  ah    .-.    ax"^  -  drx  -  6x  +  06  -  0  ;    or 
{ax  -  h)(x  -  a)  =  0.    Now  if  we  assume  ax  -  b  -  0  ;  or  x  -  a  =  0  ; 

b 
the  equation  will  be  satisfied  .-.  ax  -  b  =  0  ;  or  ax  =  6  .-.  x  =  — 

6       " 

Also  X  -  fl  =  0  .'.  X  =  a.     Therefore  the  roots  are  — ,  and  c 

a  ' 

which  are  rational  if  a  and  b  are  rational. 


Mi9.  Ex.  140-144.]  ALGEBRA.  1S3 

140.  x"^  +  (a  -I-  h)x  =  (n-l)ab] 
4a-2  +  4(a  +  b)x  +  (a  +  b)^  =  4(n  -  l)ab  +  (a  r  bf 


2x  -f  a  4-  6  =  i  V4na6  -  4a6  +  a^  +  2a^  +  6^  =  +  Y47ta6  +  a^-  2ab  +  O'-^ 
2x  =  -a-bi  ^'^nab  +  (a  -  6)^ .-.  a;  =  ^{  4  V4na6  +  (a-6)'^- (a  +  i)} 

141.  6x  -  V-r  =  1  ;  a:  -  ^V^  =  6  ;  ^  -  eV^  +  xk  =  7^4  +  fA  =  rA- 


142.  V^  =  V^+  1  -  \fx~^l   .-.  X  =  ar  +  1  -  2V^'^  -  1  -f  x  -  I 
.-.  -  X  =  -  2VP^~1  .-.  x2  =  4x2  -  4,  or  3x2  =  4 ;  x^  =  ^  ^._  x  =  2,/3 

143.  x2  +  xj/  +  xc  =  a2  \ 

a^y  +  y^  +  y~  =  *^  /  •'•  by  addition 
Xr  +  1/2  +  =2  ,  c2  ) 
x2  +  2x2/  +  2xz  +  7/2  +  2j/c  +  ^2  =  flZ  ^  j2  ^  ^^  g^^  cxtraclin^  tbe 


square  root  x  +  y  +  3  =  ±  V^^  +  6^  +  c'' 


.-.    —   ::l   +  A/a-  +   62  +   c'i     ._   a^  -  4 
X  ~    * 

62 


Va2 

+   62 

62 

+ 

C2 

Va2 

+   62 

C2 

T" 

~? 

2         -    ^  Va    +  *    +   c2 

144.  Let  rf,10'*  +  a^lO'*-i  +  a3-10"-2  +  &c.,  +o„_ilO  +  cfn  be 

any  number  =  (10^-  1)0^  +(10'^-i  -  l)^.^  +  (10" "2-  i)a\  +  &c., 

+  (10-  IK      1    'r-ai    +0,  +  «3*"    +<^n-l  +  ^^71 

Now  9  =  10  -  1,  and  each  of  the  coef.  (10"  -  1),  (10"  -^  -  1), 
(10"-2  -  1)--(I0  -  1)  is  divisible  by  (10  -  1),  i.e.  by  9 
.♦.the  n amber  =  9/;i  +  a^  +  cr^  -f  ag  +  ••••  On-i  +  Otd  where 
m  is  the  quotient  by  dividing  (10"  -  1)0)  +  (10" -i  -  \)ai 
+  (10"-2-l)a3+  ••-.  (lO-lK.jby  9 

Similarly  the   number   reversed  =  9/71^  +  ^n  +  <^n  -i  +  ^Ji  .2 

+ 03  +0^  +a,. 

Number  x  4  -  36w  +  4a,  +  4a.j  +  403  -f  ••••  4cr„  .j  +  Aa^ 
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KEY  TO 


[Mis.  Ex.  45-49. 


Number  reversed  x  5  =  Aoni^  +  5(in  4-  5cr^  .  ^ 

+  5.12  +  5a  1 

.-.  sum  =  36 in  +  45^1  4-  Da,   +  9rt.  +  9a,  4- 


9ar 


+  5a. 


+  9rt„ 


Ti:!3  Statement  may  be  generalized  as  follows  : — 

General  Theorem. — Let  v  be  the  radix  of  any  sydem  of 
Jiit.-.ibers,  then  if  any  number  in  that  system  be  multiplied  by  any 
r.u:iiber  n  and  the  same  number  reversed^  as  to  its  orders,  be 
muHiplied  %  r  -  (n  +  1) ;  then  the  sum  of  the  two  products  thus 
oh'n.ined  is  divisible  by  (r  -  1). 

145.  (a  +  b)(b  +  c)  -  (a  +  l)(c  4-  1)  -  (a  +  c)(b  -  1) 
=  ab  i-  ac  +  be  +  b"  -  ac  -  a  -  c  -  I  -  ab  -T  a  -  be  +  c  =  b'^  -  I 


(147) 

a'^x^+'labxy+bYi-c'^x^-i-2cdx7j^-dY-\-aY-'2abxy+Px^-+cY-^cdxy+d'^x^ 

a2(a;2   +  ^2)    ^   ^2^3.2   ^    ^2)    ^    ^2(^2  ^    ^2)    +    ^2^3,2  +    ^^2) 


(rt2  +  ^2  ^  ^2  ^  ^)(^2  +  ^2) 


x-^-y^ 


a2  +  62  ^  c2  ^  ^2 


14S.  VK(-^-^  4-  4x  +  4)  -  2a(x  4-  2)  4-  1]  =  +  {a{x  -r  2)  -  1} 

149.  G.C.M.  of  rf2  -f  2ab  ^  b"-  -  c^,  and  fl^  _  ^^  ^.  oftr  -  r^; 
that  is  of  (a  4-  by  -  c'^,  and  a^  -  (6  -  c)^ ;  that  is  of  (a  4-  i—  c) 
(a  4-  6  4-  c),  and  (a  -  6  4-  c)(a  4-  5  -  c)  is  evidently  a  4-  ft  -  c 


150.  1 
4-0 
-2 
4-1 


4  4-0 


4-5  4-0  4-1 

4-0 

-84-0 

4-44-0 


44- 01  -3  +  44-1  =  4X 


3x2  _  4a:  _  1 
a:^  4-  2x  -  1 


ills 

Ex.  150-155  ]                    ALGEBRA. 

1 

4-^0-^5-^0  +  l 

+  0 

+  0-l-0-fO  +  0  +  0 

-2 

-8  +  0  +  6-8-14 

+  1 

+4+0-3+4+t 
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4  +  0-3  +  4+7-11-10 

Ax  -  3x-i  +  4x-2+  7x-3-  Hr  •-'-  10a  "  '  +  i'C. 

151.  Ijl +  0  +  0  +  0  +  0  +  0+0  +  0 
+1  +1+1+0-1-1+0+1 
-1  -1-1+0+1+1+0 


1  +  1+0-1-1  +  0  +  1  +  1  + &c. 

=  I  -^  X  ~  X^  -  X*  i-  X^  +  X~  -  X^  -  X^^  T  &c. 

/a  b   \       /   a         b   \  a- -h  l>-  a' +  b^ 

^^^'  [a+b  ■*■  T^bJ  "^  \^^b  ~  «  +  6  j  "  (a +6)  (a -6)  ^  (a-b)(n+'bj 
(a2+  b'^f  _  a*+2a2i2  +  fc4  * 

(a^  J.  ^2)2  -  a*  -  20^6^  +  6* 

c{a  -  h)  c(a-b)  c(a~b)        (a-hc){b-\-c) 

153,  ^    .  ^.,  .    s  +  ,  _  .    X.,  .    X  =  , — :   ^,,  . — :  X 


154. 


(a  +  c)(6  +  c)  •  (tt  +  c)(6  +  c)     (a  +  c)(6  +  c;        c(a  -  6) 
3(x  -  2)  x  -  3  a-  -  1  1 


(x--l)(i-3)       (x-l)(x-3)       (.r-l)(x-3)  x-2 

3(x-2)-z  +  3-x  +  l           1       _           X  -2  1 

(x'-  l)(x  -  3)               "  X  -  2  ^  (X-  -  l)(:c  -  3)  ~  x^l 

(a-  -  2)2  -  (r  -   l)(x  -  3)       x^  -  4x  +  4  -  x^  +  4x  -  3 


(a--l)(x-3)(x-2) 


(x-l)(a--2)(x  =  ?.) 


(x-  l)(x-2)(a,-3) 

{(ry  +  1)  +  2x\{(xy  +  1)  +  2j/}  +  (x  -  y)^ 
^^^-  a-y  +  1  -  x'^  -  y^ 

xV  +  2x7/  +   1   +  2x(xy  +    1)    +   2y(xy   +    1)    +    (x   +  y)^ 

x'^y^  +  \  —  x'^  —  y'^ 
(xy  +  1)^  +  2(xy  +  l)(x  +  y)  +  (x  +  y)'-'  _    J^y  +  i  +  x  +  y^ 
(xY  +  2xt/  +  1)  -  (z2  +"2xy  +  y'-^)        "  (xy  +  1)'^  -  (x  +  y)^ 
(xy+x  +  y  +  iy  xy  +  x  +  y+1       (x-h\)(y+l) 


{xy  +  x  +  y+l)(xy-x-y  +  l)    '  xy-x-yi-l       (x-l)(y-\) 


186  KEY  TO  [Mrs.  Ex.  156-159. 

ix''^  +  bx  ■]■  c  =  0) 

> Divide  by  coefficients  of  x'^;  then 


156.  (i)  ax'^  +  bx  ■]■  c  =  0' 
a, 


a         a  /  Let  r  and  J-j,  be  roots  of  first,  and 

2  ,^       1L-o\^  ^^^  ^^'  ^^^  '^^^^^  ^^  ^°^  equat.  j 

Then  x'^  i-  —x  +  —  =  (x  -  r)(x  -  r, )  =  0 

And  a;2  +  — x  +  —  =  (x  -  r)(a:  -  ^2)  =  0 

Hence  in  order  that  the  equations  may  have  a  common  root, 

they  must  have  a  common  measure. 

(11)  Having  divided  as  before  by  coef.  of  a:-,   let  r  and  r^ 

-  roots  of  one,  and  -  r  and  -  r^  the  roots  of  the  other  equation, 

b  c 

Then  x^+  —x  +  —  =  (x  -  r)(x  -  r,)  =  x^  -  (r  +  r{)x  +  rr^  =  0 


0,        c. 
And  ar^-f  —    +  —  =  (x  +  r)(x  +  r,)  i=  X24-  (r +  r,)x  +  rr,   =  0 

6  6,  c  c, 

.'.  —  =  -  (r  +  ?•,)  =  -  — ,  and  —  =  rr,  =  — .     Hence  in  order 

that  the  roots  may  be  equal  in  magnitude  but  opposite  in  signs, 
the  coefficients  of  x  must  be  equal  in  magnitude  but  opposite  in 
sign,  and  the  coefficients  of  a-^  and  also  of  x"  must  be  equal. 

2Cx  +  l)-.(3x  +  4)       (2x  -  1)  -  (5x  -  6) 
157. T         —       =  5 .'.  -  3x  -  6 

--  12X  +  20  .-.  X  =  2§ 

158.  (X  -  l)-(x  +  4)  =  (X  +  3)2(x  -  2)  .-.  x^  +  2x2-  7^;  +  4 


=  xH  4x2-  3^  _  18  .-.  x2+  2x  =  11  ;  ^jx-V^xTl  =  ±  '/U  =  ±  2V3 

.'.  X  =  1  ±  2V3 

1  +  2x       2  +  2x  +  2VI  +  2x 

159.  1 ^  =  ==^  ;    extracting  the   square 

1  -  2x       2  -  2x  +  2Vl  -  2x  '  °  ^ 


Vl  +2x         Vl  +  2x+  1 

root  of  each  side,     —  =  +  ^== ;  clearing  of  fractions, 

V1-2X     -Vl-2a:-l 
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Vl  -  4x^   -   Vl   +   --^    =    i    (V'   -  ^'   +   Vl'  -  2-^') 

.-.  (i)  Vi    -   4r-  -  Vl   +  2x   =   V^~^~4l^   +   Vl   -  2a: ;    or 
-  Vl  -f  2x-  =  ■V"r^2i  .-.  1  +  2x  =  1  -  2.r  .-.  2x  =:  -  2a: ;  or  x  =  0 

And    (ii)    Vl  -  40.-^   -   Vl    +    2a-    =    -   Vl  -  4x^   -   V^^~2a: 
,-.    2VT^~4P    ^    Vl   +   2.r    -    Vl   -  2a: 

Squaring,  4(1  -  40:^)  =  2  -  2Vl  -  4x^  .-.  2(1  -  4x'-)  +  (1  -Ax^y  =  1 
.-.  (1  -  4a-2)  4-  HI  -  4x2)^  =  I  .-.  (1  -  4x2)  ^  1(1  _  4^2^2  ^  a.  =  ^'^g- 
.-.  (1  -  4.r2)^  +  I  =  +  I  ...  (1  -  4.r2)2  =  i  or  -  1  .-.  1  -  dx^^  i  or  1 
.-.  4x2  ^  ^  Qj.  Q  .   2x  =  +  J  V3  or  0  .-.  x  =  4  1^3  or  0 

(n  -  1)2x2  -  2(71  -  l)2x  4-  (n  -  1)2  +  47i 
(/?  -  1)2x2  4-  2(n  -  l)2x  4-  (n  -  1)2  4-  An 
(,j  _   i)2j.2  _  2(n  -  l)2x  4-  (n  4-   1)2        P 
•••  in  -   l)2x  -f  2(n  --l)2x  -f   (..  +  1)2  =  T  •'•  ^^^-   ^'^  ^""''^ 

2(n  -   1)2x2  4-  2(71  4-1)2  p  ^  1  („  _  l)2a.2  ^^  („.  ^  1)2    ^    p  4.  j 

■  -  4(71  -  1)^2^  ^  P-l  '    ^^  -  2(71  -  ly^x  ~  P  -  1 

.-.  (n-  1)2(P-  l)x2  +  (?i  4-  1)2(P  -  1)  =  -  2(n  -  1)2(P  4-  l)x; 
or  (71  -  1)2(1  ■-  P)x2  -  2(71  -  1)2(1  +  P)x  =  -  (n  +  1)2(1  -  P); 
A(n  -  1)-*(1  -  P)2x2-  8(;i  -  1)^(12  _  p2)x  4-  4(7i  -  1)*(1  4-  P)2 
=  A(n  -  !)*(!  4.  P)2  -  4(n  -  l)2(n  4-  1)2(1  -  P)2.     Dividing  by 

4(/i-  1)2,   (n-  1)2(1  -  P2)x2-  2(71-  1)2(1  -P2)x+(;!-  1)2(1  4-  P)2 
=   (71  -  1)2(1  4-  P)2  -  (n  4-  1)2(1   -  P)2 
...(;2_l)(l_P)x_(,)_l)(l4-P)  =  iV(«-l)^(l+P)^-(n+l)2(l-P)2 

,-.  («  -  1)(1  -  P)x  =  (/I  -  1)(1  4-  P)  ±  -^Wn'  -  APhi  -  4n  4-~4P 
,-.  in  -  1)(1   -  P)x  =   (71  -   1)(1    4-  P)  +  2V(Pn  -   l)(n  -  P) 

14-P       2  

*'•  ^  ~  i"3^  i  (/I  -  \\T\  -P^VC-f*'^  ~  l)('^  -  ^) ;   where  in  order 

that  X  may  be  real  ^|^^^r^^^~\){n~^^P)  must  be  real,  that  is 
(Pw  -  l)(7i  -  P)  must  be  positive,  and  if  n  is  positive,  in  order 
that  (Pn  -  l)(7i  -  P)  may  be  positive,  P  must  neither  Jbc  >  fi 

nor  <  — 
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KEY  TO 


[Mis.  Ex.  161-1C6. 


IGl.  ^=^(a  +  b)  =  ia^^)^^x\l=-l^l^ 


H  = 


2ab       2  X  5  X  .|        2 

G  =  v<^  =  vr><i  =  VI  =  1 

2a6 


y 


102.  H~  ... 

a   +   0 

o:-(//-  h)a  =  (a-  H)b 


Ha  -f  m  =  2ab  .\  Ha  -  ah  =  ah  -  Hb 
c      _     b  H-Hi-a     H-H^b 

•"•  a-H~  ir^b  ■'■      a-lT  ~  ~H -  b 
H-H-a       H-H+b  {H  -  a)  -  H      H  -  (H  -  b) 


H-a 
H  -  a 


H(H 

1 


H-b        ••        H{H-a) 
^ __JI^ 

H{H  -   a)    -    H{H  -   b) 


H(H  -  b) 

(H  -  b) 

H{H  -   b) 


'^-''''H-ir7rHzi-H--'H~aii''''^w^^ 

And  .♦.  H-a,  Hand  H-b  are  in  H.  progression;  that  is,  7^  is 
the  H  mean  between  H-a  and  H-b 

1G3.  The  ntii  term  =  a  +  (n  -  l)d  .-.  37"i  term  of  the  series 
¥  +  ¥  +  V  +  &c.  =  \^  +  (37  -  1)(  -  i)  =  3^1  -  3/  =  0 
S,,  =^  [2  X  6  +  (31  -  l)(-i)}3i=  (12  +30X- i)l^=  7x3^=  108^ 
5,2  =  {2  X  6  +  (42  -  1)(  -  l)}¥  =  (12  -i-  41  X-  1)21  -  (12  -  G|)21 
=  5L  X  21  =  1081  .-.  5.31  +  S^r,  =  108^  +  108^  =  217 
a(l-r")      3U1 -(?)"!     ¥ 

-f{i-(f)"i  =  ¥{i -(?)"] 

5 


1C4.   5.. 
25      3'*-! 

1G5.   5,,  = 


1-i 


5n  = 
5^  - 


i-r    i(--A.)    1+1-     ' 

0(1  -  r^)  _  1  -  (  -  -4)"  _  1  -  (  -  •4) 


1+1 


4)'} 


16C.  Ofptserie3,5„={2  +  (n-l)l}^  =  (n+l)^,and5^=(p  +  l)| 


Of  2"'^  series  5„  =  {4  +  (n  -  1)3}^=  (37i  +  1)-^,  and  S^  -=  (3p  +  1)|- 
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Of  S^a  series  5„  =  {6  +  (n  -  1)5}-^  =  (on  ^  l)^-,  and  Sp  =  (5^5  -i- 1)|- 

Of  4ti>  series  5^  =  {8  +  (n  -  1)7}—  =  (Y?i  +  l)y,  and  S.,  =  (7,o  +  1) ^ 

n  n  n 

.-.  of  the  series  (n  +  1)—  4-   (3/i  +  1)^  +  (5n  +  I)—  +  ^-c, 

n 
Nvhere  the  first  term  is  (n  +  1)—  and  the  common  difference  is 

2/1  X  y  =  7r,  the  Sp  =  {2(?i+  l)Y  +  (p-l)n^Y  =  (iiHn-rpfr-n')  ^- 

p  »  p 

Also  of  the  series  (p  +  1)— -f  (3/)  4-  1)y  +  (op  -f  1)— +  &c. 

p  p 

where  the  1"^'  term  is  (pi- 1)-  and  the  common  difference  is  2px  -  =  j,'^ 

Sn  =  mp  +  i)Y  +  0'  -  ^)r\Y  =  if  +  P  +  ''P'  -  p")y  =  ^p  ^""P'^  \ 

pn 
=  (1  -r  pn)-—  .-.  Sp  of  the  former  series  =  <S„  oF  the  latter  series. 

167.  {(X  +  y)  -  V^JK-^  +  y)  +  V^}  =  (^^  +  2x1/  +  2/2)  -  xy 
.=  x^  +  xy  +  J/2 

{(X2  +  7/)  +  X7/}{(X^  +  7/2)  -  X^/}    =    (X2  +  7/^)2  _  ^2,^2    ,    ^4  +  ^2^2  +  ^4 

163.  8(52  _  3  X  8)^  4-  5(52+  3x8)^  =  8(25  -  24)^  +  5(25  -f  24)^ 
=  8Vl  +  5V49  =  8  +  35  =  43 

169.  Vl6a*-  96a^6  +  2 160-62 _  216a6'  +  81i*  =  4a2-  12ai  +  96^, 
and  V4a^-  12a^  +  9^/^  =  2a  -  36 

1        1        1  /<z        \  11  3c        26 

170.  —  +  73  =  -7     — +  rf     .      Also  - -ry  -  :7-  =  -  ^TT"  -  ;^7r  ; 

a       4(i      a<il  4  /  26      3c  66c      66c  ' 

a  .      c  3c  26 

but  since  t"  =  "Tj  it   follows    that   6c   =   ad   .-.    -  —r-  -  Trr 

6         d '  66c        66c 

3c         26    _         c  6_         /c         1\         /6          1 

~6y^~6ai^~~2a^"3fl5  \^Y  ^  fl^y   ~   i^T  ^  o^ 

c         1         6         1 


•■•     a         26       3c   ■*"  4//   "    a'i\^4    ■*"     ) 
\  /  a       h        c        \ 


190  KEY   TO  [Mis.  Ex.  171-175. 

12(x  4-  l)'"* 
171,  Multiply  by  4(x  +  1),  and  8x-  -f  12  =  4x  +  o  +      ^^      — 

Reducing  and  then  clearing  of  fractions,  we  have  IZx^-i-  25a:  +  ^ 
;=  12x-  +  24x+  12  .-.  x  =  5 
2x  ■{■  b       2a  +  b 
^ '^  xU^  =  'dFVab  •'•  clearing  of  fractions, 

.-,  2a-x  +  2abx  +  aH  4-  ab^  =  2ax^  +  2abx  +  bx-  +  b'^x 
.-.  2fix2  +  6x2  _  2a^x  +  h-x  =  d~b  +  ab" 
(2a  +  b)x^  -  (2a-  -  b")x  =  ab(a  +  b) 
4(2a  +  by'^x^  -  4(2a  +  b)(2d^  -  b"^)  +  (2a2  -  b'^f 
=  Ub(a  +  6) (2a  +  i)  +  (2a2  -  62)2  ^  4^4  x  Sa^fi  +  Sa^fis  +  4^53  4.  .^4 
.-.  2(2o  +  b)x  -  (2d^  -  6^)  =  ±  V^a*  +  80^6  +  Sa^^^  +  4a6^  +  6* 
=  ±  (2a2  +  2a6  +  b"^)   .-.  2(2a  +  h)x  =  2^=  -  i^  +  (2a^  +  2a6  -f  6^) 
=  4a2  +  2a5,  or  =  -  2ab  -  26^  =  2a(2a.  +  6),  or  =  -  26(a  +  b) 

2a(2a  +  b)  b(a  +  b) 

''■''=    2(2a  +  6)  =  ^''^^^  =  - "2.^1^6- 

a  -f  1  ao  +  a  a  +  1        «&  +  « 

1 V3.  Since  x  =  -,—-75  and  y  =  -.  ,  ■■' :  ^  +  y  =  "t — r  +  -; — r 
ab  +  V  ^      a6  +  l'  ^     a6+la6  +  l 


2a  +  a6  +  1  -  a6  -  1 
ab  +  1  ~ 


2a  +  ai  +  1 

06+1 

X  +  y  -  1 

X  +  y  +  1 

2a 

2a 

+  ab  + 

1 

- 

1 

ab  +  1 

2  a 

+  ab  ■\- 

1 

+ 

1 

ab  +  l 
a 

2a  +  a6  +  1  +  a6  +  1 


ab  +  l 


2a  +  2a6  +  2       a  +  a6  +  1 

1 74.-  2x2  _  2xz  -  2xy  +  2yz  +  2/  -  2xy  -  2yc  +  2xz  -r  24^  -  2j 
+  2x7/  -  2yz  =  2x^  +  2y^  +  2z^  -  2xy  -  2xz  -  2yz 
=  (x^  -  2xy  +  2/2)  +  (x^  -  2xz  +  z^)  +  (y^  -  2yz  +  c^) 

.(^_y)2+(^_.)2  +  (y_.)2 

175.  (a  4-  bf  -  c'^  (u2  -  h'f  4-  4a6c2  -  c*  /(a  -  5)=  f  c^ 

J  (r:2  .  /,2>j2  _  (a-6)2c2l^ 

(a  4-  6)-c2  -  c* 
(a  4-  6)2c^  -  c4 


Mis.  Ex.  176, 177.]  ALGEBRA.  «  101 


x^ 

+  2x^ 

i 

x^ 

^  X 

x« 

+  2x2 

+  2x 

x^ 

-  1 

2x'  -r  2x*  +  2x^  +  2x-  +  2a;  +  2 
a;*  +  x^  +  x*.+  x^  +  x^  +  x 


-  x^  -  x^*  -  x"*  -  x^  -  X  -  1 

or'  r  x^  r  z'^  f-r"  >f  x'  -f  l)x^  -r  x*  +  x^  +  x'-^  +  x  +  1  (x^  -  x 
?:~  +  x^  +  x°  +  1^  -h  x^  i-  x^ 
—  x6  -  x^  +  X  +  1 
1-  x^  -  x°  -  X*  -  x^  -  x^  -  X 

':  ^+X3  +  X2+2X  +  1 

jr*  +  ^  T  a^  +  2x  +  1  )x5  +  x*  +  x3  +  x2  +  X  T  1  (x 

X^  +  X*  +  x^  +  2x2  4.  J. 
-    x^+1 
Z--  l)x*  +  x3+x--f  2x+  l(xM  x  +  2 

X4-X2 

x^  +  2x2  G.C.iltf.  i  j;  +  l)x2  -  l(x  -  1 
x^-x  g^  +  x 

2x2  ^  33,  -  X  -  1 

2x'2  -  2  -  X  -  1 


3x  +  3 

3(x  +  1) 

(2x    4-    3)(x    -    1)         (X    -    7)(x    +    1)         .^    +    2 

(X    +    5)(x2    _    1)    ~    (X    +    5)(x2   -    1)    ~    X-    +    I 

2x2  +  x-3  -  (x2-6x-  7)       x+2  x2-'7x  +  4  x  +  2 

(X  +  5)(x2  -  1)  x2+l  ""   (x  +  5)(x2-.  ])  "  ^  jL 

(x2    -f    Vx    +    4)(x2    +    1)    -    (X    +    2)(x2    -    l)(x    +    5) 

(X  +  5)(x*  -  ]) 
(x^  +  7x  +  4)x2  +  x^  +  7x  +  4  -  (x^  +  7x  +  10)x2  +  3;2  +  7x  +  10 

^'(x  +  5)(x4  -  1) 
2x2  ^  1 43.  ■{■14  _  ea.2       14J,  _  4j;2  +  j^ 
(X  +  5)(x4  -  1)       "  (X  +  5)(x4_  1) 


192  *  KEY   TO  [His.  Ex.  178, 179. 

(178) 
(a  +  b/-1r  -i-  («  -  H^^f     C"  +  2a6V^n[  -b^^a"^-  2ab^'~^  -  b^ 
(a  -'6V -!)(«  +  6V^)     "  a2-fc2(V^)' 

2a=  -  262  ^  2(a"  -  6^) 

179.  Let  X  -  3y  be  the  first  of  any  four  positive  quantities  in 
.5. P.,  and  let  2i/  be  their  common  difference. 
Then  the  four  quantities  are  x  -  3>/,  x  -  y,  x  +  y  and  x  +  3y. 
And  the  sum  of  the  extremes  =  x-3y-T-x  +  3y-  2x. 
Also  the  sum  of  the  means  =  x-y  +  x-Ty=  2x.  And  2x  -  2x 
.-,  the  sum  of  the  eitremes  =  the  sum  of  the  means. 

X 

Again  let  —  be  the  first  of  four  positive  quantities  io  G-P-.y 

and  let  y  by  their  common  ratio. 

x      X 
Then  the  four  quantities  are  — ,  — ,  x  and  xy. 

X  X-rXl/^  X  x~'xy 

Sumof  extremes  =  — 4- x?/  =  — -r^;  sum  of  means  =  ~  '^^■- — r — 

X  +  xy^   >   X  -1-  XV  > 

Then  ^, ^ — -,  according  a.3  x  +  xy^  ^  xy  ^  xy- ■ 

or  &sl+ y^^y  +  y~]    or  as  (I  +  y)(l  -  2/  -i-  2/^)  =  y  (1  +  y)  ; 

or  as  1  -  ?/  +  ?r  =  y;    or  as  1  +  y^  =  2y.     But  1  +  y-  >  2y  by 

T*     -r-     7*  ?/^  T    A-     X7/ 

Art.  134:  Xote  2,  .-,  :; —  > '-,  that  is  the  sum  of  the 

'  y  y     ^ 

extremes  is  greater  than  the  sum  of  the  means. 

Lastly,  if  as  before  x  -  3y,  x  -  y,  x  +  y  and  x  4-  3y  are  in  ^i.P., 


1  11.1 

1 


their  reciprocals  ^^-^^,  ^— ^,  ^^  and  j-^p^  are  in  i?.P. 


Then 
And 

X   -   3y    ^    X   +  3y 
1                     1 

X    -    y      '      X    +   y 

2x 


=    sum    of    extremes. 
=   sum    of  m.eans. 


Mi3.  Ex.  179-1S4.]  ALGEBRA.  193 

Now  whether  y  be  positive  or  negative,  y^is  necessarily  positive, 

2x  1x 

and  therefore  x^  -  -f  >  x' ~  9y^,  and  .-.  ^2  ,  9^2  >  3.2   _  yZ  i 

that  is  the  sura  of  the  extremes  is  greater  than  the  sum  of  the 

means. 

2/1  -  1 

180.  Szn-i   =   {2a  +    (2?i  -   2)d] — ,    and    when   d    =    a 

2n-l  2n-l 

^27»-i  =  [2«  -  (2^  -  2)a}-y—  =  {2a  +  2an  -  2a}— r—  =  na(2n  -  1) 

Also  (2/1  -  l)th  term  =  a  +  (2n  -  2)(f  -  a  +  (2/i  -  2)a  =  a  +  2a/i  -  2a 
=  a(2n  -  1)  .-.  sum  of  2/i  -  1  terms  =  the  (2n  -  1)'^  term  x  n  when 
the  series  is  ascending,  i.  e.  when  the  first  term  is  the  least  and 
the  last  term  is  the  greatest. 

181.  ab  +  h'^d^--  x^  =  a;2  ...  J^a^  _  x'i  =  x^  -  ab  ]  d^b^  -  b^x^ 
-x^-  2a6x2  +  tt262  .-.  a;4  -  2abx^  +  b^x"^  =  0  ;  or  x2(x2  -  2a6  +  fe^)  =  0 
.-.  X  =  0  or  ar  =  +  \lb(2a-b) 

182.  3x^  +  x-^^3104;  36x^+12x^+1  =  37249;  6x6  +  1  =  +  193; 
6x6  ^  192  or  -  194;  x^  =  32  or  -  32  J  ;  x6  =  2,  hence  x  =  64; 
or  x'  =  (  -  32J)6,  whence  x  =  V(32'??  =  32J  ^32?  =  ¥  VY 
=  W^^='VV^857 

x^  +  2ax  +  x^  -  x^  +  2ax  -  a^      b^  +  2bx -i- x^  -  b^ -i- 2bx  -  x^ 
^^^-  x2  -  d^^  ""  b^~^ 

4ax  Abx  a  b 

•••  i^':r^2  =  ^2—^2  •••  ^r:rH^  =  6rr^;  <d)^-ax^^hx^^ba\ 

or  6x2  ^  Qj;2  _  fljz  ^  5^2  .^  Qj  ^  ^>|j.2  _  ^5^j  ^^^  ._  ^,2  _  ^j^  whence 
X  =  i  V^ 


184.  Vx2+  V^^  +  96  =  11  -X  .-.  x^  +  V^^*  +  96  =  121  -22x+x2 
.•.  V^^  +  96  =  121  -  22x.     Again  squaring 
x2  +  96=  14641  -  5324X  +  484x2    .^  483x2-  5324x  =  -  14545; 

,     5324  14545 

°^^-^3^  =  --483- 

2  5324   /2662Y  _  7086244   14545  7086244-7025235 
•'•  ^  "  "483"^  "^  \^483  j  "  233289  "  483  ^  233289 

N 


194  KEY  TO        [Mis.  Ex.  184-186; 


2662  _    /  61009 
•'•  ^  ~  TsF  "^  i  V  233289  ~  - 


247 
483  ~  -  V  233289  ~  -  483 
2662  +  247   2909    2415 


483    -  483  '  °'  48F  =  ^- ^"  ""'  ^ 

185.  Let  X  -  the  left  hand  digit,  and  y  =  theright  hand  digii; 

then  the  number  is  IOj  +  y 

\(kc  +  y 
.-.  -— -^  =  21,  whence  10x  +  y=  21x-21(/,  or22i/=  11t,  orx  =  2y 

Also  ~        +  17  =  lOy  +  X,  whence  27x  +  18y  =  llxy  +  lOyH  a:^ 

But  X  =  2'y ;  substituting  this  in  the  last  equation,  we  have 
54y  +  18y  =  22J/2  +  lOj/^  +  Ay^  .-.  72  =  36y,  whence  y  =  2 
And  X  =  2y  =  4  .-.  the  required  number  is  42 

186.  Let  X  =  minutes   per  mile   taken  hy   B,   then  x  +   1 

60 
=  minutes  per  mile  taken  by  A;    —  =  miles  per  hour  of  B,  and 

60 
— — r  =  miles  per  hour  taken  hy  >4. 

60 
The  second  time  round  the  rate  per  hour  of  jo  = 2 

60   -  2x                                                         60                   62  +   2x 
=  ; ,  and  rate  per  hour  of  J  =  — — ^  +  2  =  , 

X  X    T"    X  X     I      X 

And  since  the  course  is  2  miles  long,  the  time  in  hours  taken  by 

2  1  X  +  1 

£   to   go  round   =     62  +  2x    =    31  +  x    =  sTTi   '''    ^'"^^  ^^ 

X+  1  X    +    1 

60x  +  60  . 

minutes  required  to  go  round  =     -■■    , — -  ••.  mmutes  per  mile 

oi    +  X 

30x  +  30 

taken  by  J  =    „.    —  ;  similarly  minutes  per  mile  in  2°^  round 

30x 
required  hj  B  =  ^7^ — ,  and  since  ^  does  the  two  miles  in  two 

minutes  less  than  B,  his  time  per  mile  will  be  one  minute  less 

30x   +   30  30r 

than  B  .-.     „.    ^ —    +    1    =    xx ,   wheric«  by  reduction 

31   +  X  30   -  x'  •' 


Mis.  Ex.  186-190.]  ALGEBRA.  195 

30X  +  30  +  31+X      31x4-61        SOx 

o"i— — =  -^T-; —  =  n^^ •••  930a;  +  1830  -  Slx^  -  61x 

31  +  X  31+x        30-a' 

=  930x  +  30x2;    Qj.  -Qix--  eix  =  -  1830,  whence  x^  +  x  ^  30  ; 
X-  +  X  +  I  =  J- j-L  .-.  X  +  5  =  ±  V;  and  x  =  5 

.-.  ^'3  rate  1^'  round  =  5  -f  1  -  G  min.  per  mile  =  10  miles  per  hour 
^'s  rate  1**  round  =  5  minutes  per  mile,  or  12  miles  per  hour 
^'s  rate  2^*  time  round  =  10  +  2  =  12  m'les  per  hour 
B's  rate  2°^  time  round  =  12  -  2  =  10  miles  per  hour 
Whole  time   of  B  for  both  rounds   =   10  +12   =   22    minutes 
Whole  time   of  j1  for  both  rounds  =   12  -f   10  =   22  minutes 
.-.  neither  horse  wins. 

187.  Let  X,  X  -f  1,  X  +  2,  X  +  3  and  x  +  4  be  any  five  conse- 
cutive integers;  then  x(x  +  2)(x  +  4)  +  (x  +  1)'  +  (x  +  3)^ 
=  (x  +  2)(x2  -}-  4x)  +  x3  +  3x2  +  3x  -f  1  +  ^.s  ^  Qj.-i  +  27x  -f  27 
=  (x  +  2)(x2-f4x)  +  (x3+4x2+5x  +  2)  +  (4x-f-8)  +  (x=*  +  8x2+21x  +  18) 
=  (X  +  2)(x2+  4x)  +  (X  +  2)(x2+  2x  +  1)  +  (X  +  2)4  +  (X  +  2)(x2+  6x  +  9) 
=  (X  +  2){(x2  +  4x)  +  (x2  4-  2x  +  1)  +  4  4-  (x^  +  6x  +  9)| 
=  (X  +  2){(x^  +  2x  +  1)  4-  (x2  4-  4x  4-  4)  4-  (x^  4-  6x  4-  9)| 
:^  (X  4-  2){(x  4-  ly  4-  (X  4-  2)2  4-  (x  4-  3)-}  =  product  of  middle 
number  by  the  sum  of  the  squares  of  the  middle  three. 

]  88.  x-^  4-  Jf*  4-  X*  4-  4x^1/  4-  6x V  +  4:Xy^  +  y^ 
=  2x*  4-  4x^^  4-  6xy  ^  4j-y  ^  2y^  =  2(x*  4-  2x^y  +  Zx-y'^-r  2xy^  +  y^) 
=  2(x2  4-  xy  4-  y'f 

189.  (x'  4-  y^  4-  x'^y  4-  xy'^){  x^  -  y^  -  x'-y  +  xy^) 
=  {(x^  4-  xy^  4-  (/  +  x^y)]{(:x'  4-  xr/2)  _  (j^  +  x2y)] 

r.  (x3  4-  xy^f  -  (!/•■'  4-  x^yy  =  x5  4-  2xV  +  ^^^*  -  (y^  +  2x2y*  4-  x  Y) 
=  x^  4-  x*iy  —  x^y*  —  y^ 

190.  x2  =  (VoTS  ±  ^JT^y  =  a  4-  5  ±  2\[aF^^  +  a  -  b 
=  2a±  2Va^  -  6^  ; 

ox^-  ix*  =  x\a  -  1x2)  =  |2a  4.  2'^^T^\{a  -  {la  f  I'flF^I^)] 
=  {2a  i  2Va^  -  ft'lfia  +  iV^^  -  fr'j  =  {a  i  V^^  -  b')(a  +  V^-"P) 


196  KEY   TO  tlTis.  Ex.  191-199, 

191.  ax^  -i-  (ay  +  az  ■{■  2cy)x-  4-  (5^^+  2cy'^  +  2cyz)x-^{hy^-^by'^z) 
^x-v{y^z) 

\\a    +  (ay  +  az  +  2cr/)     +  (by^  +  2cy^  ^  2cyz)  +  (by^  +  by^z) 

-  (!/+t)|       -  (ay  +  az) -  (2cr  +  Zcyz)  -  (by^  +  by^z) 

a  +  2cy  +  by" 

.-.  quotient  =  ax^  +  2cyx  +  by"^ 

192.  (x^'f  -  (P)^  -=-  (x'^  -  1*^)  =  x'^  +  P  ^  a:"  +  1 

193.  l-l  +  l-x  +  2x-3  +  5x  +  2  +  4-5x-  4  +  x 

194.  fl(/?2  +  26c  +  C-)  +  6(c2  +  2ca  4   a")  4-  c(a2  4-  2ab  4-  6'0 

-  {(a-  -  ab  -  ac  +  bc)(b  4-  f)  4-  (6-  -  ftc  -  o6  4-  ac)(a  4-  c) 
4-  (c^  _  ac  -  6c  4-  a6)(a  4-  6)}  =  ab"^  +  ac^  ■>,-  be-  4-  ba"^  4-  ca-  +  cb^  +  Qabc 

-  a'^b  -  a^c  -  b'^a  -  b'^c  -  c~a  -  c^b  4-  6abc  =  Uabc 

195.  {(6  4-  c  -  a)  4-  (c  4-  a  -  6)  4-  (a  4-  6  -  c)}x  +  {(c  4-  a  -  6) 
4-  (a  4-  6  -  c)  4-  (6  4-  c  -^  a)]y  4-  {(a  4-  6  -  c)  4-  (6  4-  c  -  a)  4-  (c  4-  a  -  b)\z 
^  (a  +  b  +  c)x  +  (a  +  b-\-  c)y  +  (a  +  b  -\-c)z  =  (^a  +  b  +  c)(x  +  y  +  z) 

196.  (x  +  2yfx(x-2yy  =  (x^-Ay'^f  =  x^ -  12x^4- 48xV- 64y6 

{a  -r  6V'^)(a  -  W"^)  =  «"  -  ^"(  -  1)  =  a^  +  6^ 

157.  {(a  4-6  4-  c)(a  4-  6  -  c)|{(c  -  a  4-  6) (c  4-  a  -  6)} 
=  {{a  4-  6)2  -  c2||c2  -  (a  -  6)2}  n  c%a  4-  6)^  4-  (a  -  6)2}  -  (a?  -  b'^f  -  c* 
=  2a2c2  4-  262c2-  a*4-  2a262-  61-  c*  =  2a262  4-  2a2c2  4-  262c2-  a*-  6*-c* 
(X  4-  1  4-  x-i)(x  -  1  4-  x-^)  =  {(x  4-  x-i)  4-  l]{(x  4-  X'^)  -  1| 
=  (X  4-x-i)"-  1  =  x2  4-  2  4-a:-2-  1  -  x2  4-  1  4-X-2 

198.  (2x*  -  3x^y  4-  4x2^2  _  5^y3  +  g^4)  ^  6a:2j/2 
=  ^a;2z/-2-^xy-i4-§-fx-i?/4-x-2j/2 

(x2  4-2x4-l)(x2-2x  +  3) 
(xi4-4x4-3)-(x2  4-2x4-l)  =  ' ^^T^+1 =:t2-2x4-3 


i)  =  {.(.-f)).(..-i) 


-^   4-   ;3«^w  4.  Xn^\    =   «t5    4.   4.ri 


=  8(x'  4-  ix^y  +  iy^)  =  €x^  4-  4a;^y  4-  2y 


9)/2 
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(x'  -  apx^  +  n?px  -  a^)  r  (x  -  a)  =  {(x'  -  a^)  -  apx(x  -  d)\  v  (r  -  a) 
=  (X-  +  ax  +  a-)  -  apx  =  x-  +  ( L  -  p)ax  +  a^ 

200.  (i)  (x2  -  3x  -  4)  =  (X  +  l)(x  -  4),  and  (x^  -  2x  -  8) 
=  (X  +  2)(x  -  4)  ;  (x2+  X  -  20)  =  (x  -  4)(x  +  5)  .-.  G.C.M.  =  x  -  4 

(II)  3x^4-  4x2-  3x  -  4  =  x-'(3x  +  4)  -  (3x  +  4)  =  (x^-  l)(3x  +  4) 
2x*  -  7x2  +  5  =  (2^-2  _  5)^2  _  (•2;c2  -  5)  =  (2x2  _  5)(^2  _  j) 
.-.  G.C.M.  =  x2-  1 

(III)  Let  p  be  the  G.C.3/.  of  m  and  7i ;  then  the  G.C.M.  of 
(x"*  +  a"^),  and  (x"  +  a™)  =  x?  +  a?,  and  of  (x"*  -  a"^),  and  x"-  -  a'' 
=  xP  -  aP  .-.  required  G.C.M.  =  (x?  +  aP)(xP  -  a?)  =  x^p  -  a^P 

201,  (i)  i.c.m.  of  (x  -  2a)(x  +  a),  x2(x  +  a),  and  a(x  +  a)(x  -  a) 
=  ax^(x  -  2a)(x  +  a)(x  -  a)  =  gx^  -  2cz2x*  -  a=^x^  +  2rt*x2 


(II)  x^-xh/-  d^x  +  a' 

V  =  (x2  - 

-  a2)(x  -  y)  ;  x^ 

+  0X2  , 

-xf 

=  -ar 

= 

(x  +  a)(x2-7/2).-.Z.c.7n 

.  =  (X2-, 

a2)(x2 

-  ?/2)  =  X*  - 

.X2/. 

.a2x2 

+  vr\r 

(a  +  6 -c +  rf)(a  +  6 -c- 

-d)   _ 

(6  +  c  -  a  +  tf)(6 
(6  +  C4  a  +  rf)(6 

a-d) 

202.  ^a,  +  b-c-  d){a 

+  6  +  c  +  rf)  "^ 

a-d) 

(c  +  a  -6  +  rf)(c  +  0  - 

-b-d) 

(c  +  a  +  6  -t-  (i)(c  +  a  - 

-b-d) 

a+6-c+rf       6+c- 

-  a  +  d 

a  +  c  -b  -^d 

" 

a  +  6  +  c  +  d  "^  a  +  t  +  c  +  <Z  "*"  a  +  i 

^  +  c  +  rf 

a+6-c+rf+6+c 

-  a  +  d 

+a+c-b+d 

a  +  b  +  i 
a  +  b  + 

c  +  Zd 

a  -{-6 

+  c  +  d 

c  +  d 

2d 

a  +  b  +  c  +  d 

x^  +  2x7j  +  f  -  z-^ 

a  +  0  +  c  +  a 

.      .         -^        (X  +  y)2  -  ;2  _   (x+y  +  c)(x4-?/-c) 

^°^'  x2-y2+2?/s-c^  "^    a:2-(?/-c)2    "  (x  +  2/ -  5)(x  -  y  +  c) 
X  +  y  +  z 

X-  J/  +  2 

a2(a  4-  6)     a(a  -  &)  2a5     _  a'  -f  ^2^  _  a(a  _  fe)^  _  2aU^ 

^^^'  6(a2  -  62)  -  6(irr6)  "  f?^"IT2  "  6(a2^rp) 

tr*  +  a26  -  a«  +  2a26  --  ab''  -  2ab-  _  3a2i  -  3a62  ^       3a6(ff  -  i)_ 
6(a2  -  i2)  -    6<a2  -  i^)"  ^  i(a  -  bXa  +  ^) 

3a 
a+b 


198  KEY  TO  [Mis.  Ex.  205-210. 

'a?  -  ax  -k-  ax       a^  +  ax  -  ax\         (a  -r  xY  -f  (a  -  x)' 
205.    ' 


a  -  x  a  +  X         J  a 

a-  a"  \       2u2  +  2.r2  a^    ,  d^  -  x~     _  o^ 

'a-x  ^  a^x)~    a'^  -  x-    ~  a- -x-  ~  2(0^ 4- x-)  ~  2{a'^  +  x'^) 


4ab  Aah 

206 


a  +  b  "^  -'^  a  +  6  ^  -^         6ab  -^  2a^       6ab  +  26^ 


4«6  '       Aab  ~   lab  ~  2a'^       2ab  -  262  ' 

a  -r  0  a  +  6 

dividing  numerator  and  denominator  of  1- ^  by  2a.  and  of  2°*  bj  26, 

3b  +  a        3a  +  b        3b  +  a        3a  +  b        2b  -  2a 

we    get   —r + r    =    -T -r =    -r =    2 

^         b  —  a  a  -  b  b  —  a  b  -  a  b  -  a 


207.  (i)  V^*  -  4x3  +  42.2  _  ^j^i  +  8x  +  4 
=  V(-i-^  -  4x^  -^  4x2)  _  4^j,-j  -  2x)  +  4  =  x2  -  2x  -  2 


[2      2a6      2at;      6-      26c      c^X  '      a       6        c 


^"^^    (^62       6c        ab  '^  c- "^  ac  "^  a^ )        be       a 

208.  The  sqnare  of  which  o-x^  +  6x  are  the  first  and  second 

62 

termSj  is  a-x"  -r  6x  -f  —7  .-.  in  order  that  a-x^  +  6x  +  6c  +  6^  may 

62          c  1 

be  a  perfect  square,  we  must  have  6f  +  6^  -  7-7  .■.  -7-  +  1  =  yr^, 

and  .-.  7-7  -  ^-  =  1 
^a^       b 


209.  (1)  7n/jx  4-  amn  =  7i2j-  +  0^2  _._  ^^^^^  _  ^^2^,  _  ^^,^2  _  (;;;j;j^ 

am(m~n)        am 

that  is  (ffJT!  -  7i-)x  -  am-  -  awn  .-.  x  =  — r  =  

^      ^  n(j)i  -  n)         n 

(11)  2x2  ^i2x  =  -  6,  whence  x  =  6  or  ^ 

7x  +  1    400  /x  -  A    400x  -  200 

whence  2421x2  _  g^n^  -  _  9598,  or  807x2  -  2137x  =  -  866; 
2137     /2137\=^    4566769  -  2795448     1771321 


;i4y 


1614;   ~       (1614)=*  (1614)2 
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2137  _    .Vr7Tl32l  _  i  1330-9  213*7  j  1330-9 

•'■^~1614~-     :1614~  ~      1614     •'•^~  1614  =  +  2-14 

or  -  0-49 

(II)  x2  -  2(a  +  b'p:  +  (a  4-  b)^  =  4(a^  -  2ab  +  b^)  =  4(a  -  b)^ 
.-.  X  -  (a  +  6)  =  i  2(a  -  b),  whence  x  =  3a  -  b,  or  3b  -  a 

211.  ex  -    acy'=    abx   +   by    .-.    x(c   -   ab)    =   y(ac   +    6) 

x(c  —  ab)  .  ax(c  -  g6) 

•.*.   y  =   r~i — •     But  X  ^  ay  =  b    .-.    x  -  ,  ,        =   b 

"  ac+  b  ^  ,  ac  +  b 

acx   +   6x   -   OCX   4-  a^bx         bx   +   d^bx  b  +   a^b 

ac  -h  b  ac  +  b  ac  +  b 

ac  +  b  c  "  ab 

<n)  x^  4-  2x7/  +  t/2  =*49^  and  x^  +  xy  +  ^^  =  37  .*.  xy  =  12 

x2  -  2xy  =1-2/2=1 
••■•  X  +  y  =  +  7,  and  x  -  y  =  +  1  .-.  2x  =  +  8,  and  x  =  f  4  or  ±  3, 
iandJ/  =  +  3  or  +  4 

212.  Subtr&fcting  the  second  of  the  given  equations  from  the 
first,  we  have  y(z  -  x)  =  a^  -  c^ ;  to  which  adding  the  third 
•equation,  we  have  2yz  -  2a^  .-.  yz  =  a^  .-.  xz  =  b^,  and  xy  =  c'^ 


yz 


a2  fl2x  a^x  b^c^  be 

-^.■.y  =  ^.:xy  =  x-^  =  e^.:x^^-r.:x  =  ±~ 


ae  ab 

whence  also  V  =  -^  t"?  an<i  *  =  +  — 
-  6  '  c 


213.  Let  X  -  wfs  age,  y  =  B's  age,  and  s  =  Cs  age;    then 

3c  4 

.y  -  X  =  2(z  -  7/) ;    x  +  y  =  y,  and  x  +  y  -  12  =  yCi  -  6) ; 

■Zy-f=2z]    2x  +  2i/  =  32;    3x  +  3y  -  4z  =  12  ;    6x  +  Gy  -  9z  =  0, 
and  (ix  +  6y  -  8z  =  24  .'.  z  =  24  ;  y=  21,  and  x  =  15 

214.  S,  i  =  [2a  +  (n-  l)d}j  =  {3  +  (12  -  l)i}6  =  (3+11x3)6 
=  (3  + V)  X  6=  117 

5„  of  U  +  2<  +  3:/;  -  5rt  of  1  +  2  +  3  +  <tc. . . .  +  -S„  of  §  +  J  + 1^ 


200  KEY   TO  [5II3.  Ex.  21i-2iS. 

n  n        n(n  +  1)       Ul  -  (n^^l 

n(n  +  1) 
=  -^-^  +  2  -  2(5r  =  ll'K^  +  1)  +  4  -  4(sn 

V2         V2  +  W3     V2  4-  3V3 
5^  ofV2-MV3  +  §V2  =  ^-r7f  =      i_7     =         ^         =3V2  +  2V3 

215.  a^'a.^'a^ a^   =   a''    .-.   a^-ag-flg Cfp_i  =   a/^"!'^ 

Oj  -aj-flj Op  =  Oi^^  .•.  ap  =  ,a/"  V  a^'-P-i^  =  Ai^p-i  .-.  a^  ig 

formed  from  Or-i  by  mnltipljing  it  by  a^^  .-.  a^  +  a.;  +03  +  &c., 
is  a  Geom.  series  having  a^  for  first  term,  and  a^^  for  common 

ratio.     Then  5„  =  a^-   ^  -z  _ -^      =  a^- ^  .   _  ^ 

216.  Squaring  each  side  and  transposing,  we  get 

X*  -  20x3  ^  943.2  ^  gQj,  ^  9  -  Q  .  extracting  the  square  root  of 
each  side,  we  have  x^  -  lOx  -  3  =  0  .-.  x-  -  lOx  +  25  =  28; 
x-5  =  ±2VT  .-.  x=  5±  2V7 

217.  Multiplying,  we  have  -  30x*  +  46x3  +  Yx^  -  23x  +  4  =  4 
.-.  x(30x3  -  46x2  -  7x  4-  23)  =  0 

.-.  x{30x3  -  30x2  _  iQj^i  J.  igj.  _  23x  +  23}  =  0 

.-.  x[30x2(x  -  1)  -  16x(x  -  1)  -  23(x  -  1)}  =  0 

.-.  x(x  -  l)(30x2  _  YQ^  _  23)  =  0  .-.  X  =  0.   Also  x  -  1  =  0  .-.  x  =  1 

Also    30x2  _    i^j^    _    23j    whence    x^  -    -^^-x    +    22^    =    III 

.-.  X  =  -/,-(4  ±  iV754) 

218.  The  given  series  is  double,  i.  e.  is  equal  to  the  A  series 

l  +  2-f3  +  4-f5  +  &c.,   +  the  G  series  1  -  2  +  4  -^  8  +  16  -  &c. 

Then  sum  of  J.  series  as  follows  : — 

An 
S^^  =  {2  +  (4/1  -  l)}y  =  (4n  +  \)2n 

4n  +  1 
-Vm  =  {2  +  (4/1  +  1  -  1)}-^—  =  (2n  +  l)(4/i  +  1) 

An  +  2 
S^^2  =  {2  +  (4n  +  2  -  1)}—^—  =  (4n  +  3)(2m  +  I) 

4n  +  3 
S^n^z  =  {2  +  (471  +  3  -  1)}-^—  =  2(71  +  l)(47i  +  3) 
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Also  sum  of  G  series  as  fallows : — 
(-~2)-i'^-  1       IC*-  1        1 


>i7l      - 

-2-1 

(_2)4'^  +  i_  1 

'4n  +  i   - 

-3 

(_2)4n^2_l 

'41  +  2    ~ 

-3 

(-2)*^-*3-l 

'^4n  +  2   =    ^— ^T^ ~  =    y(l  -  4^"^^) 

S.n.z  =    ^— 1-3 ^  =   ill  -  (  -  2)4"-^}     . 

.-.  of  given  series  iS"^^  =  2n(4n  +  1)  +  ^1  -  IG'') 

S^n^x  =  (2n  +  1)(4ai  +  1)  +  i{l  -  (  -  2)-^'^  +  ^} 

S^n^2  =  (4/i  +  3)(2/i  +  1)  +  Kl  -  4'''"'>> 

-^471  +  3  =  2(n  +  l)(4n  +  3)  +  ^{  I  -  (  -  2)4"+] 

219.  Let  a:  =  number  in  width,  and  y  =  number  in  the  lengih  ; 
then  xy  =  -whole  number  in  the  bunch.  Also,  since  y  >  10  but 
<  20,  ?/  =  a  number  of  two  digits  .-.  when  x  is  written  to  the  left 
of  y  it  must  occupy  the  third  or  hundreds  place  .-.  lOOx  +  y 
=  the  number  in  scale  of  10. 

Also  since  x  <  10,  it  consists  of  but  one  digit,  therefore  when 
written  to  the  left  of  y,  the  number  will  be  represented  by 
IOt/  +  X  which  .'.  =  number  in  scale  of  10 

Again  in  similar  rectangles  the  perimeters  are  as  the  cor- 
responding sides,  and  whole  perimeter  of  first  bunch  =  2(x  +  y), 

x'y 
and  of  second  bunch  xy  .-.  2(x  +  y)  :  xy  ::  x  :  — r  =  width 

xy"^ 
of  2ud  bunch,  and  2(x  +  y)  :  xy  ::  y  :  — r  =  length  of  2nd 

z(x  +  y) 

bunch    .-.    whole  number  of   matches   in   the   second    bunch 

x^y  xy^  x^y^ 

""  2(x  +  y)  ^  2(x  +  y)  "  4(x  +  yf 
Then  from  first  condition  lOOx  +  y  :  xy  ::  a  :  2  (i) 

"        second    "  lOy  +  x  :  xy  ::  a  -  10  :  A  (ii) 


202  KEY  TO  [Mis.  Ex.  219, 220. 

From  (ii)  20y  +  2x  :  xy  ::  a  -  10  :  2  .'.  20y  +  2x  +  5y  :  xy  ::  a  :  2 
.'.  20y  +  2x  -f  5xy  .  xy  ::  lOOo;  +  y  :  xy 

.'.  20y  +  2x  +  bxy  =  lOOx  +  y  .-.  5xy  =  98x  -  19y  (iv) 
Also  from  (in)  xh/  =  16(x  +  yf  .-.  xy  =  4(x  +  y)  /.  Sxy  =  20(x  +  y) 
Substituting  this  ia  (iv),  we  have  20x  +  2y  =  98x  -  19y,  whence 
2x  =  y. 

Again  substituting  this  in  (iii),  we  have  x^!/^  =  16(x  +  yy, 
that  is  4x*  =  16(x  +  2xy  .-.  2x2  =  4  x  ^3^^  ^.^  2x^  =  12x,  or  x  =  6 
.-.  y  =  12  ]  and  xy  =  6  x  12  =  72  -  number  of  matches  in  the 
bunch. 

220.  Since  the  conditions  giving  the  equations  (i)  and  (11) 
remain  the  same,  these  equations  and  .-.  also  (iv)  which  is  derived 
from  them  independently  of  (iii),  remain  the  same. 

.-.  we  have  but  to  solve  in  positive*  integers  the   equation 
5xy  =  9&X  -  Idy,  remembering  that  x  <  10,  and  y>  10  but  <  20 
5xy  =  98x  -  19y 
.-.  5xy  +  I9y  =  98x 

98x 
•*•  y  5x  +  19 

490r     _  1862 

•'•  ^^  ""  5i"TT9  ^  ^^  ~  5x  +  19 

1862 
Now  since  y  is  an  integer,  z — — r^  is  also  an  integer. 

And  since  x  is  integral,  5x  +  19  must  equal  an  integral  divisor 
of  1862,  and  further  since  x  is  finite,  positive  and  less  than  10, 
ox  +  19  will  be  >  19  but  <  69  and  will  end  in  9  or  4  according 
as  X  is  even  or  odd. 
Now  the  only  divisor -of  1862  fulfilling  these  conditions  is  49 
.'.  5x  +  19  =  49 
.:y  =  6 

98x 

y  =  5^TT9  =  i2 

.-.  XV  =  T2 
*Thcy  must  be  positive  from  the  nature  of  the  problem. 
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221.  Let  X  =  rate  per  hour  of  the  express  down  ;   y  =  rate  per 

hour  of  accommodation  down,  and  d  =  distance  from  Stratford 

d  d 

to  Toronto.     Then  —  hours  =  time  down  br  express,  and  — 

X  "  y 

d 
■=  time  down  bv-  accommodation.     Also  —  =  cents  per  mile  in 

d  d^ 

express    fare,    and   —   x   d  =   —   =   whole    fare    by   express. 

d                                                               d 
X  -  —  =  rate  of  expressing  going  up  .-. -r  =  hours  on  road 

X 

going  back  -^ 

But  if  the  fares  had  varied  as  the  velocities  ;    then  fare  at 
X  :  fare  at  y  : :  x  :  y  .•.  fare  at  x  -  fare  at  y  :  fare  2iix  w  x-y  :  x 

But  in  this  case,  fare  at  a:  -  fare  a.t  y  =  d  cents,  and  since  fare 

d^ 
by  express  to  Toronto  remains  the  same,  d  \  —  v.  x  -  y  :  x  (i) 

f          d\                         d 
Also  fare  at  x  :  fare  at     x ::   x  \  x .-.  fare  at 

d\  d 

X  -  fare  at  I  x  -  —  )  ;  fare  at  x  : :  —  :  x 

'       xy  X 

d 

But    fare    at    x    -    fare    at(x-  —  ]     -    x    -    —    cents 


d      d''        d 

,'.  X :  —  : :  —  :  x  (ii) 

XX  X  ^    '^ 


i-i) 


Using  the  formulas  now  found  in  expressing  the  remaining 

d       1  /dy 

statements   in   the   problem,   we  obtain   —  =  —  (  —  |      (m)  ; 

Then  from  (in)  dy  =  2x2  ^jy) 

from    (I)  x2  =  d(x  -y)  =  dx-  2x2,  ^^  (i^)  .-.  d  =  3x  (v) 
from  (ii)  x\x^  -d)  =  d^  .'.hj  (v)  x\x^  -  3x)  =  21  x^ 

.'.  x2  -  3x  =  2Tx  .-.  X  -  3  =  27  .-.  x  =  30  .-.  c?  =  3x  =  90  miles 

d^       90  X  90 

=   distance    from    Toronto    to    Stratford ;    and    —  =  — ^7;^ — 

'  X  oU 

=  270  cents  =  $2-70  =  fare  from  Toronto  to  Stratford. 


204 


KEY  TO 


[ilis.  Ex.  222-224. 


222.  x\'x^2o:x- 


1) 


PI- 25  --  5(x^-r45) 


(i)  x'V^^  25(j:2  +  9XV-i-'-^  --5  -  1)  =  5(x2  4-  25  +  gv'PTTo  +  20) 


=  5{(V-c^  -f  25)(Vj:^  4-  25)  +  9^/^+  25  -r  20} 

=  5[(Vj:-+25)(Vj?^'25)  4-  5Vj^T5  +  4Vx^+25  +  20} 

--  5(v'^ 


15  -f  5)(V-r-+25  -f  4)  (II) 
But  (Vj^T25  -}-  5)(V^^"25  -  5) 
4) 


x2  +  9j 


from   (i)  and  (ii) 


And  (V.i-+  25  +  4)(V-c^+  2^ 

(V^^+To  +  o)(VPT25  -  5)(VPT25)(Vx-  +  25  +  4)(V-c^  +  21  -  4) 

(VP+"^  -  1)  =  o(V-f''v25  +  5)(Vx^TT5  +  4) 

(V^^TTS  -  5)(Vx^+25)(V'£^+2'5  -  4)(V^^TT5  -  1)  :^  5  (in) 
(x2  -t-  25  -  5ViM^5)(x^  4-  25  -  5V^^T2'5  +  4)  =  5 
(x2  +  25  -  5Vx^+25)2  +  4  (x2  +  25  -  5Vx^  +  25)  =  5 
(x2  +  25  -  5V^+25)2  4-  4(x^  4-  25  -  Vj^+25)  +  4  =  9 
x^  4-  25  -  5V^^4-  25  =  -  5  or  1 


5  i  V5         5  ±  V29 

V-S^  4-  25  =  ;;; or 


2  "^  2 

x2  4-  25  =  i(30  i  10V5)  or  |(54  4  10;^) 
U'hence  x  =  \  (V  +  10V5 


70)  or  ^(V±  10V29  -46' 


Also  V-^"t25  4-5  =  0,  whence  Vx'+ -5  =  -  5,  orx2  4-  25  =  25 


^llc^lb  4-4=0,  whence  ^x'+2b  =  -  4,  or  x2  4- 25  =  IG  .-.  x'^  =  -  9, 
or  X  =  +  3V  -  1 

223.  Let  X  =  number  of  yards  dug  at  $1-25;  then  100  -  x 
=  number  of  yards  dug  at  $0-75  .-.  l-25x  =  50  =  -75(100 -x). 
Therefore,  we  hare  two  independent  equations  containing  only 
one  unknown  quantity,  and  any  solution  obtained  from  one 
equation  is  inconsistent  with  the  other  ;  consequently  the 
problem  is  impossible. 

224.  Let  X  =  length  of  one  side  of  rectangle  and  y  =  other; 
then  xy  =  area,  and  2(x  -r  y)  -  perimeter  of  the  rectangle.^ 
and  xy  =  area  and  A\[xy  =  perimeter  of  the  square. 
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(i)  .-.  xy  =  AmAjry  (i),  and  xy  =  2n(x  +  y)  (ii).     From  (i)  \fxy 

=  Am  .-.  xy  =  lem^  (m),  substitute  this  in  (ii),  and  we  get  16»i^ 

=  2n(x  +  y)   .'.  8^2=  n(x  +  y)  (iv).     Squaring  (iv),  we  have 

64m*  =  n^(x  +  y)^ ;  multiplying  (in)  by  471^,  we  have  64mV  =  4?i-x!/ 

.-.  by  subtraction  e4:m.\7n^  -  n")  =  n\x  -  yY  .-.  +  Smsjm^  -  n-^ 

=  r3(X-7/)   (v) 

4jn.  

Adding  (iv)  and  (v)  and  reducing,  we  get  x  = (m  +  V/n^  -  n^) 


Taking  (v)  from  (iv)  and  reducing,  we  get  y  ~ (wi  +  -^m-  -  n-^) 

(ii)  When  the  perimeters  are  equal ;  then  takingxandyas  before, 

(x  +  J/)- 
we  have  2(x  + 1/)  =  perimeter  of  the  square,  and  — - —  =  its  area ; 

(X  +  yY 

=  2m(x  +  y)  (i)  ;  xy  =  2n(x  +  y)  (ii).     From  (i)  x  +  t/ 

=   8w    (III),    substitute    this    in    (ii),    and    xy   =    IQmn    (iv) 
Square     (iii),    subtract    4    times    (iv)    and    then     take     ttie 


square  root,  and  we  have  ^  -  y  =  ±  8^/m^  -  mn  (v) 
Adding  (iii)  and  (v)  and  reducing,  x  =  4(m  +  V^^  -  mn) 
Subtracting  (v)  from  (iii)  and  reducing,  y  =  4(m   f  V'^"^  -  "''0 

225.  Let  X  =  age  of  younger  at  first  trial,  and  y  =  age  of  elder. 

Let  r  -  ratio  of  throw  to  age  at  first  trial,  and  r  =  ratio  of  gain 

of  one  to  age  of  the  other  at  second  throw  .-.  first  throw  of 

younger  =  rx,  and  first  throw  of  elder  =  ry ;  gain  of  younger 

=  r  (y  +  1)  ;   gain  of  elder  =  r  (x  +  1)  ;   second  throw  of  younger 

=  rx  +  r^(y  +  1);    second  throw  of  elder  =  ry  +  r(x  +   1). 

2(x+  l)(y+  1) 

Also  H.  mean  of  their  ages  at  latter  trial  =  ; — r ; 

^  X  +  y  +  2       ' 

r(x  +  y) 
A.  mean  of  first  throws  =  ^ — ,  and  A.  mean  of  2nd  throws 

r(x  +  y)4-r,(x  +  y  +  2)                                                 r,(x  +  t/ +  2) 
= .-.  dicFerence  of./?,  means  = x 

Longest  throw  =  second  throw  of  the  elder  =  ry  +  r  (x  +  1)  ; 
value  of  ratios  compounded  of  ratio  of  throw  to  age  and  gain 
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to  age  of  other  =  rr^ ;  value  of  ratio  formed  by  multiplying 
antecedent  of  this  compound  ratio  by  \  product  of  ages  at 
second  trial  =  {rr  (x  +  1)(t/ +  1);   value  of  the  ratio  of  which 


this  is  the  duplicate  =  \'^rr^{x  +  l)(y  +  1)  ;    value  of  the  ratio 
compounded  of  the  ratio  of  throw  to  age  of  one  with  gain  of  one 

r 

to  age  of  other  =  — 
I 

Then  using  the  values  thus  expressed  in  stating  the  problem, 
we  have  the  four  equations  : — 
ry  -  rx  =  24  ;  or  r{y  -  a-)  =  24  (i) 

[ry  +  r  (X  +  1)}  -  {rx  +  r.{y  +  1)}  =  25  ;  or  (r  -  r){y  -  a:)  =  22  (ii) 

ry  4-  r,{x  4-    1)       2{x   +    l)(y  +   1)  ,    -,  ^    ,     x 

r,(x  +  3/4-2)    =   iim 5    ""'  '   =   ^<^-   +   '>   ("^> 


\^rr^{x  4-   l)(y  +   1)  =  — ;    or  (X  +   \){y  4-  1)H  =   4r    (iv) 

Then  (i)  -  (ii)  gives  r  (y  -  x)  =  2  (v)  ;  substituting  (in)  in  (ii) 
rx{y  -  x)  =  22  (vi)  ;  dividing  (iv)  by  (v),  we  have  x  =  11 
=  age  of  younger  at  first  throw  (vii).  Substituting  (vii)  in  (in) 
r  =  12r ,  and  in  (v)  r  (y  -  11)  =  2  ;  also  substituting  (in)  in  (iv) 
and  reducing,  rf{y  4-  1)  =  4  (vni).  But  r(r/  -  11)  =  2 
...  r^{y  -  11)  =  2r  ;  subtracting  this  from  (vni),  we  have 
Ur^  =  4  -  2r  .-.  6r;'^4-  r  =  2  .-.  r  ^  +  i^^  +  ^  =  ^  +  _i_  =  _ia 
•••  ^  =  +  -iV  -  iV  =  ^  But  r  =  12r  .-.  r  =  Q,  and  since 
r^{y  -  11)  =  2  ;  \{y  -  11)  =  2  .-.  y  -  11  =  4,  or  y  =  15  =  age  of 
elder  .-.  throws  at  first  trial  =  11  x  6  =  66,  and  15  x  6  =  90  ;  and 
throws  at  second  trial  =  66  4-  \(\^  4-  1)  =  74,  find  90  4-  KU  4-  1) 
=^96 
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